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1. Introduction

The (scalar) linear fractional programing problemcan be presented inthe fol lowing
way:
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where p(X) and q(X) are linear functionsand theset S isdefinedas fol lons:
S={X]|Ax=b, x>0}.

Here A isareal mxnmatrix. Wewill suppose that S is a bounded polyhedron and
q09>0, vxe S. Itiswell known [1] thatthe goal function in (1) hasaglobal maximum
on Sand has notany other local maxima. This maximum Is obtained at an extreme point
of S. Thesepropertiesare inthebase of the Gi Imoreand Gamory”salgor itim [1] for solving
problem (1) - Thisalgorithm isamodification of the simplexmethod for linear program-
ming (LP) problems. Charmes and Cooper have proposed another algoritim[11, 9], based
onvariables substitutionand replacing LP problem.

Themultiple dbjective linear fractional programming problemcanbe presented inthe
follovingway:

* This researchwas supportedbyNational Scientific Research Fundunder the contract No ¥ -301/1993.

21



pS-(X)
max ——-—-—
a®
S o
XeS.

Here S, p,(X) and q,(xX) aredefinedas inproblem (1) . The parareter sdetermines the
nurber of partial criteriain (2) . Wewill assure thatq,(X)>0, V 1, VXeS.

Some information about appl ications of linear fractional programming problems
canbefound in[1, 4, 8, 9]- In[9] Steuer proposesavel l described exarple of problem
(@) honever the book does not contaiina geral method for an analysis of thisprablem. In
[8]1 Nykowski and Zol kiewski have proposed for problem (2) areplacing MOLP
problemand acorresponding compromise programing procedure for itssolving (Using
ADBASE software). In[4] Dutta,Rao and Tiwar i have shownaway to improve
the results fram [8] for the special casewhenal 1 g,(X) coincide.

Problem (1) and problem (2) are treated here intwoways. On one hand linear
programing problems are proposedwith the fol lowving idea. I for problem (1) we know
afeasiblepoint (that isnot thegptimal one)we canfindanother feasible point, where the
goal functionhasabetter value. Ifforproblem (2) we knowa feasible point that isnot
weakefficient, wecanfindanother fessiblepoint that isbetterwithrespect toall partial
criteria. Onthe other hand problem (1) and problem (2) canbe analyzedwith the use of
some replacingmultiple objective linear programming (MOLP) problem, described in
[8]- Inthispaper Nykowski and Zo I ki ewsk i have proposed a compromise
programming procedure for analysis of replacing MOLP problems. Instead of such
procedure the reference pointmethod [10, 11] isused here for dotainingweak efficient
points for the replacing problemand inthisway for solving problem (1) and foranalyzing
problem(2).

2. Thescalar linear fractional programming problem-amethodwithgiven
fessiblepoint

Letus consider the folloving LP problem

(€] max t
s
POY=L"q() + ¢,
XeS
Here p(X), q(X) and Sare definedas inprablem (1) ; inadditionwe have
PO
@) LG =——,
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where x°e S 1snot the point that gives themaximum inproblem (3) -
Theoreml1. Let X°e Sandthe condition (3a) holld. Suppose that the point (¢, t)
isasolutionof problem (3) - Thenwe have
PG PO
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The proof can be done supposing the gpposite and obtaining a contradiction.

It must be pointed out that the solution of problem (3) does not give always the
maximumdefined by problem (1) - For the point determined by this solutionwe canwrite
and solveasimi lar problemandasaresultwewi 1l getanewbetter pointorwewi H discover
that the searched maximum is dbotaiined. This canbe illustrated by nurerical exanples.

3. The scalar linear fractional programming problen—amethodwithan
auxi l1ary MOLP problem

Under the assumption p(>)>0, q()>0 (Vv x € S) we wi 11 consider the fol lowing problem

@3 max p() ,
max (A-a()

x e S, {p(x)>0; q(x)>0 (Vv x e S); A>0}.

s

Under the assumption p()>0, q()>0 (¥ x € S) wewi 1l consider the problem

@b max p(x),
max q(x)

xe S, {p()>0; qC)>0 (Vv xe S)}-

Here the functions p(X) , q(X) and the set Saredefinedas inprablem (1) . Inaddition
A>0.

Theorem2. ITtheconditionsp()>0; q()>0 (V¥ x e S) hold, thenthepoint X’ that
gives themaximum in problem (1) isaweak efficient point for problem (4a) . Ifthe
conditions p(x)<0; g()>0 (V x € S) hold, then the point X that gives the maximum in
problem (1) isaweak efficient point forprablem (4b) .

The proof can be done suppasing the gpposite and obtaining a contradiction.

Theorem 2 shows that instead of solving problem (1) we can consider problem (4a)
orproblem(db) Nykowski and Zo lkiewski [8] have presented thisresult in
amoregeneral form-formultipleobjective linear fractional programing problemsand
withassertions that concemthe sets of efficient points. For theanalysisof the replacing
MOLP problem they have proposed a variant of compromise programming procedure and
the usage of a special software — ADBASE . Here for such purposes the reference point
method [2, 5, 10, 11 will beused.

Having inmind problem (4a) wewi 11 consider the fol lowing LP problem:

Ga min (D,-D,)
s

s

D,-D,>b, (r-p()),
D,-D,>b, (r,-A +9(x)),
XeS.

Having inmind problem (4b) we wi 1l consider another LP problem :
Gb min (D,-D,)
s

D,—D,>b, (r—p(x)),

D,—D,>b, (r,-q(x)),
XeS.
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Here theset S isdefined as inproblem (1). We havealso b,>0, i=1, 2. The
parameters r, and r, are the reference point components. The fol lovingconditionsnust
hold
® r, > max p(x), where x € S— for problems (5a) and (5b),

) r,> max (A- q(x)), where x € S—for problem (5a),
® r,> max q(x), where x € S—for problem (5b).

Theorem 3. When the conditions (6a) and (6b) hold the solution of problem (5a)
determinesapoint x” that isaweak efficient point for problem (4a) -Whenthe condirtions
(62) ad (&) hold the sollutionaf prablem (Bb) determines apoint x* that isavweakefficient
point forproblem (4b).

The proof can be done supposing the gpposite and obtaining a contradiction.

Suppose that p()>0, g()>0 inproblem (1) . Theorem 3and the results from[5] allow
usstarting fronagivenfeasible poirntand choosinga suitable reference point todotain
avweak efficient point for problem (4a) and to increase the nurerator or todecrease the
denominator of the goal function inproblem (1) -Sowe can improve thevalue of thisgaal
function. This ideacanbe i Hustrated by numerical example and can be used for solving
thegeneral caseof scalar linear fractional programing probllem.

Theorem4. Consider problem (4a) and problem (52) . IT r and r,determine an
attainablepoint inthe criterionspace that isnotaweskPareto point, thenthesolutionof
problem (5a) determines a point " in the criterion space that dominates the point
r=,r)-

"Theorem5. The same assertion as in Theorem4 istrue forproblems (4b) and (5b)..

The proofs can be done supposing the opposite and obtaininga contradiction.

Roughly speaking the last two theorems show that theweak efficientpoints of
problem (4a) or (4b) are attainable and thus the point giving the maximum in problem
(D isattainable too. Theauxi liary MOLP problemhas nearly the same dimensionality,
there Isnoneed ofvariable substitution. Astandard LP software is sufficienthorever the
auxi I iary MOLP problemmust be solved several times. Thisapproach couldbe further
develgpedusing the information forsolution sersitivitywith respect to the reference point
changes. For such purposesstandard software is sufficient too [6] -

4. Tnemultiple objective linear fractional programing problem—using
agiven feasible point and an auxi l1ary maximin problem

Having inmind problem (2) letus consider the fol loving LP problem

o max (D,-D,)
s
D-D<t (i=1,...,9),

1

p,CO=LOp, 0+t B, (i=1,...,9),
xS, D,>0, D,>0.

Herep, (X), g, (X) and Sare the sane as inproblem (2) . Inadditionwe have
® LGy =—-— Vi,

where X is afessiblepointand isnotaweakefficientpoint. Problem (7) isagereral ization
of problem(3).-
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Theorem6. Consider problem (2) and the corresponding problem (7). Suppose
that the conditions (8) hold. Thenthesolutionafproblen (7) determinesapoint ¢, tH)
suchthatthe folloving istrue

£6PR T,

where,(9=p,6V/ (), (7 ).

The proof can be done using direct estimations of (D, - D,) for the domainwhere
theannounced inequal itieshold, and for domains, where oneof these inequal itiesat least
isrottre.

Itispossible tocreateasequence of prablemssimi lar to prablem (7) inthe folloving
way - thesolutionofgiven problemfromthis sequence determines thevalues L forthe
next problem. This sequence of problemswi 1l give asequence of points inthecriterion
space. Each point of this sequencewi 11 notbeworse than the previous one, the sequence
wi 1l stop atweak Pareto point thus determining aweak efficient point for problem (2) -

5. Themultiple dbjective linear fractional programing problem—ausage
of an auxi liary (model ing) MOLP problem

Having in mind problem (2) we will consider two cases. . Under the assumption
p,(x)/ q,() >0 (forall 1andall x € S) wewi Il consider the fol loving MOLP
problem

max p,(X) max (—q,(9),
(€2)) max p,()  max (-q,(x)),

X max p,0O  max (—q.0))
X eS.

Under the assumption p,(x)/q,(x) <O(forall i andall x e S) wewill consider
another MOLP problem

max p,(X) max g,(x),
(C9)] max p,(x)  max q,(X),

max p. () max SN€9)
s
X eS.

Problems (9a) and (9b) areproposed in [8] where the fol loving is proved.

Theorem?. [8] Ifp,(X)/q,6)>0(forall 1 andall x € S) thenthe setofefficient points
for prablem (2) is asubset of the set of efficient points for problem (9a). If
p, ()7 q,() <0 (forall iandal I x e S) thenthe set ofefficient points for problem (2) is
asubsetofthesetof efficientpoints forproblem (9b).-

Itispossible that forsare 1 wehave p,(X)/ d,(X) >0 (@all x e S) and for al | the rest
J wehave pj(x)/qj(x) >0 (@all xe S). Forthiscase the auxi liaryMOLPproblem isas folloas
[8]: foreachi thecriteria maxp,(X) andmax (- g,(X)) are taken into account, foreach j
thecriteria max pj(x)and max qj(x) are taken intoaccourtt. Thusall thecriteriainthe
auxiliary MOLP problemare determined. Inadditionx e S.

Thenwe haveasimi lar theorem: The set of efficient pointsof problem (2) isasubset
of the setof efficientpoints for the so formullated auxi  iary MOLP probllem.
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Itmustbe pointed that thementioned theorems concem the sets of efficient points.
Honever it isvell knoan [8, 9] that the set ofweakefficient pointsofamultiple dbjective
linear fractional programing problem iseasier for handling thanthe set of efficient
points, moreoverwedonot lose gereral ity. In [8] theauxiliaryMOLP problem istreated
by compromise programming wi'th the usage of ADBASE software. For the same purpose
wewi Il use here the reference pointmethod [10, 11] and especial ly the approach from
[2, 5]- Itisinportant tonote thatthe tedniique for hendlling the setofweakefficient points
broadlydescribed in[Z] wil I be put inthe base of theanalysis proposed here.

Suppose that inproblem (2) we have

Cond) p,xX)/q,)>0, 1=1, ...,h,andforall xeS.

P,/ q,(x)<0, 1=h+l, ..., sandforall xeS.
Then the auxiliary MOLP problem is

max p,(X) max (—q,(9),
()] max p,()  max (—q,(x)),

mex (-G,09)
mex (-, ().
max p.()  max (- q.09)
X eS.

Fran[2, 5] we know that theweakefficient points of prablem (10) canbe determined
by the sollutions of the fol loving LP prabllem

min (D,-D,)

Dl_ Dz 2 bfu (rfu - pl(X)) »
D,-D,>b™(r,"-p,(xX)),

s

@
D,-D,2b™(r/*~p.(x)),
D,—D,>b®*(r*+qg,(x)),
D,—D,>b*(r*+q,(xX)),

D,—D,>b.*(r.*+q (X)),

1

Dl_ D2 2 bhﬁ(rmtijl.e_ qml(x)) 4

|-3:I.-_ D2 2 bsde(rsde+ qs(X) ) ?

XeS.

Here the superscript nu denotes parameters that concerm the numerators in the
criterionfunctions inprablem (2), the superscript dedenotes pararetersconceming the
denaminators inthe same problem. All parameters denoted by r are canponents of the
reference point for problem (10) . It isknown [2] that the reference point in (11) must
daninate the ideal point for problem (10) . Thiswill assure that the solutionof problem
(1) determines aweak efficient point forproblem (10).
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The fol lowing theorem is needed because 1t concems the setofweak efficientpoints.

Theorem8. Suppose that in problem (2) q.(>x)>0, forall iandall x e S. Suppose
also that the condition (Cond) holds. Then ifthepoint X e S isaweakefficientpoint
for prablem (2), itisaweakefficientpoint forproblem (10).

The proof can be done assuming the opposite and dbtaininga contradiction.

It isknown fram [2,5] that the value of chosencriterionatanefficientpoint for
problem (10) (obtained for Fixed reference pointand solving problem (11)) can be
improved by changing the corresponding carponent of the reference point only and solving
the so changed prablem (11) . Thisallovtomove in the set ofweak Pareto points, of
problem (10) i -e. inthe setofwesk efficient pointsofproblen(?) too. Thedoiceofthe
changes in the reference point canbe improved using the information for the solution
sersitivitywithrespect tothe referencepoint [ 7] .-

Ingereral, the sodescribed results about the usage of unattainable reference points
and attainablepoints inthe criterionspace couldbeapplied increatingaconputational
procedure for findingpreferableweak efficient points forproblem (2) -

6. Some examples

Bxarple 1. Let usconsider anexanple [1] of (scalar) linear fractional programing
problem. Wewi 11 use the vector approach and the reference point method. The problem
B

—2x1 +X, +2

X, + 3x2 +4

—2X, +X,<4; 2X +Xx,<14;
X £6; X,X,>0.

Itisevident thatg,(X)>0forall feasible x butp(X) canchange tresign Inthiscase
we will use problems (4.a) and (5-a). We assume A=0. Inaddition b, =b=1, and
r=10, r=1. Thenthe problem (5.a) becomes

min (D,-D,)
s
D,-D,zr +2x -X,-2,
D,-D,2r,+x +3%x,+4,
=X, +X,<4; 2X +X,<14,
X,£6; X =20, X,20;
u-u,=-2x +X,+2,
V,-V,=X +3X,+4,
r,=10,
r,=1.

The solutiongives u,=2.75, v,=6.25, u=0, v,=0:

The vallue of the goal function inproblem (1) is 2.75:6.25=0.44.

IT r increaseswemustgetan increased value of the numerator. Letr =12,
r,=1.Nowthesolutiongives u =3.25, v,=7.75, u,=0, v,=0.

The value of the goal function is 3.25:7.75=0.419348.
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Here (as inthe general case) the goal function has aunique global maximumand
hasnot any other local maxima. I this change of the numerator does not increase the goal
functionwemust try to decrease the denominator . We choose r,=10, r,=4. Fronthe
solutionweobtain u =2, v,=4, u =2,v,=4.Thevalue of the goal function is
2 :4=0.5. This isthe searchedmaximum. Further increasingof r, doesnotchangethe
solution. Further incressingof r, increasesthevalueof the nurerator, but thegoal function
valuedecresses.

Example 2_ Wewi 1l use here anexample of Cho o, considered in [9]. Thisbook
cottainsaverygooddescriptionof theweakefficientset, but there isnotafull algoritm
for analysis of the problem. Theveryproblemis

Xl
max f = —,
X2
(@2) max f,=Xx,,
f ___(i(l_ti(i)_
3
1+x,
s
<X, X, , X,<4.
Theweak efficientsetE'is[9]
E"=U vU,u U u U ul,
where

U ={xeS| x=(, b, c), a=bc},
U,={xeS|x=(#4,Db, c), bc>4),

U, is the set ofall convex conbinations of the points

1.4.9.1,4,.D,4,4,),(4,4.9,

U, is the set ofall convex conbinations of the points

4,1,9,0.1,9,0,4,9,4.,4,9.

U, istheset ofall covexcarbinationsof threpoints (4,1, 1), (4,1,4), (1,1, D).

Apartoftheexperimental results isgiven inTable 1. Thefirstcolumoontainsthe
rowvnurber_The next three colums contaiin the canponents of some initial feasible point
(intheargument space) and the next three — the corresponding criteriavalues. The
parameters of problem (7) for this feasible point are computed and B, =1. The so
formulated problem (7) is solvedand i'ts solution determinesanew feasible point.The
components of the new feasible point are printed inthe next triad of columns. The
correspondingcriteriavaluesare printed inthe last triadof colums.

It canbe seen that the solutionofprabllem (7) gives each timeaweakefficient point.
Itnusthbe noted that this point isdotained each timewith the firstsolutionof problem (7)
Following formulations (10) and (11) an auxiliary MOLP and a corresponding LP
problems (with reference point) are considered for problem (12) . The initial reference
point isgivenby

r=5, r=1, r,=5,r,=1, r,=6.
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Table 1

No Initial fessiblepoint Feasible pointobtainedwith
the problem (7) solution
Xl )S )% f f2 t Xl X2 X3 fl f2 f3
1 3 4 1 0.7 1 -0.8 3 4 1 0.75 1 038
2 2 4 3 05 3 -1.0 2 4 3 0.5 3 -1.0
3 1 3 4 033 4 -1.25 1 3 4 0.333 4 -1.25
4 2 2 4 1 4 -2.0 2 2 4 1 4 20
5 3 1 2 3 2 -2.5 3 1 2 3 2 25
6 3 1 3 3 3 -3.0 3 1 3 3 3 3.0
7 25 1 3 25 3 -2.75 4 1.58 3.048 2.53 3.048 -2.73
8 2 1 3 2 3 -2.5 4 1.2 3.15 2.08 3.15 -2.45
9 2 2 1 1 1 -1 4 4 1 1 1
10 3 3 1 1 1 -1 4 4 1 1 1
11 35 15 1 2.3 1 -1.8 2.42 110 242 1.0 -1.76
12 25 3 1 08333 1 -0.875 3.347 4 1.014 0.4 1.014 -0.872
13 1 2 2 05 2 -1 2.3 4 2.3 0.58 2.33 -0.93
14 1 2 3 05 3 -1.333 2.555 4 3.555 0.64 4 1222
15 2 2 2 1 2 -1.333 4 3.8042.195 1.06 2.195 -1.29
16 2 1 3 2 3 -2.5 4 1.2 315 2.08 3.15 -2.45

Table 2shows the results dbtained for various reference poirnts.

Table 2
No Reference point Obtained Corresponding values of the
components feasiblepoint aiteria
L L 5 X X % f t t
1 5 1 5 1 6 2 3 1 0.6667 1 -0.75
2 6 1 5 1 6 2 3 1 0.6667 1 -0.75
3 8 1 5 1 6 3 2 1 15 1 -1.333
4 100 1 5 1 6 4 1 1 4 1 25
5 5 2 5 1 6 1 25 1 04 1 -0.571428
6 5 3 5 1 6 1 2 1 0.5 1 -0.6667
7 5 5 5 1 6 1 1 1 1 1 -1.0
8 5 1 6 1 6 1 3 2 0.333 2 -0.75
9 5 1 7 1 6 1 25 25 04 25 -1.0
10 5 1 8 1 6 1 2 3 0.5 3 -1.3333
11 5 1 10 1 6 1 1 4 1 4 25
12 5 1 5 2 6 1 3 1 0.333 1 -05
13 5 1 5 3 6 1 2 1 0.5 1 -0.666
14 5 1 5 4 6 1 1 1 1 1 -1.0
15 5 1 5 1 7 25 35 1 0.714286 1 -0.7777
16 5 1 5 1 8 3 4 1 0.75 1 -08
17 5 1 5 1 9 4 4 1 1 1 -1.0
18 5 5 5 1 7 1 15 1 0.6666 1 -08
19 5 5 5 1 8 1 2 1 0.5 1 -0.6666
20 5 5 5 1 10 1 3 1 0.333 1 -05
21 5 5 5 1 12 1 4 1 0.25 1 04
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All pointswith canporents X, X, , X, , shoan inthis tableareweakefficient for
the auxi liary MOLP problemhowever only bold faced of themare weak efficient for
problem (12) . Itcanbe seen that monotone changes inareference point canponent can
lead toaweak efficient point for problem (12) . Theunderlined nurbers inthe last three
colums are the maximaof the corresponding criteria

7 . Some comments

The proposed ways for solving the scalar and the vector linear fractional programing
problems seemto be satisfactory. They use standard LP software only. They donot need
avariable substitution. Acorrect formulationof the auxi liary LPor MOLP problemand
aprgper useofattainsbleor referencepoints isneeded. Thedimentional ity of theauxiliary
LP or MOLP problems does not increase significantly. Ingerneral these resultsshovthat
multipledbjective linear programing tools can successful lybe used foranalysisof other
mathematical programming problems.

Acknowledgment. The author thanks Dessislava Gueorguieva for her conscientious compu—
B=ios.
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[IprMeHEeHVE METONA DTAJIOHHOM TOUKM IJIS aHaJM3a
IOPOOHO-JIMHEMHEIX 3aJa4 IPOTIPaMMMPOBaHNSA

FEosH MeTeB

UHCTUTYT MHYOPMALIMOHHEIX TexHoJormit, 1113 Copus

(PeswomMme)

B paboTe paccMaTpMBaeTCa CKaJIIpHasa M BEKTOPHAaS 3adauy OPOOHO—JIMHEMHOT'O
IpoTrpaMMUpPOBaHua . IJid 3TUX 3alad [IpeljiaralnTcsa NBa criocoba aHammza . [pu
IepBOM CIIoCcobe, pelias BCIIOMOTaTelIbHY 3a0ady JIMHEVMHOTO IPOTPaMMUPOBAaHNS,
OCYIHECTBJISETCH [I€PEXOD OT 3alaHHOM IOMNYyCTVMOM TOUKM (OHa HaXOIUTCS B
apPTyMEHTHOM IIPOCTPAHCTBE U He aBJISeTCs CJabosbdeKTVBHOM) K HOBOV JOITYy CTVMOM
TOuke, KOTOpas Jiyulle MCXOOHOM. IlpM BTOPOM cClIOoCODe MCIIOJIb3yeTCs
BCIIOMOT'aTeJIbHasa 3ajada MHOTOKPUTEPHAJIbHOT'O JIMHEMHOT'O PO TPaMM/POBaHMA
(MKJIIT) . C mIoMOoUbo 3TAaJIOHHOM TOUKM OCYIIECTRJISETCHS OBMKEHNME B MHOXECTRE
c1a®o03dbeKTUBHEIX Touek 2To¥ MKJII 3aaun. 9TO MHOXECTBO COIEPXUT TOUKM,
KOTOPEIE BKCTPEMUSUPYIOT LIEJIEBYI0 QYHKIIMIO (CKaJIAPHOM 3aiaul) , MM MHOXECTBO
c1abosdPeEKTUBHEIX TOUEK (BEKTOPHOV 3alaun) . Bo BCcex Cilydas B MCUMCIIEHUSX
VICIIOJIb 3YI0TCSA CTaHIAPTHEIE 3alaul JIMHEMHOT'O [IPOTPaMMPOBaHHAS .
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