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1. Introduction

The Petri nets (PN) [1], are used for formal description andmodeling of parallel and
asynchronous interactions incomplexsystans. Theyensble thesimultaneous consideration
of the systemstructure and of the dynamics (behaviiour) of the runniing processes.

Theprdblan, thatattracts constantly theattertiontoPNgplications, isthesynthesis
of newstructureswith the corresponding systems parameters One of the possibilities
introduced by Kron is is the use of tensor methods for itssolving [3] - The lasthave been
introduced by Kron [4] for analysisof suchtype of nets, aselectriccirauitsandelectric
machines. The tensor analysis of sets according to Kron can be takenasabase inthe
model ing of complex systems and applied totheir models, describedwiththe helpof PN
[51- Inthiscase, accordingto Ku lag i n[6], the tensorapproach, gppliedtoagivenPN
model can be reduced to the fol lowing sequence of stages:

Analysis: a) decorposition —functional ly independent PN fragrentsare determined;
b) Themodel dotained is“‘divided” intoaset of linear base fragrents (LBF) , whichdefine
thesocalled reduced system(RS) ; ©) aprimitivesystem (PS) is ootained frontheLBFset.
Thelaststepoftheanalysis isthe definingofthe transforming tensor (1T) - Forthis purpose
the reducedand primitive systenmsare regarded as projections of the general ized systemon
differentooordinatesystens.

Synthesis: The synthesis of the newnetof Petri (M) isdoneby TT and respective
operationsofuniononPSelements.

Thedigital values for PSand RSare givenby Kulagin in [6] - Utfortunately, when
solving the equations system, determining TT, the components of the timsforming tensor
havenot one solutiononly. Asolution is proposed in [6], defined by heuristic procedure
implying the constraints suggested by Kronfor (+1, 0, —1) values of the canponents.

Thesubject of the present study isthe finding of formal conditions for dotaininga
single solution of TT components. This problem is solved introducingaweighing matrix
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forPNarcs. Thealterations, thathave tobe introduced intheprocess ofanewPNsynthesis,
aredisoussd.

2. Aveighting matrix—basicdefinitionsand properties

Let the Petri netbe definedas 5 ranked elements:
O N=CF,T,1,0,u),

whereP={p,,p,, ---, P} isanonemptysetofpositions; T={t, t,, ..., t }isanonenpty
setoftransitions, PN T=Y , 1andOarean inputand output function, describing the set
oftransitions inthesetofpositionsandy, isthe initial marking [ 1] . Thedenotationspre(t)
and post(t) aresets of inputand cutput positionsof the transition t. Anelementaryset is
defined asaPN, consisting of a transitionwithone inputand one output position—
P={p", p'}, T=Ct) and p~ € pre (t), p'c post (t) - Let*dand d*are vectorsdescribing
the setof inputand the set of output positionsof the transition t. The elementsof these
vectorsgetpositive integervalues. Thevector d=d*—*d givesthe comectionof transition
twithPNpositions, andat thatd(i)>0, ifp,c post (); d(@)<0if p,cpre(D); d(@)0if
(P, € pre(® Upost (D) where i=1, 2, ..., n. TheequationofalterationofPNmarkingat
transtaontfiringwillbe:
@ pT=p,+d,
where u istheoldvector of PNmarking, u"—thevector of PNmarking after transition
tisfird.

Let the input and output functions begiven by thematrices 1 andO. ThenDiscalled
an incidencematrix, comprisingvectorsd,, ..., d . The lastonesdescribe the setof input
andthesetofautputpositionsof ransitianst, ..., t -

(&) D=0-1.
The matrixequation of operating (markingalteration) of PN has the form:
(&) p"=p* +DF(o),

where (o) Isanexistingsequenceof firedtransitions (Parihimege [1]) -

ThematrixD, of thearcsweights inPN [7] isdefinedas folloas.

AbasicPN (BPN) iscalled anordinary and without @ net, which satisfies the
conditionsof Kulaginfor startand stoppositions [6] -

Let L (p;, tj) ke theweigntofthearc, directed franpositionp, tonards transition t:
L (v,. £)=0(integervalue) , and I, (p, , ) bethevalueof the incidence functionof the sane
arc, dotainedafter the transformationof theautput PN (when I (p,, t) isavailable) inthe
BN[7]. Theccefficients 1 (p,, t) of thematrix 1 oftheveightsof the input function | are
definedby theequation:
® 10, 5= 1@, 5+ 1L,E,. 1)-

Hence I, (p, , tj) acceptsvalues of zeroorone; 1 (p,, tj) =0when I (p,, tj) =lor
I, (p,, £)=k-1when 1 (p;, ) =k (k>1). Incase theredoesnotexist anarcbetweenp,
adt, the threevaluesare zeroes.

Inasimi lar way theweight of the output arcsbetweenp, and t; is determinedas:

® 0®,. £)=0,(p,. )+ 0, (0. ).

Passing tonards the matrix formof PN functioning according to (5) and (6), it is
written:
O w'=pt- [+ 1,1F() + [0,+0,1 (o),

where 1 _and O, are matrices of the weights of the inputand output arcs tonards PN
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transitions, ad |,ad0, arematrices of the inputand output function of the corresponding
BPN.

After some transformations described indetail in[7], the index form (fy|=n,
|B|=m) is obtained:

o W=t +( DTVB+DBB"’) (o))",

Here DTVB = OTVB— ITVB is the common matrix of the weights, and

D,7, =0, — 17, s the inciidence matrix of BPN. The incidence matrix of the output
PNisD' and itsatisfiesequation (4):

o prr=pr + (D) (o),

W) D7, = D7, + D, .

The checkofequation (9) istrivial: ifD =0, i.e. theoutputM isordinary, then
thematrixequation of BPN functioningwi 1 coincidewith that of the outputnet.

According to the tensor approacha tensor transformation isapplied onequation (10)
and inﬁemitimfronﬂﬂewstenofooordirates'ﬁtox\ardsmerENsystenofwordirHtes
""B., thefol loving incidencematricesaredotained:

an D", = D7+ D7

The tensor formof PN equations leads to the equations, fronwhichthe components
of the transformed tensor C canbedbtained [5] :

(@7%) D*=CD,
(%)) ' =Cp,y,

where thereare two projections of PN intwo coordinate systens (CS) respectively—Nand
N, with incidence matrix Dand initial marking p, (forN); andD" and i (for N®)
respectively. According to the postulates, the transition franthe first tonvards the secod
CS isdetermined by the transforming tensor .

Asaresultof introducing theveightsmatrix, anewpossibi lity isachieved thanks to
(11) - the transformation of theweightingmatrix canbe added as another equation instead
of equation (13) (the BPN transformation is usedas equation (12)) , whichformal lymeans
solving the systemofequations:
@ D =CD,,
(€) D, =CD,,

Thesystemhasonlyanesolutiion ifthe arcsof each transitionhavedifferentweights.
Thenthe TT coefficientsareuniquely defined.

In case PN has nomulti-arcs, and all the arcsare singular (as inBPN), this

corresponds to the degeneration of the system of equations (14) and (15) and the
appearance of asetof solutions.

3. Determining of TT coefficientswith thehelpof D,

Determining of TT coefficientswith the help of equations (11)—-(15) is il lustratedbelov
solving a systemof LBFwith two transitions. According to tensor methodology, the
solutionsof LBFwithmore transitions (of higher order) have asimi lar form.

The components of the imidenoenatrix(DB"f'B.)aresfmn inthe firsttwocolums
inFig.1foralBF of second order, and the components of the weighting matrix DB""B. -
inthe thirdand forthcolum (foraRS) .
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The components of the incidenoematrixDB"'B- are shown inthe first twocolums in
Fig- 2 for the respective primitive system, and the components ofweighting matrix
Dy'p— incolumn 3and 4.

Thearcsweightsarea, b, ¢, d (integer nurbers) . Asolutionof thematrixequation

R=X*T is searched for . The problemhas only one solution subject to condition
@® a+b=0, c+d #0.

I'tcan beproved that the conditioneach transition to have differentweights for the
inputand output arcs is reproduced for LBFofahigher order, which isnot shomnhere for
oconvenience.

Fig. 3ashows the solution of the coefficients of transformation for LBFof second
order, whi lethe coefficientsa, bandc, dsatisfycodition (16) -

RRJIIRID  PEPIIPID X
1 0ad0 -10a0 1000 100000
1-1bc 10b0 0110 011000
1-1bc 10b0 0110 011000
010d oiod 0001 000110

000110
000001

Fig-1. Fig-2. Fig-3.

RS components RS components Solution of the system for LBF of second

andthirdorder

Fig. 3bshonsasolutionof LBFof thirdorder . The camponents of LBF ofhigher order
arewrthasimilar structure.

Itis interesting that the solution ootainedwith thehelp of theveligtingmatr ixhes
the same coefficientsvaluesas the one suggested In [ 6] by anheuristiic procedure.

4_Weightingmatrix insynthesis

Theanalysisstage isaccorplished onthe incidencematrixof BPN, i .e. intheabsenceof
multi-arcs. Theweightsmatrix isused inthe stage of synthesis of the newPN, themainpart
ofwhich is the use of union operations onthe arcs of the primitive systemobtained in
aalsis.

The unionoperations and their features have been investigated in [6]- Inorder to
validify anesyrnthesisalgoritim, we shal | add thefol loving constraints:

—unionaperationsofanodewith itselfarenotalloned;

— unionoperations of nodes, belonging to one LBF are not al loned;

— repeatingof anoperationalready executed isnotal loved.

The inputdata of the synthesis algorithmare: an incidence matrix of PS— D with
r transitionsand 2r positions, the nurber of LBFofPNh; the numbersof the transi tions
inevery LBF (together with their coincidence with the numbers of the output model
transitions); finitenurber of unionoperationsC_ (0, s)— togetrerwith the nurbersgand
sof thenodes they include. The resultsof theoperationsC_ (1, ) arestored in amatrix
D_,»whichisinitiallyequal Iedtonr-

Inorder tosatisfyconstraint 1, it isalways required the indices tobedifferentat
C. (@, S):g#s.

(o4}
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Inordertosatisfyconstraint 2, thebelongingofevery trarsition to the correspoding
LBF should be determined. The procedure for thiswi 11 be based on the fol lowing
prereUisites.

ThematrixD, . containsh innurber LBFandk , K, - .., k;, - .., K —thenurber of
transitions meadﬂfragTerrtlskmAn Tretotal mrbercft*ansltlons isr. Theywill have
nunberst, t, ..., t whicharedifferent fronthenumbersl, 2, ..., moftransitions
t,t....t imhe incidencematrixofthe initial BAN, sincethe Iastomsarenotabjecmd
todivision inthegereral case. But the correspondence isknoan, because Tt isaresultof
tredivision.

The transitions inRSare rankedas fol lons:

1.t ..., t —belogingtothefirstLB-;

Cor > Cuayon - - -» Loy —bellongingto the second LBF;

Coneng-nr Gar wgner == Gar v ~ belonging to the i-thLBF;
tk1+IQ+___+k(h—1)+1’ tk1+___+k(h-1)+2’ ST PR Sy belonging to the h-th LBF.

The elementary transitions inD, are ranked in the sameway .

Thepositions inD, arealsoranked. Thetransitiont; isassignedastartingposition
with nurber 2i-1(p(2i-1)) andastop positionwithnurber 2i . If transitiont;belongsto
the i-thLBF, itisacceptedthat itspositions inD, alsobelogtothis fragrentrespectively.

Henceforﬂ”le positions and the transitions in the primitive systemthe record
K,.Ks---s » k canbeused. Thebelonging record—-which transirtionbelongs toagiven

fragrent, hasiheform
1, k —nurberofthe firstand the last transition inthe firstLBF;

k +1, Kk +k, —number of ... inthe second LBF;

w-1 w
1+2 k,, 2 Kk, —numberof ... inthew-thLBF;
i=1 i=1

h-1 h
1+X k,, Xk — number of ... inthe h-th (last) LBF;
i=1 i=1
ITA isthesumofthe transitionsof the firstwlLBF:
w
Aw: z ki’
i=1
k; —number of transitions ink-th LBF.
LetuiswritetheronA , A, .. A,--.,A.

-3 |_11

Gonsequence 1. The necessary and sufficient condition tofind the transition t, from
|n1he i-thLBF istosatisfythe condition:

J>A,, AND J<A,.
Letuswritetherow2*A , 2*A , ..., 2A ,2A , ..., 2"A .
Consequence 2. The necessary and sufficient condition tofind the position p, from
D, inthew-thLBF istosatisfy the condition:
1 >2*%A  AND i <2*A .
Wirth the helpof these two consequences the presence of constraint 2 ischecked. The

checkof constraint 3consistsof findinganelementinD_ , whichhasavaluedifferent from
+1,00r-1.
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The block-diagram of the synthesisalgorithm isshoan inFig. 4.
Modificationof thisalgoritim isnecessary inorder touse theveigthmatrixaswell .
The lastorewi Il beentered inthe input dataasD, . After thateach permittedoperation
(q s)wﬂlbeexecutedmﬂ”leelemntsch asmellasmﬂ"leele"rethsch i.e.no
dlangeﬁarereo&swrylnmealgorlﬁmdustmadjltlm asshomninFig-5. Atlastihere
follows sumingof D and D , multiplying of the newmatrixby TT coefficients and
removingcrfﬂ”leooinciding ronsor colums.



Asaresultthe incidence matrixof the newPN is obtained, whichwi ll notbeaBPN,
but ageneralized PN (withmultiarcs), which has been the purpose ofweights matrix
introolcing-

5. Anexample of weightingmatrixapplication

The approach discussed concemiing aweighting matrix use enables the extending of the
model ing capacities of the tensor methods applied inPetrri nets. After the synthesisanew
model is dotained that formal ly covers the possibilities franthe classof ordinary to the
classof generalized PNwithout ok, Tt isappropriate toapply it whenthe interactions
beingmodeled are adequately representedbymulti-arcs.

The possibi lities of weighting matr ix appl ication are shownmodeling by PN
telecomunication interferences—the phase of connectionestabl ishing. AccordingtoOSI
philosophy, the model for data exchange which is recommended, is by connection
establishing. InRecamendatiionX.120 [9] the interaction between twoprotocol cbjects
of N-layer is describedwiththe help of four primitives— request (Req) , indication (Ind),
response (Res), cortfirm (Con) that areexchanged by theN-1 layer service.

The graphiical PN model of connectiionestablishing between two protocol objects is
shom inFig. 6. This isasymetrical interactionsince the first objectwants conection,
whi le the second one responds. Table 1 givesan interpretation of the positions and
transitions fromPN inFig. 6, where SDU isaservicedataunit, and PDU- aprotocol data
uwt

Fig. 6. PNmodel of asymetric connection Fig. 7. Second PNmodel of asymetric connection

InRecommendationX-210 [10] it isnoted for the primitiveconfimthat it isnot in
directrelationwith therest. That iswhy it isdetached inaseparateL B, aswellastl (which
doesnotreflectaprimitive).

Incase, whenabalance scheme (symmetrrical procedure) issearched fortoestablish
coectionbetween twoeguivalent protoool dojects, i -e. anyofthemcan requestconnection
establishing, therewi 1 beasecond PN respectively (shoan inFig. 7). The seconrdPNhas
positionspe-pl6and transitions t8-t14 (O beingequivalent topl, t3-totlandsoon).
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Table 1. Correspondence of the conditions and events in the output PN

pl
p2
p3
p4
p5
p7
p8

procedure start

request for connection
transformation SDU — PDU
transformation PDU — SDU

jresource separation

transformation PDU — SDU

answer received

t
©
3
t“
B
Li9)

7

transmission of a request for connection
transmissionof theprimitiveReq
transmission of the protocol block PDU
transmissionoftheprimitive Ind
transmissionof theprimitiveRes
transmission of the primitive block PDU
Itransnisxion of the primitive Con

IT thenets fromthe two figures are regarded asone camon interaction, i .e_, PSis
asunof LBFof the two PNand the matrix of PSwi 1 I have dimensiion [14 colums, 28 rows] ..
The respective operations of union are executed on the incidence matrix of PS. The
incidencenmatrixof PSdotained, ismultipliedbythe coefficientsofthe transforming tensor
andafter the equivalent elements are cancelled the final variantof thenewPN is ootaiined,
1.e. thematrixof incidence M has the form:

tNEW 1 2
pNEW1 -1 O
2 1 -1
3 0 -1
4 0 1
5 0 0
6 0 0
7 0 0
8 0 0
9 0 1
10 0 0
11 0 0
12 0 0
13 0 0
14 0 0
15 0 0
16 0 0

3

|
ococoO0oocoocoocokr Loggo

N

cocolooocoocortsgooo

oco0opoocooCPrlogooo ¥

»

OOOOOOOOHLoOoOOO

7 8 9 10 11 12
0 0 0 0 0 O
0 0 0 0 0 O
1 0 0 -1 1 O
0O 0 0 0 1 O
0O 0 0 0 0 -1
0 0 0 0 0 O
0O 0 1 0 o0 O
-1 0 0 -1 0 O
-1 0 0 0 0 O
1 0 0 0 1 oO
0O -1 0 0 0 O
0 1 -1 0 0 O
0O 0 -1 0 0 1
0O 0 01 -1 O
0O 0 1 0 0 -1
0O 0 0 0 O 1

Itsanalysiscanshovthat thenet obtained isactiveand safe.
This isanewstructure of interactions. Theweights matrixenables themodel ing of
messages dupl ication inthe comunicationchanrel .
Forthe purpose the transition t3and the primary interaction franFig. 6 isassigned
weightlofthe inttial arc. Thisveight isentered inthevelgtsnatrix. Thesareoperations
areaccomplished on it as in the dbtaining of Mnewand the matrixobtained isadded to

trelsst

The graphiical type of PN, corresponding tomessages duplication, isshown inFig.
7. ThisPNisalsoactivebutnotsafe, 1t is2-limitedwhichcorresponds tothe interaction
entered (duplication-doubl ing) - Unserviced request for connectionwi Il remainat position
p4, butthis isthedoubled request, 1.-e., the interactionschene dotained reacts adequately
‘totheaction introduced. Themechanismof resources control has the task to remove it but
thisisthesubjectoffuture investigations.
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pto

Fig. 7. Graphical representation of PN processing messages duplication
6. Conclusion

The application of tensor methodology 1n the analysis and synthesis of net models of the
information interactions gives a general approach for the obtaining of nontrivial
mechanisms inaformal way . The introduction of the matrix of arcsweights requires
minimal suplements to thealgorititmof synthesi's andexpands themodel ing possibi l ities.
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OOovH Nonxon K MOOMOUKALMM M PaCUMPEHMIO
MoIneJier MHOOPMaLMOHHEIX B3aVMOIENC TBIUM

Tamo J]. Tamen, XpucTo P. XprucTOB

UHCTUTYT MHPOPMALIMOHHEIX TexHoJormit, 1113 Copus

(PeszomMme)

PaccMaTpUBATCSA BOIIPOCH MOOEJIMPOBaHMS MHOOPMAlMOHHEIX B3aVMOIENC TBUN
ceravu [leTpu. [J1d NOJIydYeHMS HOBEIX CTPYKTYP B3aVMOIOENCTBUI UCIIOJIb3YEeTCS
TEH30PHBI [1011X0N . JedrHpoBaHa MaTpUila BECOB Oy T CeTU [IeTpr B €TI0 KOHTEKCTE .
BrIBeZIE€HE! YCJIOBUS € THO3HAUHOT'O OIpelelieHMS KOedUIIMEHTOR TpaHChopM/pye o
TeH30pa. [IokasaHo, YTO B aJIOPUTME CHMHTES3Aa HOBBIX MOIEJIEM HYXXHO BHECTHU
MMHUMAaJIbHEIE INOIIOJIHEHMS . BO3MOXHOCTY MOIUOUKALIMY UIIJIIOCTPOBAHHEL Ha
IpUMepe MOIEJIMPOBAaHUA TEJIEKOMMYHUMKALMOHHOY MNpoLenypr. llojiyueHa
CYMMETPUYHASA CXeMa B3ayMOINEMCTBMSA IJI KaHaJla C OyOIMpOBaHMEM COODMEHU B
OIHOM HallpaBJIEHVI .
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