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1. Introduction

The interactive algoritins are often used [2] to solve nulticriteria linear integer pro-
gramming problems (MCIP). These algoritims [3, 6, 7, 11, 13] are modifications of
interactive approaches solving nulticriteria linear prablens that include the integral-
ity constraints. Linear integer programming problems are used as scalarizing prob-
lems in these interactive algorithms. These problams are NP-difficult problems [4].
Moreover, finding a feasible integer solution can be as difficult as finding an gptimal
solution. That iswhy in the interactive algorithms solving MCIP the tine to solve the
scalarizing problem plays a significant role. For this reason an effort is made to
reduce the nunber of the integer problems solved; continuous problems (instead of
integer prablems) are solved and continuous (weak) nondominated solutions dotained
are presented to the DM for evaluation (especially in the DV”s leaming phase). Sare
of the interactive algoritins work with the aspirattion levels of the criteria, others use
weight to denote the relative significance of the criteria. Many show one while others
show several (weak) nondominated solutions to the DM for evaluation at each Ttera-
am

In the paper a leaming-oriented [5] interactive algoritim are suggested. The
main features of the algorithm proposed, which improves the dialogue with the DV,
ae:

- they reduce the nurber of the integer problems solved because in most of the
iterations the solutions of single criterion linear problems with cotinuous variables
(which are easy to solve) are presented to the DM for evaluation. This is used under
the asaunption [10, 11] that the criteria values for the scalarizing problems with con-
tinuous variables differ relatively little from the solutions with integer variebles ad
under the assumption that the DV prefers to work in the criteria rather than in the
variable gece. ;

- at every iteration the DM provides his/her local preferences in terms of the
desired danges in the criteriavalues of sore of the criteria, the desired directions of
change of the other criteria and permitted deterioration with or without set limiting

4 7



value of the ramaining criteria, insteed of aspiration levels of the criteria. The current
preferred solution and the local preferences of the DM define a reference neighborhood
in which the next preferred solution is searched for;

- at every iteration in a reference neighbourhood a set of continuous (weak)
nondaninaited solutions or integer (Weak) nondaminaited solution is searched for solving
cortinuous or integer scalarizing prablens ;

2. Problem formulation

The multicriteria linear integer programing (1) can be formulated as:

@ "max{f 0, k e K}

sbject to:

() Zau)g Ib,1eM,
JeN

(€)) 0IX Idj,j eN,

@ X - integer, j €N,

where symbol "max’* means that all the objective functions are to be simultaneously
meximized; K={1, 2, ...,p}, M=, 2, ..., m}, N={1, 2, ..., n}daote the Index sets
of the dojective functios (ariteria), the linear constraints, and the decision variables,
respectively: £, k € Kare linear criteria (djective furctios); £,06) =2¢'% ad
X=X 5 Xypmmms xj,...,xn)T is the vector of the decision variables. JeN

The constraints (2)-(4) define the feasible region X for the integer variables.

The prablem (1)-(3) is amulticriteria linear programming problem (P). The
feasible region for the catinuous variables is denoted by X,.  Problem (P) is a relaxa-
taaof ().

For clarity of exposition, we introduce a few definitions:

Definition 1. A current preferred solution is a near (weak) nondominated solu-
tion (a feasible solution located canparatively close to the (weak) nondominated
solutions) or (weak) nondominatted solution chosen by the DM at the current itera-
tion. The most preferred solution is a preferred solution that satisfies the DM to the
greatest degree.

Definition 2. Desired danges of the criteria values are the anounts by which the
DV wishes to increase or 1o be worsened the criteria in carparison with their value in
the current preferred solution. The desired directios of dange of the criteriaare the
directions, inwhich the DMwishes to inprove or to deteriorate the criteria in con-
parison with their values at the acurrent preferred solution.

Definition 3. Reference neighbourhood is defined by the current preferred solu-
tion; the desired danges In the values of sore of the criteria, the desired directions of
change of the other criteria and permitted deterioration with or without set limiting
value of the remaining criteria as specified by the DV.

Problems (1) and (P) do not possess a mathematical ly wel 1-defined optimal solu-
tion. Hence it is necessary 1o select one of the (Weak) nondominated solutions, which
iIs most agppropriate for the global DVM’s preferences. This choice is subjective and
depends entirely on the DV.

3. Scalarizing problems
We formulate the scalarazing problens [1, 16] under the assumption that the set of

criteriaK can be divided into three subsets - K, K, and K,. The set K contains the
indices k e K of the criteria for which the DM wants to improve their values carpared
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1o the \values in the aurrent preferred solution. The set K, includes the indices k € Kof
the criteria for which the DM agrees to worsen their vallues not setting the exact values
of deterioration. The set K, cantains the indices k € K of the criteria whose values the
DM wants to preserve or agrees to be worsened by the value §,. The set K| is divided
into two subsets - K and K'; K/ contains indices of the criteriak € K that the DM
vents to inprove by desired values §, , ad K' consists of indices of the criteriak e K,
that the DM wants to improve and for which he/she is not able to set the exact values
of improving.

The following scalarizing problem, named E , is proposed to obtain a (weak)
nondominaited sollutiion of the mullticriteria integer problem (1) in the reference neigh-
bourhood of the current preferred solution.

Minimize
G S= mx[ﬂai(:k - F.CO)/IT), maf(&fk - £.CO)/IT]] + maﬁ(:k - F.CO)/IT),

Sbject to:

©) T if, keKuk,
O XeX,

where

T, - the value of the criterion with an index K € K in the current preferred solu-
tion, T =T +A_is the desired level of the criterion with an index keK;
(f,ifkekK,

k

o f.. iITk eK, and the DM wants to preserve the current value of the criteria
f =1 with index k,
| £ -8, ifk eK, and the DV iis agree to be worsen with value §, the current
value of the criteriawrth index k,
.~ a scaling coefficient,
_ {1;‘( it f, 20,
1, if £ =0.
Theorem 1. The optimal solution of the scalarizing problem E, is a weak effi-
cient solution of the multicriteria integer programing prablem (1).
Prooft.
Let K and K' = (.
Let x* be an gptimal solution of problem E . Then the following condition is
satished:
S 189, x € X,
T if, ke K UK.
Let us assure thait X* is not aweak Pareto gptimal solution of the initial nultiple
criteria integer prablem (1). Inthis case there nust exist, X e X for which:
® T > £ forke Kand £(x*) i , ke K UK,

After transformation of the dbjective function S(X) of the scalarizing problem,
using the inequalities (8), the folloming relation is dotained:

k
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©®) SCH = W[”Bfgf; - F.CON/IT], W?i(fk - £CONV/IfR]] + mkaﬁ(fk - FOCO)/IE] =
= mex[mex(f,, - £,6¢9) + (F.0<) - FENNVIE],
keK
mex(f, - £,0¢)) + (R, - TCNN/IF]] +
keK,

+max(f,_ - £.0M)) + (F0x) - T )/IE] <
keK}
< max[mex(f, - £, )/ |T], max(f, - £/ |T]] + mex(f, - £/ |T] = SCH).
keK; kekK, kekl

It follows from (9) that S(X) < S and T (x*) i f, ke K UK,
which contradicts to (8)- Henoe x* is awesk efficient solution of the multiple criteria
integer problem (1).

Consequence. Theorem 1 is true for arbitrary values of f, k € K.

The proof of this consequence folloas from the fact that the proof of Theorem 1
does not assume any constraints on the values of the criteria T, ke K.

To obtain a (weak) nondominated solution for the problem (P) in the reference
neighbourhood of the current preferred solution, we may use the scalarizing problem
E,, which is dotained framE,  replacing constraint (7) by constraint:
€0)) xeX.

Theorem 2. The optimal solution of the scalarizing problem E, is a weak effi-
ciat solution of the nultiple criteria linear problen (P).

The prooforfTheorgm 2 is analogous to the proof of Theorem 1 because nature

of the variables x*, i =1, isnot used eqlicitly.
Because the dojective function of the scalarizing prablem E, is nondifferentiable,
one may solve the following equivalent mixed irteger programming

@ min(a + B)

Sbject to:

(€7)] a i (f, - FEO)V/If), ke K,
) o i (F, - TOOVIF], ke K,
@ B i(F,-TOIIE), keK,
@®) T if,keK UK,
as) Xe X,

an o, B - arbitrary.

Problens E, and E have the sare feasible sets of the variables. The value of the
objective functions of problems E and E are equal which can be easily proved.

The scallarizing problem E, has two properties, that help to inprove the dialogue
with the DM, as with respect to the required from himvher information and with
respect 1o the reducing of the waiting time for evaluation of new solutions also. The
Tirst property is comected wirth the required informettion fran the DM. Insteed of the
aspiration levels of every criteria for the defining of the reference point [7, 9, 11], the
DM has to provide only dhanges in the criteria values of some of the criteria and the
directions of dhange of the remaining criteria to specify the reference neighbourhood.
The second property of the problem E is that with it the DM can realize the search
strategy “'no great benefit - little loss”. The solutions dotained in the reference neigh-

50
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bourhood are comparatively close, which makes it easier for the DM to compare
several solutions and choose the next preferred solution

The scalarizing problem (E) is equivalent to the fol lowing linear programing
problem E;

@ min(a. + B)

sbject to:

19 a i (f,- FEO)/IF), ke K,
(¢9)) o i (f - FOONVIF], keK,
@ B i (- T/IT], keK,
(¢2) T if,keK UK,
(¢2)) Xe X,

@ o, B - arbitrary.

1
The parametric extension of the scalarizing problem E; (denoted by ) has the
falloving form (similar to the ore in [13]):

> min(a + B)
sbject to:
@) OO+ |fJo i f + (fk - keK,
@) OO+ IfJo i f -, keK,
(¢25)) TOO+IFIp i f +t, keK,
@ T if,keK UK,
@ xe X,
(€1)) tio,
(€%) o, B —larbit:naxy.
Problems E, and ;have the same properties as problem E, but they give con-
tinuous olutios.

Let us assume that we have found a (weak) nondomlinated solution of problem
(P) with the help of the scalarizing problems E, and £ and wish to find a (weak)
nondominated solution of problem (1), which is near the (weak) nondominated solu-
tion of problem (P). Let us denote by £ =(f,, ..., £)" a (weak) nondaminated solution
of problem (P).

To find a (weak) nondominated solution of problem (1), clase to the (weak)
nondominated solution f of problem (P), the fol lowing Chebychev’s probllem E, may

be used [26]:
Minimize

(€9)) SG) = me(f - £ OO)/IT],
abject to
(€D) xe X,
where

£ {f, if =0,

1, iff=0.
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This problem is equivalent to the folloving mixed irteger programing problem

E;:

(€9)) minao

uder the constraints

) o i (£-FNVI,
(€7)) xe X,

(€3)) o - arbitrary.

4. A user-friendly interactive algorittm of nulticriteria linear integer
programming

A user-friendly interactive algoritim solving nulticriteria linegr integer problems can
be suggested on the basis of the scalarizing problems E, E,, !:'and E,- The dialogue
with the DM has been improved with respect to the information required from hin/
her and to the leaming possibilities of the specifics of the problem solved.

The basic steps of the algoritim are the following:

Step 1. An inrtial (weak) nondominatted solution of the multicriteria prablem (P)
iIs defired, setting f, =1, ke K, £=2, k € K, and solving prablem E,.

Step 2. Ask the DM to specify the reference neighbourhood of the current pre-
Terred solution defining desired changes in the values of sare criteria, desired direc-
tions of dhange of other criteria and permitted deterioration with or without set limit-
ing value of the remaining criteria.

Step 3. Ask the DM to define whether to search for a (weak) nondominated
solution of the multicriteria problem (P) or (weak) nondominated solutions of the
multicriteria problem (). Inthe first case, Step 4 is executed, inthe secod case go o
Step 6.

Step 4. Ask the DM to specify parameter s - maximal number of (weak)
nondominatted solutions of the multicriteria problem (P) which can be saved in the set
M, - Solve the scalarizing problem 2Ewi1h the help of an algoritim of linear paramet-
ric programing. Present the set M, to the DV for evaluation and selection. In case
the DM warts to see a (weak) nondaminated sollution of the multicriteria problem (1),
close 1o the current preferred solution of the nulticriteria problen (P), Step 5 is ex-
ecuted, otherwise — Step 2.

Step 5. Solve problem E,. Show the (weak) nondominated sollution of nulticriteria

problem (1) dotained by the exact integer algoritim chosen for solving problemE,. I
the DV gpproves this sollution as current preferred solution of the nulticriteria prob-
len (I) @ O Step 7. If this solution is the last preferred solution - go to Step 8.

Step 6. Solve problemE,. Show the (weak) nondominated solution of the
multicriteria problem (1) to the DM. In case the DM approves this solution as a
aurrent preferred solution of the multicriteria problem (1) go to Step 7. 1T the solution
is the last preferred solution - go to Step 8.

Step 7. I the DMvarTts to store the current preferred solution of the nulticriteria
prablem (1) - check i it has been saved before, 1f not, add it o LIST - a set of stored
preferred solutions - Go to Step 2.

Step 8. Does the DM want to compare the last preferred solutions of the
multicriteria problem (1) with the solutions selected and stored in LIST - go to Step 9.
If no - Stop. That is, the last preferred solution is the most preferred solution of the
nulticriteria prablem (1).
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Step 9. Show the Final set of solutions, saved In LIST and the last preferred
solution to the DM for camparison and selection of the most preferred solution of the
multicriteria prablem (). Stop.

The proposed algorithm for solving multicriteria linear integer problems is a
leariing oriented [5] interactive algorithm and the DM controls the dialogue, the
conputations and the stopping conditions. .

Problems of linear parametric programming (scalarizing problemsZE) are solved
in the interactive algoritim. The linear parametric programing problems are easily
solved problems and the DM must not wait long for the obtaining and estimation of
new solutions. Problems of mixed irteger linear programming (scalarizing problems

E, and E)) are also solved. The number of the integer problems solved can be very

small. They are solved only in the cases when the DM feels unconfortable 1o operate
wirth continuous variables or when he is searching for an integer solution near to the
current preferred continuous solution.

The DM aperates mainly in the criteria space, because in most of the cases the
criteria have physical or econanic interpretation and this enables the more realistic
estimation and choice. The information required from the DM refers only to the de-
Tining of a reference neighbourhood of the current preferred solution and saretimes,
iT he/dhe varts, 1o the presenting of inter- and Intra-crirteria information.

5. llustrative eample

With the purpose to illustrate the interactive algorithm proposed the following
multicriteria problem is solved. It is solved with the help of a developed small re-
search software system and the DM is supposed 1o use all the possibilities that the
algoritim provides.

max £,(X) =5x - X, +2x,

max F,(xX) = -X +2x, + X,

max F,(X) =4x, - 8X, + 2X,
under the constrairnts

X G X+ 2X, T 34

2 +%, - 3% -X, I16,

3X1+2X2+4X3 - X, 128,

X, +6X, - X, +4x, TI43,

X1» %5 %, %, = integer.

Let us denote the Teasible region for the integer variables by X and the feasible
region for the continuous variables by X,.

In order to find an initial non-dominated solution, a scalarizing problem of E,

type is solved, ataprioriset . =1, ke K, £=2, ke Kand K ={1, 2, 3};

min o,

o l2-5X +X -2X,

ai2+X -2X =X,

o i2-4x +8x, - 2X,,

xeX,

o — arbitrary.
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The solution found is: X =3, X,=6.17, x,=1.98 and x,= 1.25. The values of the
criteria for this solution are: £=11.3, £,=11.3, £=11.3. Let us assume that the DM

would like to inprove the first criterion and sets only the reference point =15,
K = {1} for it; he agrees 1o deteriorate the second criterion, not defining by what
valuwe, K, = {2}, and to improve the third criterion, not defining any certain values,
K ={3yadK, = . The DMwould like to see integer solutions at this iteration,
but not more than 3, 1. e., s =3. Aproblenof E, type is formed:

min(a + B),

a i (15-5X +X,-2x)/11.3,

ol (10+Xx - 2% -x)/11.3,

o i (10 - 4X, + 8, - 2x )/11.3,

4x, - 8x, + 2%, 1 11.3,

xeX,

o, B - arbitrary.

With the help of an algoritim of mixed integer programing the following sollu-

tion is found: =14, f,=8 and T,= 24. But the DM decides that the value of the

second criterion does not satisfy hinvher and chooses to continue with one Tteration
more, inorder to search for a better solution. He defines aspiration level of the secord

criteria - 152: 12, K ={2}. He agrees to deteriorate the first and third criteria, but he
V\entsmefirstcriterimtobe\/\orseped by thevalue 5=4, 1. e. K, ={3} ad K, ={1}-
A following scalarizing problem of Etype is solved and 3 new continuous solutions
are foud.

min o,

=X +2+X, +8a 18+ 4t,

4x, - 8X, + 2x, + 240 1 24 - t,

5 - X, +2x, 18,

xeX,

tio,

o — arbitrary.
fi fy f, fa T
1 8 10,42 26,7 0
2 8 11,4 21,17 1
3 8 12,5 11,5 2

The DM selects the third solution as the current preferred solution of the
multicriteria continuous problem. A problem of type is used in order to consider
which is the nearest integer solution.

min o,
a i (8-5X +X, -2x)/8,
o i (12.5+X - 2%, -X)/12.5,
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o i (11,5 - 4x, + 8%, - 2x)/11.5,
xeX,
o — arbitrary.

The values of the criteria for the solution obtained are f =11, f,=10and
T,=10. This solution does not satisfy the DV either and he sets new conditions for the
criteria: to inprove the first and the third criteria, K = {1, 3}, the second one may be
deteriorated by 1 unit, 1§: 9, K,={2}. A following scalarizing problem of E type is
solved with the help of an exact algoritim of mixed integer programing.

min 3,

B i (11-5x +X -2x)/11,
B i (10 - 4x, +8x, - 2x)/10,
5x - X, +2%, 111,

4x, - 8X, + 2%, i 10,

X+ 2%+ 9,

xeX,

B - arbitrary.

The solution found is: =14, £,=9, £,=18.

The DM selects this solution as the most satisfactory for hinvher . With this the
operation of algoritim is brought to an end.

7. Conclusion

A user-friendly interactive algoritim is proposed based on the reference neighbour—
hood approach to solve mnultigriteria linear integer progranming problems. The
scalarizing problems, E, E), !:'and E, provide the opportunity to improve the dia-
logue with the DV with respect to several features:

- according to DM s wish, he/she may set different type and different quantity
of information at each Iteration;

- the time during which the DM is expecting solutions for evaluation and
choice is reduced, because in most of the time he/she works with the continuous
ludas;

- his/herpossibilities for leaming the specifics of themiltiple criteria integer
problems being solved can be increased.

These features of interactive algorithm proposed dharacterise it as an gopro-
priate and user-friendly algoritim solving multicriteria linear integer programming
prablems.

7. References

1.Benayoun,R.,J.deMontgolfier,J.Tergny,O. Lar ichev. Lirear prograxming with nultiple
objective functions: step method (STEM) . — Mathematical Programming, 1, 1971, 366-375.

2.Climaco,J.,G.Ferreira, M. E.Captivo. Multicriteria integer programming: an overview of the
different algorithmic approaches. - In: Multicriteria Analysis (J. Climaco, Ed.), Springer, 1997,
248-258.

3.Gabbani,D.,M.Magazine. An interactive heuristic approach for nultiobjective integer progran-
ming. - Journal of Operational Research Society, 37, 1986, 285-291.

55



4.Garey, M., D. Johnson. Conputers ad Intractability: A Guide to the Theory of NP-Conpleteness. San
Francisko, W. H. Freeman, 1979.

5.Gardiner, L.R.,, D. Vanderpooten. Interactive multiple criteria procedures: sare reflections. -
In: Multicriteria Analysis (. Clinako, Ed.), Soringer, 1997, 290-301.

6.Hajela,P., C.J. Shi h. Multiobjective optimum design in mixed integer and discrete design variable
problems. - ATAA Journal, 28, 1990, 670-675.

7.Karaivanova, J.,P.Korhonen, S.Narula, J.Wal lenius, V.Vassi l ev. Areference direction
approach to multiple objective integer linear programming. - Eurcopean Journal of Operational
Research, 24, 1995, 176-187.

8.Kaliszewski, I.,W. Michalowsk i. Searchirg for psydolagical ly steble solutias of nultiple ariteria
decision problems. - European Journal of Operational Research, 118 , 1999, 549-562.

9.Korhonen, P., J. Laak s o. Avisual interactive method for solving the multiple criteria prablem. -
European Jourmal of Operational Research, 24, 1986, 277-287.

10. Mur tagh, B. A. Advanced Linear Programming: Computation and Practice. New York, Mc Graw-Hill,
1981.

1. Narula,S.C.,V.Vassi l ev. A interactive algoritim for solving nultiple dojective irteger linear
programing problems. — European Journal of Operational Research, 79, 1994, 443-450.

12.Nemhauser, G. L., L. A.Wo I sey. Integer and Corbinatorial Optimization. Wiley, New York, 1988.

13. Teghem, J., P. L. Kunsh. Interactive methods for multiobjective integer linear progranming. - In:
Large Scale Modelling and Interactive Decision Analysis (G. Fandel, M. Grauer, A. Karzanski and
A. P. Wierzbicki, Eds.), Springer-Verlag, 1985, 75-87.

[TorpeOHUTENBCKH OPUEHTHUPOBAHHBIA aNTOPUTM ISl PEUICHUS 3a]ay
MHOTOKPUTEPUAIIBHOTO JIMHEHHOTO LEJIOYUCIIEHHOTO ITPOTPaMMHUPOBAHUS

Kpacumupa ['enosa

Hnemumym ungpopmayuonnvix mexnonoeut, 1113 Cogus
(PezrmomMme)

[Ipennoxen mnoTpeOUTENHCKH OPUEHTUPOBAHHBIH HMHTEPPAKTUBHBIM aJTOPUTM,
MIpeIHA3HAUYEHHHBIN IS pelleHNs] TMHEWHBIX [EeTOYNCICHHHBIX 3a7/ad MHOTOKPHUTEPUAIBHOTO
MIPOrpaMMHPOBaHUs. DTOT aJITOPUTM OCHOBaH Ha (hOPMUPOBAHHOW OTTHPABHOM 00IACTH TPH
TIOMOIIY 33JaHHBIX MIPENIOYUTaHUN JTUIOM NnpuHUMatomeM pemenns (JITTP) ns nsmenenuit
crouMocTell kputepuil. @opMyITHpPOBAHHBIE CKAISPU3UPYIOIHUE 3aJauyd OTKPBIBAIOT
CPaBHHUTENBHO OJIM3KHE HETOMUHUPOBAHHBIE HETIPEPHIBHBIE WIIM LIEJIOUMCIICHHBIE PEIICHNUS B
9TOl oTnpaBHO# obnactu. Tekyliee HCHONB30BaHUE HENPEPHIBHBIX HEJOMHHUPOBAaHHHBIX
pelIeHuid peaypyeT 3Ha4uTeIbHOE BpeMs norcka U no3sossier JITIP OvicTpee nmonnmanue
criecurKy MHOTOKpHUTEPHALHON 3aauH.
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