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1. Introduction

The clause inference based onthe resolutionprinciplesofJ. Robinson [1] playsa
fundamental role indifferent logical programing systemsand inar tificial intelligence
asawhole. Thisrole is i llustrated corpletely and successful lyenough inthewel I-knoan
book of R. Kowa I ski [2]-

During the second hal f of the 80-ies, various quantitative methods have been
suggested interpreting the logical , andparticularly theclause inference, reducing this
inference to solving problems of integerand/or binary programing [3] -

Not setting fornardall the positiveaspects of thequantirtative goproades suggested,
we have tonote, that they possess anurber of 1nconveniences and shortcomings, comnected
withthe lackofanefficientgraphic il lustrationofthe inferenceand the impossibi lity for
satisfectory represartationof thepredicateproper tieswith theirhelp.

The present paper suggests anew quarntitative approach tonards clause inference,
based onthe applicationofaspecial classof network Floas, which inouropinionavoids
the limitationsabove mentioned and real izesefficientquantitative representationof the
clause inference inthe formofaflovonagraph.

Unllike the graphic interpretations presarted upto now, the logic operations, the
resolutionand the inference are real i zed through the network nodes, and the atomic
formulae and clausesare regardedas directedarcs inthe sare network. The flovfunctions
onthesearcsacoeptvalues oferther zero (false) orone (truth) .

2_ Network flows

ADirectedNetwork, or aDirectedGraphG=[N,U] consistsof aset Nofelemertsx, y, - .-,
andof a set UoForderedpairs (X,y) of elemerits of N. The elementsof thesetNare called
verticesornodes, those of U—-arcsoredges.

* The present paper is written in conformance with contract No1-605 with the National Fund for
Scientific Investigations at the BulgarianMinistry of Education and Technologies.



ITxeN, thenAXX) (i .e. Afterx) istheset y e Nforvwhich (X,y) €U:
AQ)={y eN/ (x,y) €U},
BOY={yeN/ (y,x) eU} (Beforex).

Let s and tbe two nodes fromN. The stationary flovofavalue of v, froms tonards
tinthenetwork [N,U] isafunction foverUwithvalues intothe set of Nonegative integers,
satisfying the lincaregual itiesand inequal ities:

V, X=S,

@D 2 Ty -2y, X)= {0, x=s, t,
yeA(X) yeB(X) -V, X=t.

2.2 TX,y) <c(x,y) forall (x,y) €U,

@.3) T(x,y) >0 forall (X,y) €U.

ThevariablesT(x,y) have integervalues.

Wecall s—asource, and t—asink, (2.1) iscalledequationof conservation, the
functionc(X,y) isthearccgpecityofthearc (x,y) - ITthe flovTisgiven, thenurber f(X,y)
iscalledthearcflovanarc (X,y) -

The network flow (2.1)—-(2.-3) is known as classical flowandwas introduced by
Fordand Fullkerson [4] ..

For the representation of the clause inference we need amore carplicated class of
network flonscal led in[5] linear flons. Inthesetie relativelysinplevay of givingthearc
capacity constraintoftheFord and Fulkerson floas by equation (2-2) isreplacedbya
definirtionusing linear constraints:

(2-4) 2 b, FOGY) <Cs i el={1, 2, ..., K},
(X,y) eb;

where

leR', if icland(X,y)eD,,

=0otherwise;
R* is thesetof the real nunbersdifferent fran0;
C,eR", C,>0;
D, arenon-intersecting subsetsofarcs, forwhichforany
.5 i.jel, D,nD,=9; v (D) =U.

icl

h&y)

Thebasicpropertiesof the linear flon (2.1), (2-3), (2-4) andapproximative and
precisemethods for solving the optimization problems associated tothese flowsare given

inGl.

3. Network flow representation of clauses

It is possibleto find out network Flow representations for each operator (and, or, not,
inplies) of propositional logic. Inthis paperwe have focused our attentiononclausal form
propositionsbecause of their large application in logic progranming.



3.1.Clauses
Aclause, inpropositional logic, couldbe defined as anexpression of the form
811821--- I Bm<_A11A§1--- 1An1

whereA, andB, areatomicformulae. A , . .., A arethe joint conditionsof theclause and
B..B,,--.,B arethealtermativeconclusians.

ITn=0, itstatesthat: B orB,or ...orB .

Ifm=0, itstates that, itisnotthecasethat:

A andA,and ... andA .

IT m=n=0 then itisanempty clauseard is interpreted asa sentence being always
e
Anatomicformulla isan expression of the formPwhereP is apropositional symbol .

B« A (B 1T A) corresponds to the more familiar A—» B (ifAthenB) and isused
inorder todrawattention tothe conclusion.

3.2 Network Flow representation of aclause

Aclause B« A, ortheequivalent A— B, could be represented interms of network floas
asablockconsisting inanode, the associated arcs and some constraintswhich guararitee
thedbtainingofarcfloas corresponding to thevalues of the truth teble of the inplicattion.
Thistableis

A B (A—>B)
F F T
F T T
T T T
T F F

The logical constant True (T7) is interpretedas anarc flowhaving thevalue 1,
F—asaflovequal t00. Of course several different representationsare possible. Wehave
chosen to consider acase corresponding to theModus Ponens inference rulle:

A—B, A, infersB.

Wewi 1l have the values of (A— B) and Aat the input of thenode,, the value of Bbeing
at theoutput. The resultingpieceofnetwork isas inFig. 1.

Fig-1

T(a,b) corresponding tothe truthvalue of A, 1(c,b) tothe truthvalueof (A— B), T(b,y)
‘o the truthvalue of B. According to the conservation equation the input flov inthe node
must be equal to the output flow and we need anarc (b, 1) to evacuate the extra flow
occurring Insame cases.

Thuswe have the fol lowing table of thedesired values of thearc flows:



fch) f@b fby T

1 0 1 0
1 0 0 1
1 1 1 1
0] 1 0] 1

The third line corresponds to Modus Ponens case.-
The constraints that arenecessary toobtain these values are:

G.1D 2f(b,y)- f(c,b) <1,
(3.2) f(b,t) <1.

e needanother constraint inorder toexclude the passibi lityof havingboth f(a,b)
ad f(c,b) equal 100 (i -e. havingbothAand (A— B) at false, which is inpossibleaccording
tothetruthtableofthe inplication). Suchconstraint is:

@G.3) f(a,b)+f(c,b) >1,

wreref(c,b), f(a,b), f(b,y)adf(b,t) are integer nurbers.
Our next step is to consider Hom clauses havingmore thanone conditionand only
ore conclusion:

BA,---,A.

n

We have focused our attention on these clauses asbeing simpler and very useful in
logic programming. The node corresponding toaHomclause isas inFig. 2.

EE\E oy
an
c . t,

Fig.2
Thuswe have the fol loving table of the desired vallues:

fc.b) f@.b f@.b) foy) oY

1 0 - 1
1 - 0] 0 =n
1 1 A 1 n
0] 1 A 0] n

Here the constraints do not varymuch as the First one doesn”t depend on the nurber
ofinputs. Thisfirstaostraintis
f(c,b)+1
(€2 fo,y) <
2

e canwrite it, togetherwith theother two constraints, inawaymoreappropriate
tomathematical programming:

3.5) 2f(,y)- f(c,b) <1,
(3-6) f(b,t)<n,



(nisthenurberof conditions),

n T(a,,b)
@G.-7 f(c,b)+>——— >1.
i=1 n

Inorder to represent ageneral Non-Horm clause with more than one conclusionan
additional node S, whichsuppliessore flow i theavai lable input Flow isnot sufficient,
isneeded. Inthecorresponding networkwe have now n+2 inputarcsand m+1 output

arcs(Fig-3)-
SOO
& o
a —
Ya
CcO
Fig-3 1'0
Thetableofthedesiredvalues is:
m
fch) f@.b f@,b) Vv {by)) T,
j=1
1 0 - 1 <«n
1 - 0 0 <n
1 1 1 1 <n
0 1 a 0 n

T/ F.y)) iseqal wOifal Imef(b,yj)areecml 100, adisequal tol ifat leastore
J=1

Gﬁhef(b,yj) areequal ol (B, .- - ,B beingadisjunctionofconclusians). Theconstraints
ae:

(€R:)) 2f(b,yj)— f(c,b) <1 for j=1tom,
(3-9) fb,t)<n,
n F(a;,b)
(3.10) f(c,b)+>X———— >1.
i=1 n

Inthiscasevweare interested inminimizing the Flow (S, 1) (it isn”tabsolutely
necessaryashoth (b, t) and (i, b)) arebound) soas to limit theunusable flow. Thismight
be donewithan gptional constraint like:

(3.1D) (S, 1)) <m-1,
whichoenalues (s, 1).-
3.3. Same special clauses

Homclausesof thekind: B« are interpretedasassertionsorasfactsand, inorder to
be represented in flov terms, could be viewed as B < True. Knowing that

(3.12) £(S,,i)=1



and using the same constraints as above, the networkmightbeas inFig. 4.

So o y

c o/ t,
Fig.-4

The same clause coulldbe represented justasanarc, at the beginning of the network,
havingaflovof1 (Fig-5).

bo oy
Fig- 5
B.13) f(b.y) =1
Clausesofthekind:<-A, ..., A are interpretedasdenialsandcould beviened as
False<-A, ..., A.
) They canbe represented in flow terms like a clause node having O at his output
(Fig-6).
al \
a, b
— y
an
Co Oto
Fig.6
Theconstraintsbeing:
3.14) f(b.y) =0,
(3-15) f(b,t)<n.

e don” t treat inthatway the denial representing thegoal toprove. Insteadwe treat
itasa(positive) questionwhichansner (Oorl, i.e. TrueorRalse) istobefind.

3.4 wiltiplicationnode

We introduce herean additional nodewhichhas no logical equivalentandwhich isaimed
tomultiplythevalueofanarc flaw, representingacertainproposition, thenurberof times
thispropositionoccurs inthe considered formula, e.g- in:
B—A,A
D<«A,,C,C,

A, has two occurrences, so the value of the corresponding flovmustbe multiplied
e,

Thenultiplicationnodew 11 “‘copy’” thevalue of the inputarc flow ineachoutputarc.
The additional flowneeded tosatisfy the conservationequation isprovidedbyanode S, .



6. fab  foy foy)  foy)

0 0 0 0O ... O
n-1 1 1 1 ... O
and the network represerntation isas inFig. 7.
S O M
b Y
ao Y,
] t
Fig-7
Theconstraintsare the fol loving:
(3.16) f(b.y,)- f(a,b)=0 fori=1ton

(hoostraints).

4_ Network FlowRepresentation (ingeneral)

Onthe basis of the network Flow representation of the separate clauses and the atomic
formullae, described inchapter 3, and dependingon the initial setof clausesand/or atomic
formullae, thissetand the clauses investigated canbe representedwirth thehelpofthe linear
rnetworkflon(2.1), (2-3)ad (2-4) - Inplacecfte lincar constraints, witten intheirgereral
form, thedifferentcostraints (3-1)-(3.16) areused instead.

In thisapproach one and the same clauses are represented by oneand the same graph
arc, ifpossible, orbydifferentarcs, withguaranteed equal ityof the Flov functions.

LetU" denote the setonlly of thosearcs inthe network, with thehelp ofwhich clauses
oratomic formulae are denoted . Then solving the optimization problemgivenbelovwith
the help of the specific network flovmethods:

@D max £ F(x,y)
x,y) eU"

subjecttoconstraints (2.1) ,, 2-3) andthe corresponding relations (3.1)-(3-16), theexact
states“truth-false”’wil I be dotained for eachone of the literals considered- deperdingon
thevalue oneor zeroof the respective arc flovfunction.

In case the problem above described has no solution, the setof clauses isa
contradictoryore.

There isnodoubt, that the network Fllow discussed can be applied inananalogous
way forpropositional lagic interpretationalso, but thisagpect isnotasiubjectof the present

Thestudy of thearccgpecity of the logical flovaotained isoffuture interest, aswel |
asthepossibility totransfer soreof thenetwork flovresults toclause inference.

The appl ication of the network flowapproach in logic programming requires the
development of some efficient technigues andmethods for thiis purpose.
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CeTeBOM NOTOK— MOAXOI IJIS KJIay3MalibHOT'O BEBOIA

Bacwi CrypeB

UHCTUTYT MHPOPMALIMOHHEIX TexHoJormit, 1113 Copus

(PeswomMme)

HacTosumasa cTaTha [IOCBEleHa BOBMOXHOCTY IIPeICTaBJIeHU S JIOTMUECKOT'O BEIBOIA
1 kJ1ay3 XOpHa Kak OCOORI KJIaCC LIEJIOUMCIIEHHOT'O CETEBOT'0 I[I0TOKA C INOIOJIHU—
TeJIbHEIMM PABEHCTBAMU M HEPpaBEHCTRBaMM . BOBMOXHOCTE TaKOT'O IIPeNCTaBJIEHNSA
IIO3BOJIAET PAaCCMaTPMBATE TOT BEIBOI KaK BKCTPeMalibHasd 3alada B MOIEJIAX
VICCIJIEIORAHVM OIIepalf .

[IpenjiaraeMell KJIaCC CETEBLIX [IOTOKOR IJIS MHTEpPIIpeTalllyl BEIROIA MMeeT
PAn 0COBEHOCTEN, KOTOPBE CYIMECTBEHO OTJIMUAIT €T'0 OT KJIACCUUECKOT'O [TIOTOKa
dopna 1 dasikepCcoHa .

B paboTe nmpejioxXeHE MHCTPYMEHTAaJIbHEIE CPelICTBa, C IIOMOIBI0 KOTOPRIX 1 Ha
Baze ykasaHHOT'O CETEeBOT0 ITOTOKa M3 0as 3HAHVM C UCTUHHBIMM Y TBPEXISHVAMA 1
ycJioBuaMM "'ecimi—To" MOXHO M3RJIEUL HOBRBIE 3HAHMS .
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