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1. Introduction

One of the most important problems in Robotics is the effective real time obtaining of
the dynamic equations of motion for the real-time simulation and control purposes, i.e.
as well as for effective investigations and manipulator design, so for realizing effective
control algorithms. After geometrical description of the concrete structure, the next
step is the kinematical modeling, which may be realized on the base of the different
parameterizations of the rotation group SO(3) and the different algebraic descriptions,
using (4x4) homogeneous matrices and (3x3) rotation matrices (see Mladenova
[11]). After that, the dynamical modeling of manipulators may be realized on the base
on the Lagrange’s equations, Newton-Euler recursive equations, the equations of
D’Alembert, Gauss, Appel, Kane, etc. We will not referee here the so many papers
and books on this subject.

The robot manipulators are divided in some groups: rigid body manipulators
(Craig[3];Angeles[2];McCarthy[8];Lilov[5],Lilovand Bojadziev
[6], etc.), flexible links manipulators (Schwertassek and Roberson [14];
Soffker[16];Shabana[l5];Zahariev[18];Mladenova and Rashkov
[10], etc.), manipulators with flexible joints (Ochier,Mladenova and Muller
[12]; Mladenova and Muller [9], etc.), and their different combinations. This is
according to the structure and the mechanical models. And what about according to
computations. In the recent years symbolic computations and parallel algorithms are
widely used for efficient modeling and computations. On the one hand the symbolic
computations give the possibilities for analytical evaluation, discussions and corrections,
on the other hand the parallel algorithms reduce the computational time, which is quite
important for on-line simulations and control (see for example, Andreeva and
Karastoyanov [1]; Zahariev and Karastoyanov [19], etc.).
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Having in mind this study, namely modeling of flexible link manipulators, the main
algorithms are based on the following models: the finite element method, the Ritz
method and using Lagrange, Newton-Euler and Hamilton equations of motions.

In the present work an approach for defining the displacements of elastic link
from open-loop kinematical chain (manipulator) is presented, supposing that the
displacements are small. The presented approach is based on the differential equation
of an elastic line of a bent beam and the D’Alembert principle. An example of two-
link plain manipulator whose second link is flexible is given.

2. Problem statement

Let us consider an example of a cantilever with a fixed point mass at its end (Fig. 1).
y If the beam stiffness is high enough it
T could be supposed that the beam is

- massless, and the only force which

% /L « loads it is the gravity force of a point
mass. We accept the beam stiffness to

be big enough if the beam doesn’t

—_ undergo deformation under the

G influence only of its own mass. If the

Fig. 1 displacements are small the elastic line
of the beam could be defined as follows (see Timoshenko [17]; Feodosiev

[4]):

(1) El,——=-M,; M, =mg(l-x),

where M, is the bending moment, | is the length of the beam, 1, is the inertia
moment of the beam section, M is the mass of the point mass and g is the gravitational
constant.

If the beam moves around some fixed point, according to the principle of
D’Alembert an additional inertia force @ could be added (for more details see
Loicianski and Lurie [7]). This force is oriented out from the point mass
trajectory, it is equal to the product of the mass and its accelerations, and it exists
during the whole motion. If the movement is given or known in advance, the inertia
force can be found in every moment of time. The displacements of the beam can also
be obtained.

The main idea of this algorithm is:

1) to find acceleration of the point mass supposing that the link is undeformable
(rigid); this idea is based on the assumption that the elastic displacements are small;

2) to compose an expression of the inertia force of the point mass;
3) to compose a differential equation of the bent elastic line of flexible link;
4) to find the elastic displacements.

The simplest cases of movement of a massless beam with a fixed point mass are
analyzed below.
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CASE 1. Rotation of a flexible link in vertical plane with constant velocity

Let us consider Fig. 2. A flexible link with fixed point mass rotates around Qz axis in

. the vertical plane. The mass
of the link is neglected and
the elastic displacements of
the link are accepted to be

small. @ doesn’t gene-rate a
moment since there is no a
- x Vvertical component in the

®w =const

e =0

movable coordinate system
Ox'y'z',i.e

@) ®,.=0.

y
The only force which

Fig. 2

generates a moment with respect to the point of hanging O is the gravity force of the
point mass. Its vertical component is

3)

G, =Gcosf =mgcoso .

The equation of the elastic line is as follows:

(4)

dZyu

El ..
L odx'?

= —mg cos O(1 - x').

After integration we have

©) Elz.d—y=mgcoseu+q.
dx' 2
The initial conditions are:
' 2

(6) X'=0; y'=0; d—y:O:Cl:—l—mgcose,

dx' 2
or the first integral is

dy’ (-xy 12

7 —— =mgcosfd-——-~=———mgcosa,
") dx' J 2 2 J

and after a second integration obtain

oy 2
(8) El,.y'=—mg cos 9%—%mg cos Ox'+C,.

According to the initial conditions the integral constant is

©)

3

The second integral is

(10)

|
C,=—mgcos 0 .
27 % g
,__mgcosf |L2 x?
El,. 2 6
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So an equation that describes the elastic line of the link at a fixed time moment is
obtained. Then during the whole motion the elastic displacements can be described by

the following system

2

(11) o-6@) y--"9cso (.L_ﬁ}

El 2

7'

6

Since the angular velocity of the link rotation is constant we have

(12) ot)=at+p,

where « and f are constants.

The elastic displacements in the absolute coordinate system using the corres-

ponding rotation matrix look like
(13) °6=R(z,0)s5",

where % = [’x °%]" and 6 = [x y]".

Note. The upper left index shows in which coordinate system we describe the

respective quantity.

CASE 2. Rotation of an elastic link in vertical plane with variable velocity

Let us consider Fig. 3. The case is similar to Case 1, but here the movement is

w #const
e #0

Fig. 3

accelerating and the angular
velocity is not constant. The
admissions are the same as in the
previous case, but here we have
introduced an acceleration
constraint, namely ¢ which is
continuous and smooth, i.e. €

exists for every t and it is
necessary the first derivative of
the acceleration of the mass
point to be fixed at every
moment. @ and G have
vertical components in a movable
coordinate system Ox'y'z',
hence they generate moments
with respect to the hang point of

the link. @,. is nothing, but ®_=mel, where & =¢(t) is a known function of the

acceleration.
The equation of the elastic line is

dZyl

El, =-—
(14) e

This is the same as
d Zyl

z XmZ

(15) El
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and after integration we obtain

(16) EIZ.%z—(mgl —-mg cos@)¥+cl.

The initial conditions are the same as before. For C, we have

2
(17) C, = (mel —mg cos B)IE

The first integral is

1 1 2
18) El, j—i = —(mel —mg cos Q)M-i— (mel —mg cos 0)'5 :

2
Following the same procedure, given in Case 1, it is obtained
, (I-x7Yy 12
(19)  El,.y'=(mel —mg cos 9)T+(mgl—mg cos 9)7x+C2.

With respect to the initial conditionsC, is as follows:

3
(20) C, = —(mel —mg cos 9)%

and the second integral is

, mel-mgcos@ [, x'?* x°
(21) y=s——e :

El,.

z

The system that describes the elastic displacements of the link throughout the
whole motion is

— 12 13
(22) 0=0() §=i() yIZW( x? X ]

El

If the elastic displacements of the link are necessary in absolute coordinate system
we may proceed as before using the rotation matrix.

7'

CASE 3. Rotation of the elastic link in horizontal plane with constant velocity

In this case (Fig. 4) the motion is a constant rotation around the immovable axis Oy.
Let us attach again a local coordinate
system to the link Ox'y'z". The two
acting forces are the gravity force

G and the inertia force® . The
moments are generated by their
vertical components:

G, =Gcosd =mg coso;

®,. =dsind =ma,sing =
=maw?l cosOsin O,
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where a, is the centripetal (centrifugal) acceleration of the point mass. In this case 0
does not depend on time and appears to be constant during the whole motion.

Of course, @ and G have components along the axis Ox', which also generate
moments after beam deformation. They, however, could be neglected provided the
components of the forces along axis Ox' are not too high, since the arms of these
forces also appear to be small when the displacements are small. However, in spite of
the fact there is a rotation that could be immediately measured even by an observer
who is located in the local frame Ox'y'z', the situation is the same as if the beam is

immovable, and @ is a kind of a concentrated force having the same direction and
magnitude. In this case the elastic beam, after reaching its maximum deformations
behaves itself as if it is a rigid body making pure rotation. The equation of the elastic
lineis

d’y’ . .
(23) Bl =@, (=)= G, (- x).

This equation describes the form of the elastic line of the beam at a fixed time
moment. But when o = const, then ® = mw h = const, i.e. the equation is valid for
every time moment.

The equation of the elastic line at a fixed time moment is

2.
El,. :Ix_); =-mg cos (1 - x')—ma?I cos Osin O(1 - x').

After integration of the last equation it follows:
g—y = (mg cos 0 + maw?l cos O sin QMJr C,.
X

The initial conditions are the same as before and C, is

(24)

El,
IZ
C, = —(mg cos 0 + mw?l cos O sin 9)5.

The first integral is

1 _ 1 2
(25)EIZ.%:(mg cos 0 + mew?l cos Osin 6 ( 2X)2 —(mg cos 0 + ma*l cos Asin H)IE,
X

and after a second integration it is obtained
. -X' AP
El,y'= —(mg cos 6 + mw*l cos Hsin G)GTX)R— (mg cos 6 + maw*l cos 9 sin 9)5 x'+C,
In accordance with the initial conditions the result for the integral constant is
AN
C,= (mg cos @ +maw?l cos Asin 9)€ :

Then the second integral is

(26) y'=

El 2 6

_ mg cos 6 +mw’l cos @sin O (I x'2 x‘j
2 6

7'
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Due to the constant velocity of the link rotation, the above equation describes in
the local coordinate system the displacements not only at a definite moment, but also
throughout the whole motion.

CASE 4. Rotation of the elastic link in a horizontal plane with variable velocity

The case is similar to the previous one, but now the angular velocity of the elastic link
y is not a constant quantity. The
Y admissions are the same as in the
previous case, but here we have
introduced an acceleration constrains,
namely ¢ is continuous and smooth, i.e.
£ exist for every t and it is necessary
the first derivative of the acceleration
/ﬂ\ _ of the mass point to be fixed at every
moment. The movement of the link is
rotation around the immovable axis Oy
with a non-constant velocity, i.e.6 =
const and z=1z' only at the initial
‘ %’ moment. During the motion, the axis
O x' Oy' describes a circular cone whose
axis of symmetry coincides with axis
Oy. The angle vertex of the cone is 26.
wconst | &7 If the movement is not
accelerating, the case will coincide with
previous one. Here, however, as a result
of the tangential acceleration, we obtain an additional component of the inertia force.
This component loads the link of bending in the plane that contains the axis Ox' and the
acceleration a_ itself. Let us define the displacements of the point mass in this plane
and once we had found the displacements in the vertical plane, containing the gravity
force G and the centrifugal acceleration @, , we could obtain the total displacement.
Thus, in plain Ox'z', the tangential component of the inertia force is

(27) ® =ma, =mel.

In this case the equation of the elastic line of the link in this plane at a fixed time
moment is

w#=const

zl
Fig. 5

d<z'

(28) Ely.WZmSI(I_Xl).
After integration of the last equation, we obtain
dz' (I-xY
(29) EIY'K:_mSIT+C1'
The initial conditions are
(30) x'=0; z'=0; d—zl=0.
dx

For C, it is obtained
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3
C,=me—.
2

The first integral is

1 ' 3
dx' 2 2

After a second integration, namely

(31) S
! 3
(32) El,2'= mgl%Jr mg'Exurcz,

and in accordance with the initial conditions, the corresponding integral constant is

|4

(33) C,=-ms,
or the second integral is
12 13
(34) e f X7 X7
EI.\ 2 6

The form of the elastic line in plain Ox'y' we could obtain as in the previous case.
The difference here is that the quantity o is not constant and the direction of 5y.. So,
similar to CASE 3 we have

, _mgcose—mwzlcosesine[ x'2 x‘3j

(35) y'= £

The form of the elastic line during the whole motion is described by the following
system:

7'

0=0@), 60=6@); 6=6()
_md [ x? x?®

36 gl X X7
(30) El,l 2 6

,__Mmgcosd —ma®lcosdsinb |L2_L3

= 2 6 )

The total displacement is
(37) 8=, 62+52,
and the direction cosines are respectively:
5, . S,

z

e AL B =
N 546

(38)
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3. General motion of a manipulator

In this section we consider a general motion of a massless elastic link with a fixed
point mass in its end which link appears to be the last one in a structure of open-loop
kinematic chain (manipulator). We have in mind an open-loop kinematic chain
(manipulator) that consists of n joints with one degree of freedom and n + 1 links (the
base is denoted by 0). The last link (link n) is flexible, the rest ones are rigid. A point
mass is immovably connected to the free end of the last link. A coordinate system
oriented according to the Denavit-Hartenberg notation, is attached to each link. It is
convenient the axes of a coordinate system numbered to be oriented along the principal
inertia axes of the link. In case the above mentioned system doesn’t coincide with the
respective one of link n, oriented according to notation of Denavit-Hartenberg, the
transformation matrix between the two coordinate systems is to be composed. Let us
suppose further that both systems coincide. In this right-hand frame (Ox'y'z") coinciding
with coordinate system n, we calculate the elastic displacements. The movement of
the link could be calculated in the inertial coordinate system Oxyz, which is attached
to the base of a manipulator. Axis Ox' appears to be a tangent to the elastic line of the
link in the hang point of the link after its deformation; axis Oz' is perpendicular to axis
Ox" and is oriented along the rotation (translation) joint axis. With respect to the local
coordinate system of the elastic link, its joint end is immovable and doesn’t complete
elastic displacements, since it is connected to the previous link, which is rigid. On the
other hand, the actual displacements of the point mass are due to its absolute acceleration
and its weight. This procedure is described further down in 10 steps (elements of this
procedure could be found alsoin Craig[3],Rashkov and Mladenova [13],
Mladenova and Rashkov [10]).

1. What we enter first are the geometrical and mechanical characteristics of the
links: size, mass of point mass, elasticity module of link n.

2. The next quantities that are entered are the laws of motion of the links (joint
variables) together with cycle of the manipulator (the duration of the motion of the
manipulator).

3. Further the transformation matrices are composed. The general transformation
matrix is

cos 6, —sin 6, 0 a4
i |Sin@cosa;; cos@cosa; —sine, —sinag;,d;
(39) " “|sin@sing,, cos@sine,, cosa,, cosa,d, |
0 0 0 1

where 6, a, «, d are the Denavit-Hartenberg joint variable and link parameters (joint
angle, link length, link twist and link offset).
4. The angular and linear velocities are calculated:
(a)for joint i +1 rotational, they are
i+1 i+1zi+1v

_itlp i .
w4= iR o+

i+l i+1p fi i i )
Via= iR(Vi+ ; X Pi+1)’

(b)for joint i +1 prismatic they are

i+1

(40)
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i+1 _i+lp i
wi1= iR o,

(41) i+1Vi+1=i+i1RCVi+ia)i X iPi.;.l)+ d‘i+1i+1zi+1 !

where "IR is an inverse rotation matrix with dimension (3x3), 'P,,, — the distance
from the origin of coordinate system {i} to the origin of coordinate system {i + 1},
., — unit vector along the axis Z, i.e. 6., "Z,.,= [ 0 6,,] .

5. The angular and linear accelerations are calculated:

(@) for joint i + 1 rotational, they are

i+l . ity i i+l i ) i+1 2
o= R o+ Raox0, "Z,+6,

My, =R Ed’ixipm"'iwi i Ga’ixipm)’ivi];
(b) for jointi + 1 prismatic, they are

i+1Z-

i+lz_

i+1?

(42)

(43) i+1a-)i+1: i+i1R id)i:

- Vig = i+i1R [a’u x! it iwi X Cwi X iH+l}ivi ]+ 2 iJrla’i+1 X di+1i+1zi+1 + d'i+1i+1zi+1 .
6. The inertia force of the point mass is composed:

(44) "® =m'v,

7. The gravity force of the point mass with respect to coordinate system n is
calculated:

(45) ”Gn:(fI@RJ°Gm

i=1

i+l

8. The differential equations of the elastic line in the two plains are given:
dy’ ~ : :
Bl = 2 M, —(o,+ G, )I-x)

e, 22 S m, = (0, + G, )i-x).

y dX-Z

9. The displacements in the two plains are found and the total displacement is
defined:

@47 5= [otr57,

and the direction cosines are respectively

(46)

S, S5,

z

T Jorver g NE T

10. If it is necessary to find the displacements with respect to absolute coordinate
system we could write

(48)

n

(49) P, =]]"T "P.,

i=1
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where "P, is a 4x1 vector and represents the elastic displacement of a characteristic
point (for example an end-effector) from the last link n in time and T is a 4x4
homogeneous transformation matrix that represents the description of frame {i} relative

to {i —1}.

4. Example

The manipulating system (Fig. 6) consisting of two movable links and two rotational
joints with one degree of freedom is presented.
<2 To the second link at its free end a point mass
is immo-vably attached. The characteristics of
the manipulators are as follows:
e lengthof link 1: L[1] =1 m;

"< o length of link 2: L[2] = 0.5 m;
e mass of the point mass at the end of
el the link 2: m =5 kg;
el e  the section of link 2 is a circle with
radius: r =0.01 m;
z e elasticity module of link 2 (steel):

E =2.1x10" Pa.
As exemplary laws of motion of the joint angles
we have chosen 5th degree polynomials:

Fig. 6. 2R planar manipulator

5t (1840 +207)t* (-2220 -30x)t* (880 +127)t°

OILI(t) = -+ " ; |
2 2000 20000 200 000
2 3 _ 4 5
9[2](t):—£— 5t N (1840 + 207)t N (—2220 - 307)t N (880 +127)t
2 2 2000 20000 200 000

with duration of time 10 s.
The biggest displacements are obtained at the end of the elastic link where the
point mass is attached, i.e. the point with coordinates (0.5, 0, 0) with respect to Ox'y'z".
Fig. 7 shows the mode of the vertical components of the inertia force (continuous
line) and of the gravity force of the point mass during the motion, i.e. the components

Forces M
0

A

!
!
f
{

-40 |

40

1
|
20 |
1

-anl

Fig. 7. Gy. (---) and o, (—) depending on time t
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Displacements, m
0.002 ¢

s Vi
AT AVAE

Fig. 8. The displacements of the elastic link (where the point mass is fixed) during the motion

G, and @, depend on time t. Fig. 8 shows the dlsplacements of the elastic link

waere the pomt mass is fixed) during the motion. The maximum positive and negative
dlsplacements of the point mass are respectively 0.0019 m when t=1.89 s and 0.002
when t = 5.8 s with the link length 0.5 m. These results coincide with the assumption
that the displacements are small.

5. Conclusion

The considered algorithm can be used also in cases of more than one point masses
attached to the flexible link arbitrary, as well as in cases of distributed loads, concentrated
forces and moments. The mass of the link can also be included. It is also possible a
contact points of the forces and concentrated moments, as well as the length of the
link, to be changed with respect to time. In its base part the algorithm doesn’t change.
It is only necessary to correct the differential equation of the elastic line of link n.

In this algorithm a check is also possible of the maximum normal stresses of the
elastic link to be included, for example the quotient of the maximum bending moment
and the moment of resistance to be calculated. However, it is necessary to take account
of the force cyclicity since only this kind of check could not be a strength criterion.

To minimize the vibrations of the elastic link there shouldn’t be jerk change of the
acceleration, i.e. the acceleration to be fixed at each time moment, except in trivial
cases, when the acceleration is constant or doesn’t exist.

The presented algorithm is valid only for cases of small displacements. When
the displacements are large, a contact point of the forces move during the link
deformation which have to be taken into account. Besides, equation (1) is obtained on
the assumption that the quantity dy/dx is small compared to unity. In order to obtain
large displacements it is necessary changes of the link curve to be considerable. But
if the strains are not bigger than the limit of elasticity that is possible only with small
height of the section, i.e. the link should be in the form of a thin band or a thin wire.
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The algorithms for generating laws of motion, kinematics of the manipulator and
for calculating of the elastic displacements are modelled as software packages
(Mathematica Package) in Mathematica 4.2. More information can be found in
(Rashkov and Mladenova [13]).
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[Tpuem rccnenoBanus ynpyroro 38€Ha B COCTaBE OTKPBITOM
KUHEMATUYECKOM 11enu (MaHUITYIISITOpa)

Uean Pawrxos, Knemenmuna Mnaoenosa

Huemumym mexanuxu, 1113 Cogus
E-mails: Rashkov@imbm.bas.bg , clem@imbm.bas.bg

(Pe3wme)

PaccmaTtpuBaercs mpuéM McciaeoBaHHS YIPYroro 3B€Ha B COCTaBe OTKPBITOH
KMHEMaTU4eCKOH Leny (MaHUMIYJIsATOpa) B cliydae HEOONBIINX Tepe-MeIeHHH. ITOT
npuém Ga3rpoBaH Ha MU PepeHInaTIbHOM yPaBHEHHH H30THYTOH OCH YIIPYTroi Oanku
u Ha npuHnune [amamOepa. 3aKoH JIBHMIKEHHUsS PaccMaTPHBAETCS COBMECTHO C
ypaBHEHHEM M30THYTOH OCH. AHAIM3UPYIOTCS CIy4ad CaMOro MPOCTOTO JBUKEHUS
YIIPYToro 3BEHa, UMEIOIIETO TSDKENMYIO TOUKY, HEMOABM)KHO MPUKPEIIEHHYIO K €ro
koHIy. Kpome aTor0, paccMaTtpuBaeTcst oOIIuil ciaydaid ABHKEHHUSI TOTO KE CaAMOT0O
3BEHA, KOTOPOE 3BEHO SIBJSETCS MOCIEIHUM B COCTaBe JIIOOOr0 MaHMITYISTOPA.
[IpuBeneH npuMep paBHUHHOTO MaHHITYJISITOPA, COCTOSILIErOCS U3 IBYX 3BEH, BTOPOE
W3 KOTOPBIX SBJISIETCS] YIPYTHUM.
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