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1. Introduction

The necessity of using and studying models that are simi lar to real ity leads to the
developmentof newnetwork Flons, general izing the al ready knonn network structures. The
multiterminal network flow isanatural develogpment of the classical flovwithone source
andone sinkand fixedupper limitsof the flovfunctiononeacharc[1, Z] . Thereexistsa
number of engineering and econamic problems, the solutionofwhich inplies the use of
moreuniversal multiterminal floas for the interpretationandmodel ingofreal systems [1,
4] . TheFluid supply networks and in particular - thevater- and gas supply networks, the
telecomunication networks, the transport networks are simi lar systems. Network floas
with inverse linear constraintsare introduced and investigated in [3] whendefining the
loner bounds of the capacity onsubsets of the networkarcs (ILC-Floas) formoreexact and
adequatte model ing of real physical networks and for increase intheir reliabilityand
functionality. Thenultiterminal networkflosswithinverse linear constraintsarealogical
gereralizationof thisclass of floxswith respect tothe real practical problems. Themain
differencebetweenthe classical flovand the ILC-Flovdetermines the principal difference
inthe correspondingmultiterminal Flows and the necessity for Independent study of the
multirerminal nretwork floaswith inverse linear constraints.

2 Conditions for the existence of anultiterminal 1LC-Flow

In [3] an ILC-Flowon a networkwith one source s and one sink tonly is considered. Let
the network hasa set of sources S={s} and sinks T={t} and intermediatenodes, i.e.,
G,=[G(N,1), S, T]. Thesets Sand T are cal led poles and the ILC-Flow between them—
amultipole ILC-Flov (VP ILC-Flow) .

AMP ILC-Flowfromanarbitrary source s € Stowards anarbitrary sinkt e Twill
be calledeveryarbitrary function f: U— R, forwhich the folloving conditionsare
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satisfied: foreach xeN

Jv(x ifxeS
() FOGN)-FN,) =101 xS, xeT
v ifxeT,
@ Yh&y) fxy)>g, iel,
(X,y)eD;
& TY20; (kY)<U,
where

TN =2F.Y), TN =21(.X),

yeA() yeB()

AGO ={y I(x,y) e U}, BOO={y I1(y.) e U};

v—dimensions or poner of the flow;

1 —thesetof indicesof theconstraints (2) ;

C,, iel-real positivenunbers;

D,, iel-subsetsofUsuchthat foreach j ,kel,

D,n D, =0,uD, = U.
iel

Itfol loas frantheequation for flovreservation that v(S) =v(T).

The MP ILC-Flow can be reduced to a respective two-pole ILC-Flovsimi lar to the
classical WP ILC-Flow. For this purpose the network G, isexpandedtoG, (N*,U"), with
theadditionoftwonodess® andt” andthearcs (87, S)ad (T, t7), foreachiel”

o { D, ificl
@ " L 9o, vyifi=in
{c. ificl
@ ci*:
R ifi=i",R<c"[ST]
©® i"=1u{i"}.

It folloas fronthe last three relations that every MP-1LC-Flovcan be continued to
atwo-pole ILC-flow, sothat the theoretic results for the last flovarespreadover the case
discussed-wirthasetof sourcesSandaset of sinks T. Itisnecessarytouseauttingsetsonly,
whichblock all the paths fronS tonards T.

Letanon-negative nurber a(x), cal ledaproposition, isassignedtoeach xS, and
anon-negative nunber b(x), cal led asearch- toevery node X T. The fol loving problem
forarstraints fessibi ity issolved:

() T, N) TN, X)>a(x), xeS,
® Fx, N)-FN, X) =0, xeS, xT,
) T, )TN, ) <b(9), xeT,
0 T b6y Fey)=G, iel,

(X, y)eb,
a (X, )=0; (x, y)eU.

The relationsbelovstatedgive thenecessary andsufficient conditions foralVP ILC-
Flovfessibilityuderconstraints (7)-(1) -
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Lemma 1. The necessary condition for the existence ofaMP ILC-Flow T subject to
constraints (7)-(1) istheval idity ofeach oneof the fol loving relations:
(67%) b(T AX() —a(S NX() =c(), r G,
(%)) b(TAY()-a(SNY() 2c(r), r G,

where G, isthesetof indices of all the cuttingsets U(r) eUbetweenSandT.

Proof. If thereexistsaMP ILC-flowvsatisfying constrains (7)-(11), after the
sumeationofthese relationswith respect to x eX(), it isobtained:

b(T AX(r) —aS XN > TR , X(r) —FOX() , X(N).-
Fromthis relationand the relations v=f(X, X) - (X, X) andv>c (r) extracted in
[31, (12) folloas. Thenecessityof (13) isanalytical lyproved. =
The transformationof aMP ILC-Flowto a two-pole ILC-Flow is done passing from
G(N,U) towards G(N® ,U™) inthe followingway:

s",X)ifFxeS, ic ™\,
(@%)) D,* = { EX ) xeT, ielAl,
D, — otherwise;
XIF D, = ,IelAl,
(€)) c*= { é rfD |el*\l
C - olherwwe

at thateach of thearcs (X, y)e(s", S)u(T, t”) isassigned the respective indices
1M D=(X,y) andthecoefficientsb,(x, y) eR".

LetG |sﬁeset0flrdloesdfallﬂ”ewttlrgsetsbenms adt” inG(\", UM)and for
eadmfﬂ”lewttlngsetswm”llrdloesreG and r® G, the fol loving is true:

® UO=U"ONE" ., )},

) ur) =4.

Theorem 2. The sufficient condition for the existence of aMP ILC-Flow under
constraints (7)-(11) isthesimultaneous satisfyingofany of trerelations (12) or (13) ad
thefollovingequality:

@ c(r) <b(T) foreach r* G,.

Proof. Let the relations fronLenma 1 be true. Then fron (14) and (15) itfollows
thatforthesection U@ ")=(T, )
€] c(r)=b(D).

Fan(18), (19) andthe sufficientconditionformeximal ity of the cuttingset extracted
in[3] itfolloxsthatU(r" ) isameximal cutting set, forwhich

v=c(r')=b(T)

andall threarcsofthecuttingset-section (T, t7) aresaturated.

FronLemmal, the relations (14)—(17) and the assunption for (12) it fol loxs that
thereexists a flov P franstonards t inG\N*,U*), whichsaturatesthearcs (T, t7).- The
conditions (8), (10) and (1) are fulfilled inthe contraction of the Flovf*onU. Since
A< (s", X, XeS, bGP =F(X, T7), X T, ad F<(X, N) (N, X) = (X, N) -F(N, X) forS
and T respectively, conditions (7) and (9) arealsosatisfied.
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3. Flowv interpretationofaclass of fluid supply systems

The mathematical models of many engineering systems are natural ly and adequately
formulated intermsof flovprograming. This isexplainedwith the fact that onone hard
thereexistsphysical interpretationofthe network characteristicsandanthe other—under
certainconditions there isanalogy betweenvariables and relations, characterizing
engineering networks of different character . For example, the flowfunctioncanbe
interpretedasareal physical flov-electrical aurrent inelectricsysters, voluretric flov
or justflon- influidsystars, rate— inmedhenical systens, heat flov— inheattingsystens.

The fluid supply systemsare oneof themost important subsystens inthe infrastruc-
tureofalnmostal l themodem societies. Thename fluid systemunderlines thegeneral ity of
the approach for analysis, synthesis and control of these systems independently on the
properties of the fluid environment —water, gas, oil, oil products, etc. Their common
character isdefinedbasical ly by the unity of the physical regularitiesofhydro-andgas
dynamics, mechanicsand thermodynamics, connecting the parameters of the continuous
media inanetwork. These systens determine toagreat extent thewelfare, the econamic
prosperityand seaurityofentirestates. Inthe last fewyearsof transition, theproblems
aorectedwiththenare particularlyactual forourcountry. Itisrecantlyexpected that their
significancewill increase, mostlydue to the fect that the distributionnetworks— intheir
main part, haveto be renewed — aswater supply or to be constructed - as toamn gas supply
systensof lovpressure.

Thewater supply systemsare an inportart classof fluidsupply systems. Theyusual ly
inclucemany sources-— lakes, rivers, basins, vel Is, resenvoirs; statiosofmainandauxiliary
gereratorsof pressure; branches, valves andother fluid control and regullatting devices,
intakebasins; adistributingnetworkof Fluid conducts; asetof consuners— livingplaces,
industrial plants, districts inbigcrties. Ageneral izedoorfigurationofavater syply system
isshomninFig. 1.
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Themain purposeof thewater supply systens isthe campletesatisfyingofthe rapidly
growing consumption of water under some constraints for reliable and economical
functioning. Fraona theoretical vienpoint they are conplexnonl inear systems, bui Itby
interactingsubsystanswithdaninating networkstructure. Thearalysis, thegptimal design
and control of the water supply systems depends strongly on the development of
conparativelynot corplex—achievedby appropriate faci litationsand assunptions, and
hence — approximate methods and tools for adequate interpretation andmodeling. The
Tacilitationsare basedmainly ondeconposition, the application of arovofempirical
relationsandaggregation. Duetotre il lustrativity, the logical besisand thehighefficiency,
thenetwork floasare appropriate objects forgperational research invater supply systens
model ing and are anefficient solutionof some classes of engineering problems forwater
transferand distribution. The includingof additional linear constraints is sonetimes
inplied inengineeringpractice, forexanple— inthe unitingormerging the outputsof
separate network subdivisionsof the system satisfying the conrmondermands; constraints
on'the capacities indifferentmodes ofwater transfer and distribution; constraintson
cammon resources; constraints on the budget; mixing ofwater Flonswith different
daracteristics inthesocal lednultiproductrnetwork flons, ete. Inthiscasethredeveloprent
andapplicationofmoregeneral flons, inwhichthe efficiency of classical methodsand
algoritims ismaximal ly used, isappropriate.

InFig. 2anequivalentnetwork flow is shownof the general ized configurationof the
water supply systemfromFig- 1.
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Fig.2

The passing from multiterminal water supply systems towards two-poleones is
realized by sppropriate aggregation of the set of sources Sandsinks T toone source s™ and
anesinkt. Thefol loving functional constraintsare introduced, ensuring thenecessary total
anmuntofwater mass inonedistrict i (subdivisions, subnetwork, path) fronthe network:

3 LGY) Q66 Y) =M, el
(X, y)eb,
where I isthesetofdistricts, inwhichthenetwork isseparated; M, i<l , arereal positive
numbers, accounting the minimal feasiblewater mass Inagivendistrictof the network;
D,, i€l, aresetsofarcs, corresponding towater pipes, generators of pressureor water
distributingdevicesonseparatedistrictsof thenetwork, subsetsof thecoplete setofarcs
Usuchthatforeach j,kel,
D,n D, =4,uD,=U; - anempty set;

il

QX ¥), (X, y)eD,—aflovofthearc (X, y);
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eR*ifiel and (X,y)eD,
LG&Y)= )
=0 otherwise;

R*—asetofthe fluidconducts lengths, thesign infront ofieach lengthbeing defined
by thedirectionof thewater flowv.

The coefficient 1, canbe interpreted, besides length, as loss inthepressure, water
resistance, productionexpenses, cost, etc. For one sourceand asink, andthe conditions
above given, thevater flow isadequately andnatural Iy modeledwith thehelp ofa two-pole
ILC-flow. In reality thewater supply network includes aset of sources andasetof sinks,
whichmakes the twoole ILC-Flons inapplicable. Inthisreal, butmoregeneral case it is
particularly appropriate and only possible to usemultiterminal 1ILC-Flows inflow
programing terms. At thatal I the theoretiic, methodological andalgoritmic results for
atwo—pole flovcanbe gppl ied for the case considered —with aset of sourcesandasetof
sinks. Thesources™ and thesink t” addedaremodel ledwirth the helpofexternal floas [Q] -
Thefirstproblenforanalysis, optimal designand cortrol of thewater supply networks is
reduced to the determination of aminimal multipole ILC-Flowand the flows in the
respectivevater conducts, pressure generatorsorvwater distributingdevices. Thesecord
basic problem is comectedwirth the finding of theminimal value of thisminimal flow, as
well aswiththe respectivewater distribution. The distribution foundmustsatisfy the
continuity equationat the sare time.

4_Conclusion

The Tol lowving two inferences canbemade.

—Themultiterminal ILC-Flons QWP ILC-Floas) investigatedare anatural generali-
zationof the two-pole ILC-Flows. Themultiterminal ILC-Flow is reduced toa two—-pole
ILC-flow, which, dietothedaracteristicsof the lastflow, isnotatrivial problem. Inspite
of the classical nultiterminal network structure, thermultipole ILC-Flowexists under
certainconditions. Thenecessaryandsufficient conditions for themul titerminal ILC-Fllow
existencearestatedandextracted.

—The real water supply systems inthe general case include a lot of sources — lakes,
rivers, besins, bordoles, vells, resenoirsadasetofoorsuners—cities, industrial plats,
districtsof largetorns. Inengineeringpracticcadditional constraintsare inpliedwiththe
purposeto increase theirreliabi lity, functional ityandefficiency. Inthiscasetheuseof
multipole ILC-floasTor interpretationand model ingofwaiter supply systens is gopropriate
andonly possibleaswell inflovprogramming terms.
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MHOT'ONIOJIIOCHEIE TOTOKM C OOPaTHLEMMY JIMHEVHEIMM
OTPaHVUEHMAMM B MHXEHEPHBIX CETAX

ATaHac T. ATaHacoB

UHCTUTYT MHPOPMALIMOHHEIX TexHoJormit, 1113 Copus

(PeszomMme)

[lpensioxeH 1 UCCJIeNOBAH KJIaCC CETEBREIX [IOTOKOB, Ha3BaHHBIX MHOT'OIIOJIOCHBIMA
IoToKaMM C 00paTHEMM JIMHEMHBEIMM OTpaHudeHyaMy uiay MII OJIO-noToKaMu.
[Ipy 3TOM [IOTOKE CETh MMEET HECKOJIBKO MCTOUHMKOB M CTOKOB M 3HAUEHVM Oy T'OBEIX
IIOTOKOBEIX QYHKLINMI HEOTPAHUUEHHEIX CBEPXY U OTPaHMUEHHEIX CHU3Y MHOXECTBOM
JIMHEVHEIX HEPaBEHCTB C NeVICTBUTEIIbHEIMM HEHYJIEBEIMM KOGdMI MeHTamM . [IokazaHo,
YTO BTOT NNOTOK MOXHO CBECTM K OBYNOJIOCHOMY OJIO-nnoToky . [Ipu aTOM, BCEe
TeopeTHdeckre pe3yJibTaThl OJIO-IIOTOKOBR PACIPOCTPAHAITCA Ha MCCIIeIOBaHHOM
IOTOKEe . VICIOJIb30BaHEL JIMIlIb PaCCeKanlMe MHOXECTBA OyT, OJIOKMPYIME BCe e
OT MHOXECTBA MCTOUYHMKOB B MHOXECTBO CTOKOB . JJOKa3aHE HEOOXOOMMEIE 1
IOCTATOUHEIE YCJIOBUA CyllecTBOBaHMA MII OJIO-rmoToKa .

ViccienoBaH pealibHEM 00BeKT NpuiioxeHms MII OJIO-noToka — GiryMaOHbe
CHabOmTesIbHBIe CUCTEMEL. Pearm30BaHa NOOXOOANASa M adeKBaTHAA MHTepIIpeTallls
OIHOT'O KJlaca BTMX CUCTEM— CMCTeMa BONOCHabxeHMs . [IoKka3aHO, YTO BKJIOUYEHUE
IOOTIOJIHUTEJIBHEIX JIMHEMHEIX OTPaHMUEHUY C LeJlbo YyJIyUIlleHU S HaIeXHOCTHU U
QYHKUMOHMPOBAHMSA CUCTEMEL BOOOCHAOXEHA NeJylaeT VCIIOJIbL30BaHME [IPeIJIOKEHBIX
CeTEeBEIX [IOTOKOB He TOJIBKO LIeJIeCOODPa3HEM, HO M €AMHCTBEHHO BO3SMOXHEIM B
TEPMMHAX [IOTOKOBOI'O MPOTIPaMM/POOBAHNIA .
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