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1. Introduction

Itiswell known that the set of Pratrices includes several inportant classesofmatrices
suchashHmatricesand posttivedefinitematrices. P1ratricesarize invarious theoretical
ardgpplied fields, forexanple in linear conplementarity theory [9], intheanalysisof the
solutionsetofsystansof linear intenal equations [6], inthestudyofcorvexsetsofmatrioss
5] - TheclassofHmatirces is dharacterized by aspecial sign pattem ofmatrixelements
which suggests relations with the theory of nonnegative matrices. Fromanapplication
point of view, M-matrices play an important role in certaineconomic models [8] and
provideatool for stabi lityanalysis of conpositedynamical systems [1].

There isalargenunber ofdifferent informbutessential ly equivalentconditions that
are necessaryand sufficient foragivenmatrix tobeaP-matrixoranMHmatrix. Selected
listsof such conditions togetherwith the relevant theoryare given in [4] - Soregererali-
zations of the P-matrix concept related mainly to the linear carplementar ity problens can
befourdin[3], [O]adtreir references. Theresults in[7] presentoriteriafortheP-property
ofal l matricesbelonging toan intenal matrix setand introduce the notionof interval
P-matricss.

Inthispaper, we study the P-property and Mproperty of matriceswhichareelements
of carpact and covexmatrixsets. Our aimistoestabl ishcriteriacharacterizing these
propertieswith respecttoall elementsof thematrixset. InTheorems2.1and 3.1, wehave
dotained general criteriawhichare val id for any compact covexset of matrices. Several
special cases of canpact convexsets found in the literature arealso considered. Ineach
case, inaddition tothe general criterion, we have derived equivalent necessary and
sufficientconditionswhich provideafinite test for the Pproperty andM-propertyofall
matricesbelonging tothematrixset. Thedotained resultsarebasedonwel l knowncriteria
forasingle P-matrixand M-matrixand generalize these criteriato the case of conpact and
convexmatrixsets.
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2. Setsof P-matrices

LetR'andM (R) be the normed vector spaces of n-dimensional vectors and nxnmatrices
wirth real elements, respectively. Theusual inner product in R willl bedenotedby (-, .),
1.e. (X, y)=XY, X,y eR'.For xeR'(AeM (R)) wveshal lwrite x>0 (A>0) ifall elements
of _x(A) are nomegative. Inthiscase, X(A) issaid tobe nonnegative. The positivityofa
vectorandmatrix isdefined inasimi larvay.

AmatrixAeM (R) iscal ledaP-matrix ifall k<kprincipal minorsof Aare positive
for k=1, ..., n. Thesetof nxnP-matriceswill bedenoted by P (R). It isdovious that
P R)cCL (R, whereGL R)cM R), is thesetof nonsingular matrices. The fol lowing
wel I knoan characterizationsof aP-matrix [4] will beused inour results.

GivenAeM (R), eachof the nextconditions isnecessary and sufficientforA<P (R):

(PD) Foreverynonzerox=(X , --., X )'eR" thereisanindex i e{l, ..., n}suchthat
X.(AX),>0.

(P2) For every nonzero xeR" there is some nhonnegative diagonal matrix
D =D(X)eM (R) such that xX"(D()A) x>0.

(P3) For every nonzero xeR" there is some positive diagonal matrix
D=D(X) eM (R) such that X'(D(X)A) x>0.

IT AcP (R) thenitisalsowell knomn that A*, A'eP (R) and A+D, DA, ADeP (R)
forevery diagonal matrix Dwith positivediagonal elements.

The next theoremcharacterizes the P-property of matricesbelonging toacompact
convexsetofmatrioes.

Theorem2.1. LetKc .M (R) be acompact convexsetand let e be thesetof itsextrene
points. Thefollovingconditionsare equivalent:

(MKeP R

(i) for every nonzero xeR"there is some nonnegative diagonal matrix
D=D(X)eM, (R) such that
o X' (OOOA) x>0 forall AcK,

(i) for every nonzero xeR" there is some nonnegative diagonal matrix
D=D(X)eM, (R) such that
() X'(OOQA) x>0 for all Ace.

Prooft. SinceKisoompectand convex, itisdviousthat (in) and (i) areequivalent.
Also, (i) inplies (i) bycriterion (P2)Hence itremains toshovthat (i) inplies (i) First,
we shall prove this for apolytope of matrices, i. e. K=convexhull {A , ..., A }where
A,eM(R), 1=1, ..., m, aregiven matrices. Let DcM_(R) be defined as
D={D=dig(,, ---,d)eM ®):d >0, i=1, ..., n}. Proceeding by contradiction, assune
that 1) holds and suppose that for some xeR", x= 0, there isnomatrix Dee satisfying
(2). LetScR'be thesetdefined by .

()] S={z=(,, ---,2)"eR":z,=XDAX, 1=1, ..., m, DeA},
andS, be thepositiveorthant inR", i..e:
()] S={z=(z,, ---,z)'eR":2z>0,1=1, ..., m}.

Itiseasilyseenthats$ isaclosedconvex cone InR'". By our assunption there isno
D eA satisfying (2) and therefore S nS,=0. Sinceboth S and S, are nonempty convex
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sets, thisinplies that thereexistsahyperplare In R'separatingS ands,, i.e. thereexists
anonzerovectora=(a,, ---, a )'eR"and real number o such that

() @2)=az+...+az <a forallzeS,
© @, 2)=0z+...+02z >a forall z<S, .

Irequality (6) impliesthat o, >0, 1=1, ..., m,ado, <0. Indeed, ifsoreq, <0, then,
therealvays exist z €S, forwhich(6) isviolated. Similarly, ifo, >0, thenonecanfind
z €S, suchthat (6) isnotsatisfied. Inviewof (3), inequality (5) thenbecomes

o XD(BA, + ... +BA)<0 for all DeA,

whereB,=o, /(o +...+0 ), 1=1, ...,m. Hence BA +...+B A) eKandbycriterion
P2, BA+---+BA) P (R)- Thiscontradicts to (I).

Now, letKbeany carpact convexset of matrices forwhich condition (i) holds. Then
ore can findaclosed covex polytopeK ® suchthatKcK"cP (R) . The proof for polytopes
shons that for every X R, X0, there isanonnegative diagonal matrixD(X) satisfying
X'(OCOA) x>0 forall AcK". The inclusion KcK® then implies that X'(DGQA) x>0 for
all AeK, - which campletes the proof.

Theorem2.1 isagereral izationofcriterion (P2)where condition (i) of thistheorem
givesanextreme pointcharacterization for theP-property of every AcK. Itiseasilyseen
that bothoconditions (i) and (i i1) canbeanalogously formulatedusing criterion (P3)
instead of (P2). Inthiscase, we obtain that KcP (R) ifand only ifforevery nonzero
x eR" there is some positive diagonal matrix D=D(x) eM (R) , satisfying (1) or (2).-
Although (PD), (P2)and (P3) areequivalent forasinglematrix A<M (R), thenextsimple
example shows that criterion (P1) cannotbe generalized inasimilarvway.

Example 2_.2_ Let K=convex hull {A, B}where

A:(l_lw, B:(l _1]
Lo 1] Lo 1]

It can be easi ly showmn that condition iit) of Theorem2_1 is satisfied for every
X =(X;, X,)TeR?, x=0. Indeed, if x =0, we take D(x)=diag(0, 1), so that
X' (OCIA) =X (DEIB) x=x2>0. I x = 0, thenwirthout loss of general ity we can consider
real vectors xeR? in the formx = (1, x,)". In this case, if .x,>1again
D(X)=diag (0, 1) isanappropriate matrix satisfying X'(DG)A) x=x°>0 and X" (D()B)
x=X,(X,-1)>0. Finally, if x, <1, we can choose D(x)=diag(1, 1) so that
X'(DCAA) X=X (DC)B) x= 1+ X,(X,—1)>0. Hence, by Theorem?2.1, everymatrix inKis
aP-matrix. Honever, the inclusionKcP,(R) does not imply that for every nonzero
x=(X_, X,)' R, there issame index i {1, 2} suchthat x,(Ax),>0 and x, (Bx),>0. In
fact, forx=(1, D wehave X (Ax),=0, X (Bx),=1, and X,(Ax).=1, X,(BXx),=0.

Intherestofthissection, we study the P-property of several special casesof conpact
convex setsof matrices. Let Jbe the matrixwhoseelementsareal | equal toland let o
denotes the Hadamar (entrywise) product of matrices. ForanyA, BeM (R) the folloving
setsaredefined in[5]:

® K={C(O:C(OD=tA+(1-1)B, t¢[0,1]},
© K ={C(D: CO=TA+(1-TB, T=diag (t,. ... t), t,<[0, 1]},
€0) K={C(O: CO=AT+B(1-T), T=diag (. ..., t). t, [0, 1]},
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an K={C®: C()=ToA+ (@-To B, T=(t;;). t,, <[0, 113,

The elements of these sets arematrices C(t) , whose entries depend contiinuouslyon
ascalarorvectorparareter t. ItisessilyseenthatK , K , K adK; are campactand covex,
K,cK cK, adK cK cK . Itshouldbenoted that thereexist criteriacharacterizingeach
of thesesetswithrespect tothe nonsingularity of theirelements.. Forexample, avel l knoan
criterionfornonsingularityofeveryAckK isthefolloving[2], [5]:

@ K cGL (R), ifandonly ifc (B, A (<0, 0) =2,

whereo () denotes theset ofeigenvalues (spectrum) of (L) - Criteriafornonsingularity of
matricesin...ad . .. aredotained in[5] asfolloas:

(%)) K cGL (R), ifandonly ifBA™ P (R),

W K.cGL (R), ifandonly ifB*AeP (R)-

Itcanbeessily seenthat (11) isan internval matrixsetand inthiscase, variouscriteria
forK, cGL (R), aregiven in[6] . Furthermore, necessaryand sufficient.conditions for
K,cP (R) aredotained in [7]. Inwhat follons, weestablishcriteriaforkK <P (R),
K.cP@®andK cP (R).-

Theorem2.3. Let AB eM (R). The fol lowing conditionsare equivalent:

@K =P.R);

(b) for every nonzero .xeR" there is some nonnegative diagonal matrix
D=D(X) €P_(R) such that X'(D(x)A)x>0 and X" (D(xX)B) x>0;

(© ABeP (R)and

® o @B, (A )N (0,0 =T forevery ac{l, -..,n},

where A andB areprincipal submatricesofAand B corresponding to the pair of
indices (o).

Proof. The equivalenceof (2) and (b) follons fromTheorem2_1. Itwill beshoan
that (@)«<> (©)-Let ac{1, ..., n}. IT K cP (R), thenobviouslyA, BeP (R) and
det C=det(tA +(1-1t)B )>0 foreveryte[O, 1], which implies (15) by the
nonsingularity criterion (12) . Conversely, if AeP (R) thenfor t=1wehave

@®) detC_ _(t)=det A >0,
andfran(15), itfolloxs that
a detC ()=det(tA +(1-1)B )+0foreveryte|O, 1].

SincedetC () depends continuously ont, conditions (16) and (17) imply that
detC (>0 foreveryte|0, 1], i.e. C(D) isaP-matrixforall valuesof ... .

Theorem2.4. LetA, BeM (R) and lete_c K_be the setdefinedas
e, ={0(0): C(O=TA+(1-T)B, T=diag (£, ..., 1), t, [0, 1]}}-

Thenthefollovingconditionsare equivalent:

@K.cP,R®:;

(b) for every nonzero .xeR" there is some nonnegative diagonal matrix
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D=D()eM (R) suchthat X'(DC)C(Y)) x>0 forall C(D e ;
(© foreverynonzero .xeR' thereisanindex 1 [1, . . ., n] suchthatx (C(©)x),>0 for
allC(®e¢ ;
(d) AB eP (R) and
) B,(A,)'e P, (R) forevery ac{l, ..., n},
where o] denotes cardinalityofo;
® e cP@R).
Proof. (@)«<>(b) Follows fron Theorem2.1 by noting that K=convexhull {¢ }.
@)« (d)- AsinTheorem2.3, the proof isbasedonthe fact that (18) isequivalentto
detC (O =det(T A +(1-T )B )=OforeveryT=diag(t,...,t),t <[0,1]ad
thatdetC () dependscontinuouslyont,, i=1,.._,n.
@(e)-Sincee K, Itisdwviausthat (@) (e) - Toprove theaonverse inplication,
forany .xeR'wedefineC ¢ as
€°)) C=TA+(1-T)B, T=diag(t, -.., t)
where
(1, 1 x, (&), < x, B,
@ t=1 i=1,...,n.
L0, i x. (A, > x. (BX),

Thenforevery C(D eK andevery i e{l, ..., n},wehave
@ XM, =X A, +(1-1,)x, B, =min{x (A, , X, BX), }=x, (),
Ife <P (R) ad .xeR' , x£0, thenC e¢_isaP-matrixandby criterion (P1) there
existssorei e{l, ..., n}, suchthat x (C X), >0. Inequal ity (21) now inplies
@ X, (CMOX),=x.(C x), >0forall C(DeK .

and hence, we obtain thatK P (R).

(©)<>(e)- ITcondition (c) holds, thene_cP (R) by criterion (P1). The converse
implication fol lows from inequality (22) whereC e¢_isgivenby (19) and (20). This
carpletestheproof.

Inasimilarway, we obtain the fol loving necessary and sufficient conditions for
K.cP.R).

Theorem2.5. Let AB eM (R) and let¢_cK_be the setdefined as

e={C(D): C(O=AT+B(1-T), T=diag (L, --., t), t, {0,1}}.

Then the fol loving conditionsare equivalent:

@K cP(R);

(b) for every nonzero .xeR" there is some nonnegative diagonal matrix
D=D()eM (R) such that X'(DCAC(D)) x>0 forall C(D e¢,_;

(©) foreverynonzero .xeR' thereisanindex i [1, . .., n]such thatx (C() x),>0
forallC(Oec_;

(d) AB eP (R) and
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(B )A€ Py (R) forevery ac{1, ---,n},
where|o| denotescardinality ofa ;

® ¢ cP.R).

Note thate_ande_inTheorems2.4and 2.5are the sets of extreme pointsof K and
K. respectively. Conditions (g) inboth theorems showthatK P (R) (respectively,
K.cP (R) ifandonly iftheextrenematricesof K (respectively, K ) areP-matrices. Since
trecardinalityof ¢ () 1s2', these conditionsproviceafinite testfor theP-property of
everymatrix inK ork_ . Condition (c) inTheorem2.3and conditions (d) inTheorems2.4
ad2_5areessential lybesedonthenosingularityariteria(12), (13)ad(14), respectively.
Theseconditions also lead toa finite dharacterization of the P-propertyof matriices ink
K. andK . Finally, conditions (¢) inTheorems 2.4and 2.5showthat, foracertaintype
ofconvexmatr ixsets, criterion (PL) still canbegereral izedanalogously as (P2) and (P3) -
Asimi lar conclusion follows from [7] where the P-property of interval matrices is
characterized interms of condition (PL) -

Exarple2.6. LetK , K andK_ begivenby (8), (9) and (10), respectively, wrere the
values of Aand Bare taken from [5] as fol lows
1 0 4 210
A=l1 2 1|, B=| 21 0].
1 1 1 111

Forevery ac{l, 2, 3}, itcanbeeasilycheckedthat o (B, ) (A ) )N (=0, 0]=
& , andhence by condition (c) of Theorem2.3K P (R). Also, every extremematrix of
K. IsaP-matrixand by Theorem2.4K P (R). However, for T=diag (1, 0, 0) , we have
{ 1 0-1 W
C=AT+BU-T)=|1 2 1 |,
L1 1 1]

which isan extreme pointof K_andobviously det C=0. Thus, K P, (R) ardK_z GL,(R).

3. Setsof M-matrices

LetZ (R)cP (R) be the setdefined by

ZE={A=EDM P ta,<0ifi=], 1,J=1,...,n}

Theelements of Z (R) are related with the nonnegative matrices by the fol lowing
representation: AcZ (R) ifandonly if A= | — P for some a.cRandsome P eM (R)
with P>0.

AmatrixA eM (R) iscalled anM-matrix if AcZ (R) and the eigenvalues of A
all havepositive real parts. Thesetof nxn M-matriceswi Il be denoted by M (R) - Avell
knowncriterion [4] states thatAeM (R) ifandonly iIfAeZ (R) andall k<kprincipal
minorsof Aarepositivefork=1, .. _, n. Thus, wehave
(¢24)) M (R)=Z R) NP (R).

Inviewof the special structure of MHmatrices (M (R)<Z (R)) , criterion (P2) from
theprevious sectioncanbespecial ized to the fol lovingnecessary andsufficient condition.

AeZ (R) isanM-matrix ifand only if for everynonzero xeR" withx>0 there is
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some nonnegative diagonal matrix D=D(xX)eM (R) suchthat

(¢22)) XT(D()A) x>0.

ITAeM R) thenthe inclusionM (R)cP. (R) inplies (24) by (P2) . Toshowthat (24)
isalsosufficient, letx=(X, ..., X ) eR'and let | x|denote|x|=(X , -.-,|X]|)'. Then
forevery A eZ (R) and every nonnegative diagonal matrix D, we have

> X'(DOX)A= X"(aD-DP)x 2|x ["(aD-DP) | x| =|X["( DA) | X|.

In (25), Alisrepresented as A= o 1-Pwhere o eRand P>0and the inequal ity
fol lows from the fact that DP > Owhich implies x"(DP) x<|x[((DP)|x|. IT condition
(@45 holds, then foreverynonzero x there isanonnegative diagonal matrixD(X) satisfying
[X[T(DGAA) | X >0. From (25) 1talso follows that X '(D(X)A) x>0and hence AeP (R)
by criterion (P2). SinceAeZ (R) andA <P (R), we dbtainthat A isanM-matrix.

Now, let KcM (R), be acompact convexset of matrices. Using (23), one canobtain
necessary andsufficientconditions for Kc.M R), - similarlyas inTheorem2. 1withthe
additional requirementthat K —Z (R), - Onthe other hand, there isaclose relation
between nonsingularity and M—-propertywhich also can be used to characterize the
inclusion KcM (R) . Asaresult, we obtain the fol loving theorem.

Theorem3.1. Let KcZ (R), beacompact convex setand let € be the set of its extreme
points. Thefollovingconditionsare equivalent:
@ KM R);

(b) forevery nonzero . xR with x>0, there s sare nonnegative diagonal matrix
D=D(x)eM (R) such that

(¢29)) X'(DCQA) x>0. forall Ace;
(c) there is some A, eKwhich isanM-matrixand
@) Kc GL (R)-

ProoT. @<«>()- Since M R <P .(R), (&) inplies (b) bycondition (i1 1) of Theorem
2.1. Thecorverse inplication fol lons fronconvexity of Kand (24) .

@<(©)- Qoviously, (@—(©)- Itwill bkeshonthat (0)—(a) - ForawAeZ (R), let
t©(A) bedefined ast(A)=min{Re A, Ae c(A)}- Itiswell known [4] that t(A)e c(A), i.€.
t(A) isareal eigenvalue of Awith the property that t(A)<Rei, e c(A) . Now, 1A eK
IsanM-matrix, we havet(A)>0. SinceK isconvexand t(A) depends continuouslyonA,
condition (27) inplies thatRe 2>t(A)>0, e o(A) forall AeK, i.e.KcM R).-.

SimilarlyasinTheorams2.3, 2.4and2.5, one candotainvariouscriteriacharacter-
1IzingmatrixsetstK , K. andK withrespect to the M-property of theirelements. e shal
statehere only the sinple necessary and sufficient conditions fol loving francondition (C)
of Theorem3. 1and thenonsingularity criteria(12), (13) ad (14) - Note thateachof tK ,
K. andK_ isasubsetofZ (R) ifandonly ifA,BeZ (R).

Concemning (8), acriteriongiven in[4] statesthatK cM (R) ifandonly if
A,.BeM® andc(BA) ) N(~x, 0= . Coviously, this result folloas inmediately from
Theorem3.1and (12) . The folloving corol lary isalsoasinple conseguence of this theorem
andconditions (13) and (14) -

Corollary3.2. LetA,BeM (R). ThenKcM (R) ifandonly ifA,BeZ (R). andB
At eP (R). Similarly, K cM (R) ifandonly ifA,BeM (R)andB*AcP (R).
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4_Conclusion

Inthis paper, we have dotained necessary and sufficientconditions characterizing the P-
property andM-property of matricesbelonging toa certaintype of covexmatrixsets. The
mostgeneral resultsarepresented inTheorems 2.1 and 3. 1whichareval id forany corpact
convexsetofmatrioces. Theobtained criteriaare formulated intermsof theextreme points
of the setand generalize thewel | knoan criteriaforasingle P-matrixand MHmatrix [4] -
Incomparisonwith the resultson interval P-ratrices [7], Theorem2. 1 further extends the
classof matrixsetswhich arecharacterized by the P-property of theirelements. Several
special cases of conpact corvex sets of matrices are considered inTheorens 2.3, 2.4and
2.5, respectively. These sets have been defined and studied in [5] with respect to the
nonsingularityof theirelenents. Here, we havederived criteriavhichensbletoestablish
theP-property andM-property ofal 1 elements in thecorrespondig set.. Sare of the dotaiined
criteriaare based onthe results of [5] and show that there isaclose relationbetween
nonsingularity andP-property ofmatrices belonging to convexmatrix sets.
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Ofo0meHre HEKOTOPEIX KPUTEPKEB IJ1a P-MaTpull 1 M-MaTpuLL

Biiagyivyp B. MOHOB

UHCTUTYT MHYOPMALIMOHHEIX TexHoJormit, 1113 Copus

(PeswomMme)

PaccMaTpPMBAKTCS IBa KJjlacca CIeLMalibHEX MaTPpUL — P-MaTpull 1 M-MaTpuLL,
KOTOPEIE MI'PAT BAXHYW POJIb B OOJIaCTM MNPUIIOXHOM JIMHENHOM ajireOpHl,
MHTEPBaJIbHOT'O aHaJI3a M MCCIIeNOBaHUA IMHAMAYIECKOTO [IOBEIeHNMsI OOJIBUMX CUCTEM
YIIPaBJIeHN S . [MCKYTHPYIOTCS HEKOTOPRIE KPUTEPMM, XaPaKTEPU3MPYIIME 3aIaHHY0
KBaPaTHYIO MATPUILY, TaKMe Kak P-MaTpuiry wm M-MaTpyiry . OCHOBHBIE PesyJIIbTaTE
[IPENCTARJIEHE B [ISTY TEOPEMAX .
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