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ìåòîäèòå â ðàçëè÷íè îáëàñòè íà íàóêàòà (òåõíè÷åñêà)� â ÈÈÊÒ-ÁÀÍ,

ñåêöèÿ �Èíòåëèãåíòíè ñèñòåìè�

Îáùà õàðàêòåðèñòèêà íà ïðåäñòàâåíèòå òðóäîâå

Çà ó÷àñòèå â êîíêóðñà ñà ïðåäñòàâåíè 28 ïóáëèêàöèè, 3 óíèâåðñèòåòñêè ó÷åáíèêà è 2
óíèâåðñèòåòñêè ó÷åáíè ïîñîáèÿ. Îò ïóáëèêàöèèòå, 17 ñà â ñïèñàíèÿ ñ èìïàêò ôàêòîð [Â1
- Â10, Ã2 - Ã5, Ã7, Ã8, Ã14] è 7 ñà â ñïèñàíèÿ ñ SJR [Ã1, Ã6, Ã9 - Ã13]. Ïóáëèêàöèèòå íå
ïîâòàðÿò ïðåäñòàâåíèòå çà ïðèäîáèâàíå íà îáðàçîâàòåëíàòà è íàó÷íà ñòåïåí �äîêòîð� è çà
çàåìàíå íà àêàäåìè÷íàòà äëúæíîñò �äîöåíò�.

Ïðåäñòàâåíèòå çà êîíêóðñà íàó÷íè ïóáëèêàöèè ñå ãðóïèðàò òåìà-

òè÷íî â ñëåäíèòå ãðóïè:

1. Îáóñëîâåíîñò è ÷óâñòâèòåëíîñò íà ìàòðè÷íè óðàâíåíèÿ [B1 - B10, Ã1 - Ã3, Ã5 - Ã11,
Ã13, Ã15 - Ã18].

2. Ñîôò êîìïþòèíã [Ã4].

3. Ïåðñîíàëíîñò è ïîâåäåíèå ïðè åëåêòðîííà òúðãîâèÿ [Ã12, Ã14].
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[B1] Popchev, I., Angelova, V. On the Sensitivity Estimation of the Matrix Equation
Xs ± A∗X tA = Q. Cybernet. Inf. Techn., 10, 2, IICT- BAS, 2010, ISSN:1311-
9702, 14-30

Ðåçþìå: Íàïðàâåí å àíàëèç íà åôåêòèâíîñòòà íà ïåðòóðáàöèîííèòå ãðàíèöè, ïðåä-
ëîæåíè â ïåò ëèòåðàòóðíè èçòî÷íèêà çà ðåàëíèòå è êîìïëåêñíèòå óðàâíåíèÿ Xs ±
A∗X tA = Q, ñ s è t � ðåàëíè ÷èñëà. Ñðàâíåíèåòî å íàïðàâåíî íà áàçàòà íà íÿêîëêî
÷èñëåíè ïðèìåðà, âçåòè îò ëèòåðàòóðàòà. Ðåçóëòàòèòå îò åêñïåðèìåíòàëíèÿ àíàëèç
ïîçâîëÿâàò äà ñå êëàñèôèöèðàò ðàçãëåæäàíèòå ãðàíèöè ïî îòíîøåíèå íà áëèçîñò
äî îöåíÿâàíàòà âåëè÷èíà è öÿëîñòíîòî èì ïðèëîæåíèå. Íàáëþäàâàíîòî ïîâåäåíèå è
àíàëèçèðàíèòå ñâîéñòâà íà ãðàíèöèòå, ðàçãëåäàíè â ñòàòèÿòà, âàæàò çà âñÿêà çàäà÷à,
êîÿòî ïðèíàäëåæè êúì êëàñà íà èçïîëçâàíèòå åêñïåðèìåíòàëíè ìîäåëè.

Abstract: In this paper the e�ectiveness of the perturbation bounds proposed in �ve
issues for the real and the complex equations Xs ± A∗X tA = Q, with s and t � real
numbers is analyzed. The comparison is made on the base of several numerical examples,
taken from the literature. The results of the experimental analysis allow to classify the
bounds considered with respect to closeness to the estimated quantity and comprehensive
application. The observed behaviour and the analysed properties of the bounds considered
in the paper hold true for every problem, which belongs to the class of the experimental
models used.

[B2] Popchev, I., Angelova, V. On the Sensitivity of the Matrix Equations X ±
A∗X−1A = Q. Cybernet. Inf. Techn., 10, 4, IICT - BAS, 2010, ISSN:1311-9702,
36-61

Ðåçþìå: Èçâúðøåí å ñðàâíèòåëåí àíàëèç íà åôåêòèâíîñòòà è òî÷íîñòòà íà ñúùåñò-
âóâàùèòå ìåòîäè çà îöåíêà íà ÷óâñòâèòåëíîñòòà íà ðåøåíèåòî íà íåëèíåéíèòå ìàò-
ðè÷íè óðàâíåíèÿ X ±A∗X−1A = Q. Îáåêò íà àíàëèçà ñà ïåðòóðáàöèîííèòå ãðàíèöè
íà ðåøåíèÿòà íà óðàâíåíèÿ X±A∗X−1A = Q, êàêòî è ìåòîäèòå, ñâúðçàíè ñ îöåíêàòà
íà ÷óâñòâèòåëíîñòòà íà ðåøåíèåòî íà óðàâíåíèÿòà Xs±A∗X−tA = Q çà êîíêðåòíèÿ
ñëó÷àé, êîãàòî s = 1, t = 1. Èçñëåäâà ñå ïîâåäåíèåòî è íàäåæäíîñòòà íà ãðàíèöè-
òå, ïðåäëîæåíè â äåâåò èçòî÷íèêà, ÷ðåç åêñïåðèìåíòè ñ äåâåò íåòðèâèàëíè ÷èñëåíè
ïðèìåðà êàêòî â ðåàëíèÿ, òàêà è â êîìïëåêñíèÿ ñëó÷àè. Àíàëèçèðà ñå ïîâåäåíèå-
òî íà èçñëåäâàíèòå ïåðòóðáàöèîííè ãðàíèöè. Ïîñî÷âàò ñå îáëàñòè íà ïðèëîæåíèåòî
èì, â çàâèñèìîñò îò åôåêòèâíîñòòà, òðóäíîñòèòå ïðè èç÷èñëåíèÿòà, íàäåæäíîñòòà è
òî÷íîñòòà.

Abstract: We analyze and compare the e�ectiveness and the accuracy of the existing
methods for estimating the sensitivity of the solution to the nonlinear matrix equations
X ± A∗X−1A = Q. Object of the analysis are the perturbation bounds concerning
equations X ± A∗X−1A = Q, as well as the methods related to the estimation of the
sensitivity of the solution to the equations Xs ± A∗X−tA = Q for the particular case,
when s = 1, t = 1. We examine the behavior and the reliability of the bounds, proposed in
nine sources, through experiments with nine non-trivial numerical examples in both real
and complex cases. Analyzing the behavior of the perturbation bounds considered in the
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paper, we point out their areas of application in dependence of e�ectiveness, di�culties
for computing, reliability, and accuracy.

[B3] Konstantinov, M., Petkov, P., Popchev, I., Angelova, V. Perturbation bounds
for the matrix equation Xs±AHX tA = Q. C. R. Acad. Bulgare Sci, 63, 9, 2010,
ISSN:1310-1331, 1265-1272

Ðåçþìå: ×óâñòâèòåëíîñòòà íà ðåøåíèåòî íà ðåàëíîòî ìàòðè÷íî óðàâíåíèå Xs ±
AHX tA = Q, êîãàòî s å ïîëîæèòåëíî öÿëî ÷èñëî, Q å åäèíè÷íàòà ìàòðèöà è t å
îòðèöàòåëíî öÿëî ÷èñëî, êàêòî è êîãàòî Q > 0 è t å ïîëîæèòåëíî öÿëî ÷èñëî, è
íà êîìïëåêñíîòî ìàòðè÷íî óðàâíåíèå ñ s-ïîëîæèòåëíî öÿëî ÷èñëî è t-îòðèöàòåëíî
öÿëî ÷èñëî âå÷å å èçñëåäâàíà â ëèòåðàòóðàòà. Â òàçè ñòàòèÿ ñå ðàçãëåæäà ÷óâñòâè-
òåëíîñòòà íà íåëèíåéíîòî êîìïëåêñíî ìàòðè÷íî óðàâíåíèå Xs±AHX tA = Q â îáùèÿ
ñëó÷àé, êúäåòî ñòåïåííèòå ïîêàçàòåëè s è t ñà ðåàëíè ÷èñëà. Äîêàçâà ñå òåîðåìà çà
ñúùåñòâóâàíåòî íà ïîëîæèòåëíî îïðåäåëåíî ðåøåíèå íà óðàâíåíèåòî. ×ðåç èçïîëç-
âàíå íà òåõíèêàòà íà ïðîèçâîäíèòå íà Ôðåøå è ïðèëàãàíå íà ìåòîäà íà ìàæîðàíòèòå
íà Ëÿïóíîâ è ïðèíöèïà íà Øàóäåð çà ôèêñèðàíàòà òî÷êà, ñà èçâåäåíè ëîêàëíè è
íåëîêàëíè ïåðòóðáàöèîííè ãðàíèöè çà ïîëîæèòåëíî îïðåäåëåíîòî ðåøåíèå X íà
óðàâíåíèåòî.

Abstract: The sensitivity of the solution to the real version of equationXs±AHX tA = Q,
when s is a positive integer, Q is the identity matrix and t is negative integer, as well
as when Q > 0 and t is a positive integer, or to the complex matrix equation with s-
positive integer and t-negative integer is already studied in the literature. In this paper
we consider the sensitivity of the non-linear complex matrix equation Xs ± AHX tA = Q
in the general case, where the exponents s and t are real numbers. A theorem on the
existence of a positive de�nite solution of the equation is proved. Using the technique of
Frech�et derivatives and applying the method of Lyapunov majorants and the Schauder
�xed point principle, local and non-local perturbation bounds for the positive de�nite
solution X of the equation are obtained.

[B4] Popchev, I., Konstantinov, M., Petkov, P., Angelova, V. Condition numbers of
the nonlinear matrix equation X+AHX−1A+BHX−1B = I. C. R. Acad. Bulgare
Sci, 64, 12, BAS, 2011, ISSN:1310-1331, 1679-1688

Ðåçþìå: Ñòàòèÿòà å ïîñâåòåíà íà îáóñëîâåíîñòòà íà íåëèíåéíîòî êîìïëåêñíî ìàò-
ðè÷íî óðàâíåíèå X+AHX−1A+BHX−1B = I ñ êâàäðàòíè ìàòðèöè íà äàííèòå A è B
(AH îçíà÷àâà êîìïëåêñíî ñïðåãíàòàòà òðàíñïîíèðàíà /èëè Åðìèòîâî ñïðåãíàòàòà/
íà ìàòðèöàòà A, I å åäèíè÷íàòà ìàòðèöà). Ðåøåíèåòî íà òîâà óðàâíåíèå å ñâúðçàíî
ñúñ ñúùåñòâóâàíåòî íà ìàòðè÷íà äåêîìïîçèöèÿ ïðè ðåøàâàíå íà ñèñòåìà îò ëèíåé-
íè óðàâíåíèÿ ÷ðåç ðàçëàãàíå íà äâå ëèíåéíè ñèñòåìè ñúñ ñúîòâåòíî ãîðíî è äîëíî
òðèúãúëíè ìàòðè÷íè êîåôèöèåíòè. Èçâåäåíè ñà ïîäîáðåíè àáñîëþòíè è îòíîñèòåëíè
íîðìîâè, ñìåñåíè è ïîêîìïîíåíòíè ÷èñëà íà îáóñëîâåíîñò íà óðàâíåíèåòî. ×èñëàòà
íà îáóñëîâåíîñò ñà ëåñíî èç÷èñëèìè ìåðêè çà ÷óâñòâèòåëíîñò íà ðåøåíèåòî ïî îòíî-
øåíèå íà ñìóùåíèÿ â äàííèòå è ñå èçïîëçâàò çà ôîðìóëèðàíå íà ëåñíî èç÷èñëèìè
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ëîêàëíè ïåðòóðáàöèîííè ãðàíèöè çà ðåøåíèåòî êàòî ôóíêöèÿ íà ñìóùåíèÿòà â äàí-
íèòå. ×èñëàòà íà îáóñëîâåíîñò ïîçâîëÿâàò äà ñå îöåíè íèâîòî íà íåîïðåäåëåíîñò â
ðåøåíèåòî, äúëæàùî ñå íà ãðåøêè (îò èçìåðâàíå, ìîäåëèðàíå, çàêðúãëÿâàíå) â äàí-
íèòå, ïðåäè äà ñå ïðèëîæè ÷èñëåí àëãîðèòúì çà ðåøàâàíå íà óðàâíåíèåòî. Ãðàíèöèòå
ñà ïîëó÷åíè ñ ïîìîùòà íà òåõíèêèòå íà ïðîèçâîäíèòå íà Ôðåøå è ïðèëàãàíå íà ìå-
òîäà íà ìàæîðàíòèòå íà Ëÿïóíîâ è ïðèíöèïà íà ôèêñèðàíàòà òî÷êà. Ðåçóëòàòèòå ñà
èëþñòðèðàíè ñ ÷èñëåíè ïðèìåðè.

Abstract: The paper is devoted to the conditioning of the nonlinear complex matrix
equation X +AHX−1A+BHX−1B = I with square data matrices A and B (AH denotes
the complex conjugate transpose of the matrix A) and I being the identity matrix. The
solution of this equation is related to the existence of a certain matrix decomposition
when solving a system of linear equations by decomposition into two linear systems with
lower and upper triangular block coe�cient matrices, respectively. Explicit expressions
for the absolute and relative norm-wise, mixed and component-wise condition numbers
for the equation are proposed in the paper. The condition numbers are easily computable
measures for the sensitivity of the solution relative to perturbations in the data. The
condition numbers are used to derive easily computable local bounds for the perturbation
in the result as a function of the perturbations in the data. The condition numbers allow
to estimate the level of uncertainty in the solution due to errors (measurement, modeling,
round-o�) in the data before applying a numerical algorithm to solve the equation.
The bounds are obtained using the Fr�echet derivatives and applying the techniques of
Lyapunov majorants and �xed point principles. The results are illustrated by numerical
examples.

[B5] Popchev, I., Angelova, V. Residual bound of the matrix equation X+AHX−1A+
BHX−1B = I. C. R. Acad. Bulg. Sci., 66, 10, 2013, ISSN:1310-1331, 1379-1384

Ðåçþìå:Èçâåäåíà å íåëîêàëíà ãðàíèöà íà îñòàòú÷íàòà ãðåøêà â èç÷èñëåíîòî ïðèáëè-
æåíî Åðìèòîâî ïîëîæèòåëíî îïðåäåëåíî ðåøåíèå íà óðàâíåíèåòî X+ AHX−1A +
BHX−1B = I. Óðàâíåíèåòî âúçíèêâà ïðè ðåøàâàíå íà ñèñòåìàòà îò ëèíåéíè àëãåá-
ðè÷íè óðàâíåíèÿ Px = f ÷ðåç ìàòðè÷íî ðàçëàãàíå. Ãðàíèöàòà å èçâåäåíà íà áàçàòà
íà íåëîêàëíèÿ ïåðòóðáàöèîíåí àíàëèç, ÷ðåç ïðèëàãàíå íà òåõíèêèòå íà ìàæîðèòàð-
íèòå Ëÿïóíîâ è ïðèíöèïèòå íà ôèêñèðàíàòà òî÷êà. Ïðåäëîæåíàòà ãðàíèöà ìîæå äà
ñå èçïîëçâà êàòî ñòîï-êðèòåðèé íà èòåðàöèîííè àëãîðèòìè ïðè ðåøàâàíå íà óðàâ-
íåíèåòî. Ïðåäèìñòâî íà ãðàíèöàòà ñà íåéíàòà ïðîñòîòà è ïðàêòè÷åñêà ïîëåçíîñò çà
îöåíêà íà òî÷íîñòòà íà ïðèáëèæåíîòî ðåøåíèå, ïîëó÷åíî ñ ïîìîùòà íà èòåðàöèîíåí
àëãîðèòúì. Òåîðåòè÷íèòå ðåçóëòàòè ñà èëþñòðèðàíè ñ íÿêîëêî ÷èñëåíè ïðèìåðà.

Abstract: We consider non-local residual bound for the calculated approximation of
the Hermitian positive de�nite solution to equation X + AHX−1A + BHX−1B = I.
Equation occurs when solving the system of linear algebraic equations Px = f by matrix
decomposition. In this paper, we present a computable norm-wise non-local residual bound
for the positive de�nite solution to the equation. The bound is obtained on the basis of the
non-local perturbation analysis, the techniques of the Lyapunov majorants and the �xed
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point principles. The bound proposed can be used as a stopping criterion for iterative
algorithms when solving the equation. The advantage of the bound is its simplicity and
practical usefulness to assess the accuracy of the approximate solution using an iterative
algorithm. The theoretical results are illustrated with some simple numerical examples.

[B6] Popchev, I.P., Angelova, V.A. Condition numbers and local perturbation
bounds for the matrix equation Xs ± AHX tA = Q. C. R. Acad. Bulgare Sci,
66, 1, ½Prof. Marin Drinov� Academic Publishing House, 2013, ISSN:1310-
1331, 21-28

Ðåçþìå: ×ðåç ïðèëàãàíå íà òåîðèÿòà íà íîðìîâèÿ è ïîêîìïîíåíòíèÿ ïåðòóðáàöè-
îíåí àíàëèç, ñà èçâåäåíè ïîäîáðåíè èçðàçè çà íîðìîâèòå, ïîêîìïîíåíòíè è ñìåñåíè
÷èñëà íà îáóñëîâåíîñò íà êîìïëåêñíîòî ìàòðè÷íî óðàâíåíèå Xs ± AHX tA = Q, êú-
äåòî A å íåñèíãóëÿðíà n × n êîìïëåêñíà ìàòðèöà, à Q å Åðìèòîâî ïîëîæèòåëíî
îïðåäåëåíà ìàòðèöà. AH îçíà÷àâà êîìïëåêñíî ñïðåãíàòà òðàíñïîíèðàíà /èëè Åðìè-
òîâî ñïðåãíàòàòà/ íà ìàòðèöàòà A, à ñòåïåííèòå ïîêàçàòåëè s è t ñà ðåàëíè ÷èñëà.
Ïîêîìïîíåíòíàòà ïåðòóðáàöèîííà ãðàíèöà å îöåíêà íà ÷óâñòâèòåëíîñòòà íà åëåìåí-
òèòå íà ðåøåíèåòî êúì ñìóùåíèÿ â åëåìåíòèòå íà ìàòðèöàòà îò äàííè. Èçïîëçâàíåòî
é å ïîäõîäÿùî, êîãàòî åëåìåíòèòå íà ìàòðè÷íèòå êîåôèöèåíòè âàðèðàò ïî ñïåöèàëåí
íà÷èí, íàïðèìåð êîãàòî íÿêîè îò òÿõ îñòàâàò ïîñòîÿííè. Ïðåäëîæåíè ñà è ãðàíèöè
îò ïúðâè ðåä çà ãðåøêèòå â èç÷èñëåíîòî ðåøåíèå. ×èñëàòà íà îáóñëîâåíîñò è ïðåä-
ëîæåíèòå ëîêàëíè ïåðòóðáàöèîííè ãðàíèöè ïîçâîëÿâàò ëåñíî èç÷èñëèìà è áúðçà
îöåíêà íà òî÷íîñòòà íà èç÷èñëåíîòî ðåøåíèå. Åôåêòèâíîñòòà íà ïðåäëîæåíèòå ãðà-
íèöè å äåìîíñòðèðàíà ñ ÷èñëåí ïðèìåð. Ñòàòèÿòà å ïðîäúëæåíèå íà [B3], êúäåòî ñà
èçâåäåíè óñëîâèÿ çà ñúùåñòâóâàíå íà ðåøåíèåòî è å íàïðàâåí íîðìîâ ïåðòóðáàöèî-
íåí àíàëèç íà óðàâíåíèåòî. Ñðàâíèòåëåí àíàëèç íà åôåêòèâíîñòòà è íàäåæäíîñòòà
íà ïîâå÷åòî èçâåñòíè â ëèòåðàòóðàòà ïåðòóðáàöèîííè ãðàíèöè íà òîâà óðàâíåíèå å
äàäåí â [B2].

Abstract: In this paper, we apply the theory of norm-wise and component-wise perturbation
analysis to derive explicite expressions for the norm-wise, mixed and component-wise
condition numbers to the complex matrix equation Xs ± AHX tA = Q, where A is
a nonsingular n × n complex matrix and Q is an Hermitian positive de�nite matrix.
AH stands for the conjugate transpose of A and both s and t are real numbers. The
component-wise perturbation bound is an estimate of the sensitivity of the elements of
the solution to perturbations in the elements of the data. Its use is convenient when the
elements of the data vary in a special way, e.g., when some of them remain constant. First
order bounds for the perturbations in the computed solution are proposed, as well. The
condition numbers and the local perturbation bounds proposed allow easy computable
and fast estimate of the accuracy of the computed solution. The e�ectiveness of the
bounds proposed are demonstrated with a numerical example. The paper is a sequel to
[B3], where the existence of solution and norm-wise perturbation analysis of the equation
are considered. Comparison analysis to the e�ectiveness and the reliability of most of the
perturabtion bounds to this equation is given in [B2].
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[B7] Popchev, I., Angelova, V. Residual Bound for the Matrix Equation from
Interpolation Problems. Comptes rendus de l'Academie bulgare des Sciences,
69, 8, Prof. Marin Drinov Academic Publishing House, 2016, ISSN:1310-1331,
957-962

Ðåçþìå: Ñòàòèÿòà ðàçãëåæäà íåëèíåéíîòî êîìïëåêñíî ìàòðè÷íî óðàâíåíèå X −∑m
i=1A

H
i X

−1Ai = Q, ñâúðçàíî ñúñ çàäà÷àòà çà èíòåðïîëàöèÿ. Ñ X å îçíà÷åíî Åðìè-
òîâî ïîëîæèòåëíî îïðåäåëåíîòî ðåøåíèå, Ai, i = 1, 2, . . . ,m è Q ñà ìàòðèöè îò äàí-
íè êàòî Q å Åðìèòîâî ïîëîæèòåëíî îïðåäåëåíà ìàòðèöà. Ðàçãëåæäàíîòî íåëèíåéíî
ìàòðè÷íî óðàâíåíèå å ñâúðçàíî ñ ðåøàâàíåòî íà ðàçëè÷íè ïðàêòè÷åñêè ïðîáëåìè.
Çà m = 1 óðàâíåíèåòî å X − AHX−1A = Q è å ñâúðçàíî ñúñ çàäà÷è îò àíàëèçà íà
ñòàöèîíàðíè Ãàóñîâè ðåöèïðî÷íè ïðîöåñè â êðàåí èíòåðâàë. Çà m > 1 óðàâíåíèåòî
å ñâúðçàíîòî ñ ìîäåëèðàíåòî íà îïòèìàëíè èíòåðïîëàöèîííè çàäà÷è è íåëèíåéíîòî
ìàòðè÷íî óðàâíåíèå X = Q+AH(X̂−C)−1A, ñ C - mn×mn ïîëîæèòåëíî îïðåäåëåíà
ìàòðèöà, A - nm×n ïðîèçâîëíà ìàòðèöà è X̂ -m×m áëîê äèàãîíàëíà ìàòðèöà ñ ìàò-
ðèöàòà X ∈ Cn×n ïî äèàãîíàëà. ×óâñòâèòåëíîñòòà è îáóñëîâåíîñòòà íà óðàâíåíèåòî
ñà øèðîêî èçñëåäâàíè â ëèòåðàòóðàòà. Ñðàâíèòåëåí àíàëèç íà ðàçëè÷íè ïåðòóðáà-
öèîííè ãðàíèöè çà ðåøåíèåòî íà óðàâíåíèåòî å íàïðàâåí â [B2]. Â ëèòåðàòóðàòà ñà
ïðåäëîæåíè ãðàíèöè íà îñòàòú÷íàòà ãðåøêà â ðåøåíèåòî, áàçèðàíè íà ñîáñòâåíèòå
ñòîéíîñòè íà èç÷èñëåíîòî ñ èòåðàöèîíåí àëãîðèòúì ïðèáëèæåíî ðåøåíèå íà óðàâíå-
íèåòî. Â òàçè ñòàòèÿ å èçâåäåíà íîðìîâà íåëîêàëíà ãðàíèöà íà îñòàòú÷íàòà ãðåøêà
â ïðèáëèæåíîòî ðåøåíèå íà íåëèíåéíîòî ìàòðè÷íî óðàâíåíèå, èçïîëçâàéêè ìåòîäà
íà ìàæîðàíòèòå íà Ëÿïóíîâ è ïðèëàãàéêè òåõíèêèòå íà ïðèíöèïà íà ôèêñèðàíàòà
òî÷êà. Çà èç÷èñëÿâàíåòî íà ãðàíèöàòà íå å íåîáõîäèìî ïîçíàâàíåòî íà òî÷íîòî ðå-
øåíèå íà óðàâíåíèåòî è òîâà ÿ ïðàâè ïîäõîäÿùà çà èçïîëçâàíå êàòî ñòîï êðèòåðèé,
êîãàòî ñå ïðèëàãà èòåðàöèîíåí àëãîðèòúì çà èç÷èñëÿâàíå íà ðåøåíèåòî íà óðàâíå-
íèåòî. Ñðàâíåíèåòî íà åôåêòèâíîñòòà íà ïðåäëîæåíàòà ãðàíèöà ñúñ ñúùåñòâóâàùè
â ëèòåðàòóðàòà ãðàíèöè íà îñòàòú÷íàòà ãðåøêà, âúç îñíîâà íà ÷èñëåí ïðèìåð îò ëè-
òåðàòóðàòà, äîêàçâà ïðåäèìñòâàòà íà ïðåäëîæåíàòà ãðàíèöà, â ñìèñúë íà îñòðîòà è
òî÷íîñò.

Abstract: The considered nonlinear matrix equation arises in di�erent practical problems.
For m = 1 the equation becomes X − AHX−1A = Q and is related to problems in the
analysis of stationary Gaussian reciprocal processes over a �nite interval. For m > 1 the
equation comes from the related to modeling of optimal interpolation problems nonlinear
matrix equation X = Q + AH(X̂ − C)−1A, with C - mn ×mn positive de�nite matrix,
A - nm × n arbitrary matrix and X̂ is a m ×m block diagonal matrix with the matrix
X ∈ Cn×n on each diagonal entry. The sensitivity and the conditioning of the equation
are widely considered in the literature. A comparison of di�erent perturbation estimates
of the accuracy of the solution to the equation is given in [B2]. Residual bounds, based
on the eigenvalues of the approximate solution to the equation, obtained by an iterative
algorithm, are proposed in the literature. In this paper we derive norm-wise non-local
residual bound of an approximate solution to the nonlinear matrix equation using the
method of Lyapunov majorants and applying the techniques of �xed point principle. The
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bound does not need any knowledge of the exact solution of the equation and is suitable
for use as a stop criteria of the iterations, when computing iteratively the solution of the
equation. The comparison of the e�ectiveness of the bound proposed with the residual
bound from the literature, based on numerical example from the literature, verify the
advantage of the bound proposed in sens of sharpness and the accuracy.

[B8] Angelova, V., Hached, M., Jbilou, K. Approximate solutions to large non-
symmetric di�erential Riccati problems with applications to transport theory.
Numerical Linear Algebra with Applications, e2272, 27(1), John Wiley & Sons
Ltd, 2020, ISSN:1099-1506, DOI:10.1002/nla.2272, 1-17

Ðåçþìå: Â ñòàòèÿòà ñå ðàçãëåæäà íåñèìåòðè÷íîòî äèôåðåíöèàëíî ìàòðè÷íî óðàâ-
íåíèå íà Ðèêàòè ñ âèñîêà ðàçìåðíîñò è ñ äÿñíàòà ÷àñò îò íèñúê ðàíã. Äèôåðåíöèàë-
íèòå íåñèìåòðè÷íè óðàâíåíèÿ íà Ðèêàòè èãðàÿò îñíîâíà ðîëÿ â ìíîãî îáëàñòè êàòî
òåîðèÿ íà òðàíñïîðòíèòå ïðîöåñè, ìîäåëè íà ôëóèäíè ïîòîöè, âàðèàöèîííî ñìÿòà-
íå, îïòèìàëíî óïðàâëåíèå è ôèëòðàöèÿ, H1-óïðàâëåíèå, äèíàìè÷íî ïðîãðàìèðàíå è
äèôåðåíöèàëíè èãðè. Äîêîëêîòî íè å èçâåñòíî, íÿìà ðàçðàáîòåí ìåòîä çà ðåøàâàíå
íà óðàâíåíèåòî ñ âèñîêà ðàçìåðíîñò. Â òàçè ñòàòèÿ ñå ïîêàçâà êàê äà ñå ïðèëîæè
ðàçøèðåíèÿò áëîê àëãîðèòúì íà Àðíîëäè (EBA) çà ïîëó÷àâàíåòî íà ïðèáëèçèòåëíè
ðåøåíèÿ îò íèñúê ðàíã. Ðàçãëåæäà ñå ÷àñòíèÿò ñëó÷àé, ñúîòâåòñòâàù íà íåñèìåò-
ðè÷íîòî äèôåðåíöèàëíî ìàòðè÷íî óðàâíåíèå íà Ðèêàòè îò òðàíñïîðòíàòà òåîðèÿ.
Ïîêàçàíî å êàê äà ñå ïðèëàãàò ìåòîäè îò òèïà íà Êðèëîâ êàòî ðàçøèðåíèÿò áëîê
àëãîðèòúì íà Àðíîëäè, çà äà ñå ïîëó÷àò ïðèáëèçèòåëíè ðåøåíèÿ ñ íèñúê ðàíã. Ïúð-
âîíà÷àëíàòà çàäà÷à ñå ïðîåêòèðà âúðõó ïðîñòðàíñòâà ñ ïîíèæåíà ðàçìåðíîñò, çà äà
ñå ïîëó÷àò íåñèìåòðè÷íè äèôåðåíöèàëíè óðàâíåíèÿ îò íèñúê ðàíã, êîèòî ñå ðåøàâàò
ñ ïîìîùòà íà åêñïîíåíöèàëíîòî ïðèáëèæåíèå èëè ÷ðåç äðóãè èíòåãðàöèîííè ñõåìè
êàòî ôîðìóëà çà îáðàòíà äèôåðåíöèàöèÿ (BDF) èëè ìåòîäà íà Ðîçåíáðîê. Ïðåäñòà-
âåí å ñúùî òàêà ïîäõîä, îñíîâàí íà ïðèëàãàíåòî íà ñõåìàòà BDF êúì ïúðâîíà÷àëíàòà
çàäà÷à, êîåòî âîäè äî ðåøàâàíåòî íà àëãåáðè÷íè óðàâíåíèÿ íà Ðèêàòè, êîèòî ñà ðå-
øåíè ñ Íþòîíîâ áëîê ìåòîä íà Àðíîëäè. È ñ òðèòå ìåòîäà ñå ïîñòèãà ïðèáëèçèòåëíî
ðåøåíèå. Íàïðàâåíè ñà ÷èñëåíè åêñïåðèìåíòè, ñðàâíÿâàùè òåçè ïîäõîäè çà çàäà÷è
ñ ãîëÿìà ðàçìåðíîñò. Ñúùî òàêà å ïîêàçàíî êàê òàçè òåõíèêà ìîæå ëåñíî äà ñå èç-
ïîëçâà çà ðåøàâàíå íà íÿêîè çàäà÷è îò äîáðå ïîçíàòîòî òðàíñïîðòíî óðàâíåíèå. Â
òàçè ñòàòèÿ, òåõíèêèòå íà ìàæîðàíòèòå íà Ëÿïóíîâ è ïðèíöèïúò íà ôèêñèðàíàòà
òî÷êà ñå èçïîëçâàò çà ïîëó÷àâàíå íà íåëîêàëíè íåëèíåéíè ãðàíèöè íà ãðåøêàòà,
ïðåäñòàâëÿâàùà ðàçñòîÿíèåòî ìåæäó ïðèáëèçèòåëíîòî ðåøåíèå íà íåñèìåòðè÷íîòî
äèôåðåíöèàëíî ìàòðè÷íî óðàâíåíèå íà Ðèêàòè îò ïîíèæåí ðåä è òî÷íîòî ðåøåíèå.

Abstract: In the present paper, we consider large scale nonsymmetric di�erential matrix
Riccati equations with low rank right hand sides. The di�erential nonsymmetric Riccati
equations play a fundamental role in many areas such as transport theory, �uid queues
models, variational theory, optimal control and �ltering, H1-control, invariant embedding
and scattering processes, dynamic programming and di�erential games. To our knowledge
there is no existing method in the large scale case. In this paper, we show how to apply the
extended block Arnoldi algorithm (EBA) to get low rank approximate solutions. We treat
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the special case corresponding to nonsymmetric di�erential matrix Riccati equations from
transport theory. We show how to apply Krylov-type methods such as the extended block
Arnoldi algorithm to get low rank approximate solutions. The initial problem is projected
onto small subspaces to get low dimensional nonsymmetric di�erential equations that
are solved using the exponential approximation or via other integration schemes such
as Backward Di�erentiation Formula (BDF) or Rosenbrok method. We also present an
approach based on the application of the BDF scheme to the initial problem, leading to
the resolution of algebraic Riccati equations which are solved by a Newton-block Arnoldi
method. All three methods were able to achieve an approximate solution. We reported
some numerical experiments comparing those approaches for large scale problems.We also
show how these technique could be easily used to solve some problems from the well known
transport equation. In this paper, the techniques of the Lyapunov majorants and �xed
point principle are used to obtain a non-local nonlinear bound of the error representing
the distance between the approximate solution to the nonsymmetric di�erential low-rank
Riccati equation to the exact solution.

[B9] Angelova, V., Hached, M., Jbilou, K. Sensitivity of the Solution to Non-
symmetric Di�erential Matrix Riccati Equation. Mathematics, 9, 8, 2021,
ISSN:2227-7390, DOI:https://doi.org/10.3390/math9080855, 855-1-855-18

Ðåçþìå: Íåñèìåòðè÷íèòå äèôåðåíöèàëíè óðàâíåíèÿ íà Ðèêàòè ñà ñâúðçàíè ñ ëè-
íåéíè ãðàíè÷íè çàäà÷è, âúçíèêâàùè â òåîðèÿ íà èãðèòå, òåîðèÿ íà óïðàâëåíèåòî,
âàðèàöèîííî ñìÿòàíå è òåîðèÿ íà òðàíñïîðòíèòå ïðîöåñè. Òå ñà ìåæäèííà ñòúïêà â
çàäà÷èòå îò àïðîêñèìàöèÿ ïî ñèíãóëÿðíè ñìóùåíèÿ è òåîðèÿ íà óïðàâëåíèåòî, êî-
ãàòî ñå ïðèëàãàò ëèíåéíè òðàíñôîðìàöèè, çà äà ñå íàìàëè ðåäúò íà ñèñòåìèòå îò
âèñîê ðåä äî ïî-íèñúê ðåä èëè äî ÷àñòè÷íà äåêîìïîçèöèÿ íà ñèñòåìè. Òàçè ñòàòèÿ ñå
ôîêóñèðà âúðõó ÷óâñòâèòåëíîñòòà íà ðåøåíèåòî êúì ñìóùåíèÿ â ìàòðè÷íèòå êîåôè-
öèåíòè è íà÷àëíîòî ñúñòîÿíèå. Äâà ïîäõîäà íà íåëîêàëíèÿ ïåðòóðáàöèîíåí àíàëèç
íà ñèìåòðè÷íîòî äèôåðåíöèàëíî ìàòðè÷íî óðàâíåíèå íà Ðèêàòè ñà ðàçøèðåíè äî
íåñèìåòðè÷íèÿ ñëó÷àé. Ïðèëàãàéêè òåõíèêèòå íà ïðîèçâîäíèòå íà Ôðåøå, ìåòîäà
íà ìàæîðàíòèòå íà Ëÿïóíîâ è ïðèíöèïèòå íà ôèêñèðàíàòà òî÷êà, ñà èçâåäåíè äâå
ïåðòóðáàöèîííè ãðàíèöè. Ïúðâàòà ãðàíèöà ñå îñíîâàâà íà èíòåãðàëíàòà ôîðìà íà
ðåøåíèåòî è ñå ïîëó÷àâà çà íåñèìåòðè÷íîòî äèôåðåíöèàëíî ìàòðè÷íî óðàâíåíèå íà
Ðèêàòè â îáùàòà ìó ôîðìà. Âòîðàòà ãðàíèöà èçïîëçâà òâúðäåíèåòî íà êëàñè÷åñêà-
òà òåîðèÿ íà Ðàäîí çà åêâèâàëåíòíîñò íà ðåøåíèåòî íà äèôåðåíöèàëíîòî ìàòðè÷íî
óðàâíåíèåòî íà Ðèêàòè ñ ðåøåíèåòî íà ãðàíè÷íàòà çàäà÷à íà àñîöèèðàíàòà äèôåðåí-
öèàëíà ñèñòåìà. Âòîðàòà ãðàíèöà èìà ïðåäèìñòâîòî äà íå å ñâúðçàíà ñ ðåøàâàíåòî
íà íåñèìåòðè÷íîòî äèôåðåíöèàëíî ìàòðè÷íî óðàâíåíèå íà Ðèêàòè è ñëåäîâàòåëíî ñ
ïðîáëåìèòå íà äèâåðãåíöèÿòà íà ÷èñëåíàòà ïðîöåäóðà. Âòîðàòà ãðàíèöà å ôîðìóëè-
ðàíà çà ïðèáëèçèòåëíîòî ðåøåíèå íà ìàùàáèðàíîòî íåñèìåòðè÷íî äèôåðåíöèàëíî
óðàâíåíèå íà Ðèêàòè îò ïîíèæåí ðåä. Äâåòå ãðàíèöè èçïîëçâàò ñúùåñòâóâàùèòå
îöåíêè íà ÷óâñòâèòåëíîñòòà çà ìàòðè÷íàòà åêñïîíåíòà è ñà àëòåðíàòèâíè. ×èñëåíè-
òå ïðèìåðè ïîêàçâàò, ÷å ïðåäëîæåíèòå îöåíêè ñà äîñòà îñòðè êàêòî çà óðàâíåíèåòî îò
ïîíèæåí ðåä, òàêà è çà óðàâíåíèå íà Ðèêàòè ñ âèñîêà ðàçìåðíîñò. Ïåðòóðáàöèîííàòà
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ãðàíèöà å îò ðåøàâàùî çíà÷åíèå â ïðîöåñà íà ÷èñëåíî ðåøàâàíå íà åäíî óðàâíåíèå,
êàêòî è èíñòðóìåíò çà îöåíêà íà óñòîé÷èâîñòòà íà ïðîöåñà íà èç÷èñëåíèå. Òåñíèòå
ïåðòóðáàöèîííè ãðàíèöè, ïðåäëîæåíè â ñòàòèÿòà, ïîçâîëÿâàò äà ñå îöåíè òî÷íîñòòà
íà ÷èñëåíîòî ðåøåíèå íà íåñèìåòðè÷íîòî äèôåðåíöèàëíî ìàòðè÷íî óðàâíåíèå íà
Ðèêàòè.

Abstract: Nonsymmetric di�erential Riccati equations are related to linear boundary
value problems arising in game and control theory, oscillation criterion problems for second
order di�erential systems, variational calculus and theory of transport processes. They
are an intermediate step in problems from singular perturbations and control theory
when linear transformations are applied in order to reduce high-order systems to lower
order or to partially decomposed systems. This work is focusing on the sensitivity of
the solution to perturbations in the matrix coe�cients and the initial condition. Two
approaches of nonlocal perturbation analysis of the symmetric di�erential Riccati equation
are extended to the nonsymmetric case. Applying the techniques of Fr�echet derivatives,
Lyapunov majorants and �xed point principle, two perturbation bounds are derived.
The �rst bound is based on the integral form of the solution and is derived for the
nonsymmetric di�erential Riccati equation in its general form. The second one exploits
the statement of the classical Radon's theory of local equivalence of the solution to the
di�erential matrix Riccati equation to the solution of the initial value problem of the
associated di�erential system. It has the advantage of not being related with the solution
of the nonsymmetric di�erential Riccati equation and hence with problems of divergence
of the numerical procedure. The second bound is formulated for the low dimensional
approximate solution to the large scale nonsymmetric di�erential Riccati equation. The
two bounds exploit the existing sensitivity estimates for the matrix exponential and are
alternative. Numerical examples show that the estimates proposed are fairly sharp for both
low dimensional and large-scale Riccati equation. The perturbation bound is a crucial issue
of the process of numerical solution of an equation as well as a tool to evaluate the stability
of the computation process. The tight perturbation bounds, proposed in the paper, allow
to estimate the accuracy of the solution to a numerically solved nonsymmetric di�erential
matrix Riccati equation.

[B10] Angelova, V., Balabanov, T., Popchev, I. On the sensitivity estimation of the
symmetric matrix Riccati di�erential equation. Comptes rendus de l'Academie
bulgare des Sciences, 75, 11, Prof. Marin Drinov Academic Publishing House,
2022, ISSN:1310-1331, DOI:10.7546/CRABS.2022.11.11, 1638-1646

Ðåçþìå: Ðàçãëåæäàò ñå òðè âå÷å èçâåñòíè ïåðòóðáàöèîííè îöåíêè íà ðåøåíèåòî
íà ñèìåòðè÷íîòî ìàòðè÷íî äèôåðåíöèàëíî óðàâíåíèå íà Ðèêàòè Ẋ(t) = A′X(t) +
X(t)A+B −X(t)CX(t), X(0) = X0, âúâ âðåìåâèÿ èíòåðâàë T = [0, t1], t1 > 0, âúç-
íèêâàùî ïðè îïòèìàëíîòî óïðàâëåíèå íà ëèíåéíè ñèñòåìè, îïòèìàëíà ôèëòðàöèÿ,
òåîðèÿ íà èãðèòå, H∞ óïðàâëåíèå íà ëèíåéíè íåñòàöèîíàðíè ñèñòåìè è äð. Åôåê-
òèâíîñòòà íà ðàçãëåæäàíèòå ãðàíèöè ñå àíàëèçèðà åêñïåðèìåíòàëíî. Ñðàâíÿâà ñå
òÿõíàòà îñòðîòà çà çàäà÷è ñ âëîøàâàíå íà îáóñëîâåíîñòòà è ñå ïîñî÷âàò îáëàñòèòå
íà ïðèëîæåíèå íà ãðàíèöèòå. Äåìîíñòðèðàíèòå ïðåäèìñòâà è íåäîñòàòúöè íà òðèòå
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ïåðòóðáàöèîííè ãðàíèöè, ðàçãëåäàíè â òîçè åêñïåðèìåíòàëåí àíàëèç, ïîêàçâàò, ÷å
ãðàíèöèòå ñà àëòåðíàòèâíè. Àíàëèòè÷íîòî ðåøåíèå íà ñêàëàðíîòî äèôåðåíöèàëíî
óðàâíåíèå íà Ðèêàòè íà åäèí îò åêñïåðèìåíòàëíèòå ìîäåëè å äîêàçàíî â òåîðåìà.

Abstract: In this paper, we consider three already known perturbation estimates of the
solution to the symmetric matrix Riccati di�erential equation Ẋ(t) = A′X(t) +X(t)A+
B −X(t)CX(t), X(0) = X0, on the time interval T = [0, t1], t1 > 0, arising in optimal
control linear systems, optimal �ltering, game theory, H∞ control of linear time-varying
systems, etc. The e�ectiveness of the bounds considered is analyzed experimentally,
their sharpness for problems with increasing conditioning is compared, and the areas of
application of the bounds are speci�ed. The demonstrated advantages and disadvantages
of the three perturbation bounds considered in this experimental analysis show, that the
bounds are alternatives. The analytical solution to the scalar Riccati di�erential equation
of one of the experimental models is proved in theorem.
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[Ã1] Angelova, V., Konstantinov, M., Petkov, P., Popchev, I. Perturbation analysis
for the complex matrix equation X − AH

√
X−1A = I. Proc. 16th IFAC World

Congress 2005, 16, 1, Praha, 2005, ISBN:978-3-902661-75-3, DOI:10.3182/
20050703-6-CZ-1902.00951, 43-47

Ðåçþìå:Èçâúðøåí å ïúëåí ïåðòóðáàöèîíåí àíàëèç íà êîìïëåêñíîòî ìàòðè÷íî óðàâ-
íåíèå X − AH

√
X−1A = I, ñ ìàòðèöà íà äàííèòå A, ðåøåíèå X è I - åäèíè÷íàòà

ìàòðèöàòà. Òîâà óðàâíåíèå âúçíèêâà â òåîðèÿòà íà óïðàâëåíèåòî ïðè ðåøàâàíå íà
ñèñòåìè îò ëèíåéíè óðàâíåíèÿ ÷ðåç LU äåêîìïîçèöèÿ. Èçâåäåíè ñà ÷èñëà íà îáóñ-
ëîâåíîñò, ëîêàëíè è íåëîêàëíè ïåðòóðáàöèîííè ãðàíèöè. Ïðèëîæåíàòà òåõíèêà ñå
îñíîâàâà íà ìàæîðèòàðíèòå íà Ëÿïóíîâ è ïðèíöèïèòå íà ôèêñèðàíàòà òî÷êà. Äàäåí
å èëþñòðàòèâåí ÷èñëîâ ïðèìåð.

Abstract: In this paper a complete perturbation analysis of the complex matrix equation
X − AH

√
X−1A = I, with data matrix A, solution X and I - the identity matrix is

presented. This equation arises in control theory when solving systems of linear equations
by LU decomposition. Condition numbers, local and non-local perturbation bounds are
obtained. The technique used is based on Lyapunov majorants and �xed point principles.
An illustrative numerical example is given.

[Ã2] Konstantinov, M., Petkov, P., Popchev, I., Angelova, V. On the sensitivity of
the matrix equation XA−AX = X2. Cybernetics and Information Technologies,
8, 2, 2008, ISSN:1311-9702, 3-11

Ðåçþìå: Ðàçãëåæäà ñå ìàòðè÷íîòî óðàâíåíèåòî XA − AX = X2, êîåòî âúçíèêâà
ïðè èçó÷àâàíåòî íà àôèííè ñòðóêòóðè íà ðàçðåøèìà àëãåáðà íà Ëèé è å ñïåöèàëåí
ñëó÷àé íà àëãåáðè÷íîòî óðàâíåíèå íà Ðèêàòè. Âñÿêî ðåøåíèå X íà óðàâíåíèåòî å
íèëïîòåíòíà ìàòðèöà è àêî A íÿìà êðàòíè ñîáñòâåíè ñòîéíîñòè, òîãàâà X = 0 å
åäèíñòâåíîòî ìàòðè÷íî ðåøåíèå íà óðàâíåíèåòî. Îáðàòíî, àêî A èìà êðàòíè ñîáñ-
òâåíè ñòîéíîñòè, òîãàâà ñúùåñòâóâàò íåòðèâèàëíè ðåøåíèÿ. Íàëè÷èåòî íà êðàòíè
ñîáñòâåíè ñòîéíîñòè íà ìàòðèöàòà ñ äàííè A ïðàâè ñòàíäàðòíàòà òåõíèêà çà àíà-
ëèç íà ñìóùåíèÿòà, áàçèðàíà íà ïðîèçâîäíèòå íà Ôðåøå, ìàæîðèòàðíèòå Ëÿïóíîâ
è ïðèíöèïèòå íà ôèêñèðàíàòà òî÷êà, íåïðèëîæèìà êúì ðàçãëåæäàíèÿ ïðîáëåì. Â
ñòàòèÿ å ïðåäëîæåíî ðàçâèòèå íà ñòàíäàðòíàòà òåõíèêà íà ïåðòóðáàöèîííèÿ àíàëèç,
êàòî òÿ å ðàçøèðåíà çà ñëó÷àÿ íà ñèíãóëÿðíà îïåðàòîðíà ìàòðèöà, êîÿòî ïðåîáðà-
çóâà ðàçãëåæäàíîòî óðàâíåíèå â åêâèâàëåíòíî îïåðàòîðíî óðàâíåíèå. Ïîëó÷åíè ñà
ëîêàëíè ãðàíèöè íà íîðìàòà íà ïðîåêöèè íà ñìóùåíèåòî â ïîäïðîñòðàíñòâà ñ n× n
ïîëîæèòåëíî êîèçìåðåíèå. Ïðîåêöèÿòà â ïåðòóðáàöèîííèòå ïîäïðîñòðàíñòâà ïðå-
îäîëÿâà íåäîñòàòúêà íà ñòàíäàðòíàòà òåõíèêà è ïîçâîëÿâà íåéíîòî ïðèëîæåíèå è â
ñëó÷àè íà ñèíãóëÿðíà îïåðàòîðíà ìàòðèöà. Èçâåäåíè ñà ëîêàëíè è íåëîêàëíè ïåð-
òóðáàöèîííè ãðàíèöè. Èëþñòðàòèâíè ÷èñëåíè ïðèìåðè äåìîíñòðèðàò åôåêòèâíîñòòà
íà ïðåäëîæåíèòå ãðàíèöè.

Abstract: The paper deals with the matrix equation XA − AX = X2, which arises in
studying a�ne structures on solvable Lie algebras and is a special case of the algebraic
Riccati equation. Every solution X of the equation is a nilpotent matrix and if A has no
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multiple eigenvalues then X = 0 is the only matrix solution to the equation. Conversely, if
A has multiple eigenvalues then there exist nontrivial solutions. The multiple eigenvalues
of the data matrix A make the standard technique of perturbation analysis, based on the
Fr�echet derivatives, Lyapunov majorants and �xed poitn principle, not applicable to the
problem considered. For this reason, in this paper the standard technique of perturbation
analysis is extended for the case, when the operator matrix, which transform the equation
considered in an equivalent operator equation is singular. We obtain local bounds on the
norm of certain projections of the perturbation on subspaces of K n × n of positive
codimension. The projection of the perturbation subspaces overcomes the shortcoming of
the standard technique and allows its application also in the case of a singular operator
matrix. Both local and nonlocal perturbation bounds are obtained. Illustrative numerical
examples demonstrate the e�ectiveness of the bounds proposed.

[Ã3] Konstantinov, M., Petkov, P., Popchev, I., Angelova, V. Perturbation bounds
for the matrix equation C +

∑r
i=1AiXBi +AXsE = 0. C. R. Acad. Bulgare Sci.,

61, 9, 2008, ISSN:1310-1331, 1111-1120

Ðåçþìå: Íàïðàâåí å ïåðòóðáàöèîíåí àíàëèç íà ìàòðè÷íîòî óðàâíåíèå C +
∑r

i=1

AiXBi + AXsE = 0, ñ s è r - åñòåñòâåíè ÷èñëà. Èçâåäåíè ñà ÷èñëà íà îáóñëîâåíîñò,
ëîêàëíè è íåëîêàëíè ãðàíèöè íà ãðåøêèòå â ðåøåíèåòî âúâ ôóíêöèÿ îò ñìóùåíèÿòà
â äàííèòå. Ëîêàëíàòà ãðàíèöà äàâà çàäîâîëèòåëíè ðåçóëòàòè çà ìàëêè ñìóùåíèÿ â
äàííèòå, íî íÿìà äåôèíèöèÿ êîëêî ìàëêè ìîãàò äà áúäàò òå. Ëîêàëíàòà ãðàíèöà
äàâà îöåíêà íà ãðåøêàòà â ðåøåíèåòî äîðè, êîãàòî ïîðàäè òâúðäå âèñîêè ñòîéíîñòè
íà ñìóùåíèÿòà â äàííèòå, ñìóòåíîòî óðàâíåíèå íÿìà ðåøåíèå. Íåëîêàëíàòà ãðàíèöà
å ìàëêî ïî-ïåñèìèñòè÷íà, íî äàâà ðåçóëòàòè, çà ñìóùåíèÿ â äàííèòå, ïðèíàäëåæà-
ùè íà ïðåäâàðèòåëíî îïðåäåëåíà îáëàñò íà ïðèëîæèìîñò íà ãðàíèöàòà. Ïðèíàä-
ëåæíîñòòà íà ñìóùåíèÿòà êúì ïðåäâàðèòåëíî îïðåäåëåíàòà îáëàñò íà ïðèëîæèìîñò
ãàðàíòèðà íàëè÷èåòî íà ðåøåíèå íà ñìóòåíîòî óðàâíåíèå.

Abstract: In this paper a perturbation analysis of the matrix equation C+
∑r

i=1AiXBi+
AXsE = 0, s and r - natural numbers, is presented. Condition numbers, local and nonlocal
perturbation bounds are derived. The local bound gives satisfactory results for small
perturbations in the data. The nonlocal bound is slightly more pessimistic but holds when
the perturbation in the data belongs to a preliminary de�ned domain of applicability of
the bound.

[Ã4] Angelova, V. Investigations in the Area of Soft Computing. Cybernetics and
Information Technologies, 9, 1, IICT-BAS, 2009, ISSN:1311-9702, 18-24

Ðåçþìå: Ñòàòèÿòà ðàçãëåæäà ïðîåêöèÿòà íà ñîôò-êîìïþòèíãà â èçñëåäâàíèÿòà íà
ó÷åíèòå îò Èíñòèòóòà ïî èíôîðìàöèîííè òåõíîëîãèè íà ÁÀÍ. Î÷åðòàíè ñà îáëàñòèòå
íà èçñëåäâàíè çàäà÷è, êàêòî è òåíäåíöèè çà áúäåùè èçñëåäâàíèÿ.

Abstract: The article attempts to give a projection of Soft computing in the investigations
of the scientists from the Institute of information technologies of the Bulgarian academy
of sciences. Areas of studied problems, as well as trends are mentioned.
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[Ã5] Konstantinov, M., Petkov, P., Popchev, I., Angelova, V. Sensitivity of the
matrix equation A0 +

∑k
i=1 σiA

∗
iX

piAi = 0, σi = ±1. Appl. Comput. Math, 10, 3,
Azerbaijan National Acad Sci, 2011, ISSN:1683-3511, 409-427

Ðåçþìå: Èçñëåäâà ñå ÷óâñòâèòåëíîñòòà íà ðåøåíèåòî íà îáîáùåíîòî íåëèíåéíî ìàò-
ðè÷íî óðàâíåíèå A0 +

∑k
i=1 σiA

∗
iX

piAi = 0, σi = ±1 , êúäåòî k å ïîëîæèòåëíî öÿ-
ëî ÷èñëî, à pi, i = 1, . . . k ñà ðåàëíè ÷èñëà. Ðàçãëåæäàò ñå êàêòî ðåàëíèÿò, òàêà è
êîìïëåêñíèÿò ñëó÷àé. Èçïîëçâàéêè òåõíèêàòà íà ïðîèçâîäíèòå íà Ôðåøå, ñìóòåíî-
òî óðàâíåíèå ñå çàïèñâà êàòî åêâèâàëåíòíî îïåðàòîðíî óðàâíåíèå, êîåòî ïîçâîëÿâà
ïðèëàãàíåòî íà ìåòîäà íà ìàæîðàíòèòå íà Ëÿïóíîâ è ïðèíöèïà íà ôèêñèðàíàòà òî÷-
êà íà Øàóäåð çà ïîëó÷àâàíå íà íîðìîâè ÷èñëà íà îáóñëîâåíîñò, êàêòî è ëîêàëíè è
íåëîêàëíè ïåðòóðáàöèîííè ãðàíèöè. Èçâåäåíè ñà àáñîëþòíè è îòíîñèòåëíè ÷èñëà íà
îáóñëîâåíîñò ñïðÿìî ñìóùåíèÿòà â ìàòðè÷íèòå êîåôèöèåíòè è ëîêàëíè ïåðòóðáà-
öèîííè ãðàíèöè çà p = ±r, p = ±1/s, p = ±r/s, r, s åñòåñòâåíè ÷èñëà. Ïðåäëîæåíè
ñà è íåëîêàëíè ïåðòóðáàöèîííè ãðàíèöè ïðè p = ±1/2, p = 1/3, p = 1/s, è p = ±r.
Åôåêòèâíîñòòà íà ïåðòóðáàöèîííèòå ãðàíèöè å äåìîíñòðèðàíà ñ ÷èñëåíè ïðèìåðè.

Â äâå ëåìè ñà äîêàçâà ïðîèçâîäíàòà íà Ôðåøå íà ôóíêöèÿòà A → Ap, ñ p = −1/s,
â òî÷êàòà A, êàêòî è íîðìîâèòå ãðàíèöè çà ÷ëåíîâåòå îò âòîðè è ïî-âèñîê ðåä íà
ñìóùåíèåòî â ìàòðèöàòà A çà p = −1/2 è p = ±r, r ≥ 2. Òåçè ðåçóëòàòè ñà ñúñ
ñàìîñòîÿòåëíî çíà÷åíèå.

Abstract: In this paper, the sensitivity of the solution to the general type nonlinear
matrix equation A0 +

∑k
i=1 σiA

∗
iX

piAi = 0, σi = ±1 is studied, where k is a positive
integer and pi, i = 1, . . . k are real numbers. Both, the real and the complex case are
studied. Using the technique of Fr�echet derivatives, the perturbed equation is written as an
equivalent operator equation, which allows applying the method of Lyapunov majorants
and Schauder �xed point principle to obtain normwise condition numbers as well as
local and nonlocal perturbation bounds. Absolute and relative condition numbers relative
to perturbations in the matrix coe�cients and local perturbation bounds for p = ±r,
p = ±1/s, p = ±r/s, r, s natural numbers are derived. Non�local perturbation bounds
for p = ±1/2, p = 1/3, p = 1/s, and p = ±r are proposed as well. The local bound gives
satisfactory results for small perturbations in the data. The non�local bound is slightly
more pessimistic but holds when the perturbation in the data belongs to a preliminary
de�ned domain of applicability of the bound. Several numerical examples are given to
illustrate the e�ectiveness of the perturbation bounds.

In two lemmas, the Fr�echet derivative of the function A → Ap, with p = −1/s, at the
point A, as well as normwise bounds for the terms of second and higher order of the
perturbation in the matrix A for p = −1/2 and p = ±r, r ≥ 2, are proved. These results
are of independent signi�cance.
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[Ã6] Popchev, I., Petkov, P., Konstantinov, M., Angelova, V. Perturbation bounds
for the nonlinear matrix equation X+AHX(−1)A+BHX(−1)B = I. LSSC 2011,
LNCS 7116, Springer, Heidelberg, 2012, ISSN:0302-9743, DOI:10.1007/978-
3-642-29843-1_17, 155-162

Ðåçþìå: Íàïðàâåí å ïúëåí ïåðòóðáàöèîíåí àíàëèç íà íåëèíåéíîòî ìàòðè÷íî óðàâ-
íåíèå X+AHX−1A+BHX−1B = I, êúäåòî A è B ñà êâàäðàòíè êîìïëåêñíè ìàòðèöè,
AH îáîçíà÷àâà êîìïëåêñíî ñïðåãíàòà òðàíñïîíèðàíà /èëè Åðìèòîâî ñïðåãíàòàòà/
íà ìàòðèöàòà A è I å åäèíè÷íàòà ìàòðèöà. Ìàòðè÷íîòî óðàâíåíèå å ñâúðçàíî ñúñ
çàäà÷àòà çà ðåøàâàíå íà ñèñòåìàòà îò ëèíåéíè óðàâíåíèÿ Px = F , ÷ðåç òðàíñôîð-
ìèðàíå íà ñèñòåìàòà â äâå ëèíåéíè ñèñòåìè ñúñ ñúîòâåòíî äîëíî- è ãîðíî-òðèúãúëåí
áëîê ìàòðè÷åí êîåôèöèåíò. Ñúùåñòâóâàíåòî íà ðàçëàãàíåòî íà ìàòðèöàòà å ñâúðçà-
íî ñ ðåøàâàíåòî íà óðàâíåíèåòî, ðàçãëåäàíî â ñòàòèÿòà. Äîêîëêîòî íè å èçâåñòíî,
òîâà å ïúðâîòî èçñëåäâàíå íà ÷óâñòâèòåëíîñòòà íà óðàâíåíèåòî. Ïîëó÷åíè ñà ëîêàë-
íè ïåðòóðáàöèîííè ãðàíèöè ñ ïîìîùòà íà ïðîèçâîäíèòå íà Ôðåøå. Çà äà ñå èçâåäå
íåëîêàëíà ïåðòóðáàöèîííà ãðàíèöà, ñìóòåíîòî óðàâíåíèå ñå çàïèñâà â åêâèâàëåíòíà
ôîðìà êàòî ìàòðè÷íî óðàâíåíèå çà ñìóùåíèåòî â ðåøåíèåòî è ñå ïðèëàãà òåõíèêàòà
íà ìàæîðàíòèòå íà Ëÿïóíîâ è ïðèíöèïà íà ôèêñèðàíàòà òî÷êà íà Øàóäåð. Ëîêàë-
íèòå ãðàíèöè ñå èçâåæäàò, êàòî ñå ïðåíåáðåãíàò ÷ëåíîâåòå îò âòîðè è ïî-âèñîê ðåä
è ñà âàëèäíè ñàìî àñèìïòîòè÷íî. Òúé êàòî A→ AH íå å õîìîãåííà, ïðè èçâåæäàíå
íà ÷èñëàòà íà îáóñëîâåíîñò è ëîêàëíèòå ãðàíèöè ñå ïðèëàãà òåõíèêàòà, îñíîâàíà íà
òåîðèÿòà íà àäèòèâíèòå îïåðàòîðè. Íåëîêàëíàòà ãðàíèöà å âàëèäíà ïðè ñìóùåíèÿ â
äàííèòå, ïðèíàäëåæàùè íà îáëàñò îò äîïóñòèìè ñìóùåíèÿ. Âêëþ÷âàíåòî íà ñìóùå-
íèÿòà â îáëàñòòà çà äîïóñòèìîñò ãàðàíòèðà, ÷å ñìóòåíîòî óðàâíåíèå èìà åäèíñòâåíî
ðåøåíèå â îêîëíîñòòà íà òî÷íîòî /íåñìóòåíîòî/ ðåøåíèå. Íåëîêàëíàòà ãðàíèöà å
ñòðîãà, íî ìîæå äà íå ñúùåñòâóâà èëè ìîæå äà áúäå ïåñèìèñòè÷íà â íÿêîè ñëó÷àè.
Ïåðòóðáàöèîííèòå ãðàíèöè ïîçâîëÿâàò äà ñå ôîðìóëèðàò îöåíêè íà îáóñëîâåíîñòòà
è òî÷íîñòòà íà èç÷èñëåíîòî ðåøåíèå, ïðè èçïîëçâàíå íà óñòîé÷èâ ÷èñëåí àëãîðèòúì
çà ðåøàâàíå íà óðàâíåíèåòî. ×èñëåíèòå åêñïåðèìåíòè ïîêàçâàò, ÷å çà ðàçãëåæäàíèÿ
êëàñ ÷èñëåíè çàäà÷è, ïðåäëîæåíèòå ïåðòóðáàöèîííè ãðàíèöè äàâàò çàäîâîëèòåëíî
òî÷íè îöåíêè íà ãðåøêàòà â ðåøåíèåòî íà óðàâíåíèåòî.

Abstract: In this paper we make a complete perturbation analysis of the nonlinear
matrix equation X + AHX−1A + BHX−1B = I, where A and B are square complex
matrices, AH denotes the complex conjugate transpose of the matrix A and I is the
identity matrix. The matrix equation is related to the problem of solving the system
of linear equations Px = f , when it is transformed to two linear systems with lower
and upper triangular block coe�cient matrix, respectively. The existence of the matrix
decomposition is related to the solution of the equation, considered in the paper. We make
a complete perturbation analysis of the equation, which, to the best of our knowledge,
is the �rst study on the sensitivity of the equation. Local perturbation bounds are
derived using the Fr�echet derivatives. To derive the non-local perturbation bound, the
perturbation analysis problem is written in equivalent form as a matrix equation for the
perturbation in the solution, and the technique of Lyapunov majorants and the �xed
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point principle of Schauder are used. The local bounds are obtained neglecting second
and higher order terms and are only asymptotically valid. For the calculation of the
condition numbers and the local bounds, the technique, based on the theory of additive
operators, must be applied because the function A → AH is not homogeneous. The
non-local bound gives a domain of admissible perturbations and a non-linear function,
which estimates the perturbations in the solution to the equation. The inclusion of the
perturbations to the domain of admissibility guaranties that the perturbed equation has
a unique solution in a neighbourhood of the unperturbed solution. The non-local bound
is rigorous, but may not exist or may be pessimistic in some cases. The perturbation
bounds allow to derive condition and accuracy estimates for the computed solution, when
using a stable numerical algorithm to solve the equation. Numerical experiments show
that for the considered class of numerical problems, the perturbation bounds, proposed,
give satisfactory accurate estimates of the perturbation in the solution to the equation.

[Ã7] Popchev, I., Angelova, V. Residual bound of the matrix equations X ± AH
2X

−1A2

= A1. C. R. Acad. Bulg. Sci., 67, 9, 2014, ISSN:1310-1331, 1217-1222

Ðåçþìå: Ðàçãëåæäàò ñå íåëèíåéíèòå êîìïëåêñíè ìàòðè÷íè óðàâíåíèÿX±AH
2X

−1A2

= A1, êúäåòî A1 å Åðìèòîâî ïîëîæèòåëíî îïðåäåëåíà n × n êîìïëåêñíà ìàòðèöà,
à AH

2 îáîçíà÷àâà êîìïëåêñíî ñïðåãíàòà òðàíñïîíèðàíà /Åðìèòîâî ñïðåãíàòàòà/ íà
A2. Óðàâíåíèÿòà íàìèðàò øèðîêî ïðèëîæåíèå â ðàçëè÷íè îáëàñòè êàòî òåîðèÿ íà
óïðàâëåíèåòî, äèíàìè÷íî ïðîãðàìèðàíå, ñòàòèñòèêà, ñòîõàñòè÷íà ôèëòðàöèÿ. Êàòî
å íàïðàâåíî ïðåäïîëîæåíèåòî, ÷å ñà èçïúëíåíè íåîáõîäèìèòå è äîñòàòú÷íè óñëîâèÿ
çà ñúùåñòâóâàíåòî íà Åðìèòîâî ïîëîæèòåëíî îïðåäåëåíè ðåøåíèÿ íà óðàâíåíèÿ-
òà, å èçâåäåíà ñåìïëà, åôåêòèâíà è ëåñíî èç÷èñëèìà íîðìîâà íåëîêàëíà ãðàíèöà íà
îñòàòú÷íàòà ãðåøêà â èç÷èñëåíèòå ÷ðåç èòåðàöèîíåí àëãîðèòúì ïðèáëèçèòåëíè ðå-
øåíèÿ íà óðàâíåíèÿòà. Ãðàíèöàòà å ñ ïðàêòè÷åñêî çíà÷åíèå çà îöåíêà íà òî÷íîñòòà
íà ïðèáëèæåíîòî ðåøåíèå, ïîëó÷åíî ÷ðåç èòåðàöèîíåí àëãîðèòúì. Åôåêòèâíîñòòà
íà ïðåäëîæåíàòà ãðàíèöà å èëþñòðèðàíà ñ ÷èñëåí ïðèìåð. Ñðàâíåíèåòî ñ èçâåñòíà
â ëèòåðàòóðàòà ãðàíèöà íà îñòàòú÷íàòà ãðåøêà çà óðàâíåíèå X+AH

2X
−1A2 = A1 ïî-

êàçâà ïðåâúçõîäñòâî íà ïðåäëîæåíàòà â ñòàòèÿòà ãðàíèöà ïî îòíîøåíèå íà òî÷íîñò
è îñòðîòà.

Abstract: The nonlinear complex matrix equations X ±AH
2X

−1A2 = A1 are considered,
where A1 is a Hermitian positive de�nite n × n complex matrix and AH

2 denotes the
conjugate transpose of A2. These have wide applications in various areas as control theory,
dynamic programming, statistics, ladder network, stochastic �ltering. Assuming that the
necessary and su�cient conditions for the existence of Hermitian positive de�nite solutions
of the equations are ful�lled, we derive a simple, e�ective and easy computable norm-
wise non-local residual bound for the computed by an iterative algorithm approximate
solutions to the equation. The bound is simple and of a practical use to assess the accuracy
of the approximate solution obtained by an iterative algorithm. The e�ectiveness of the
bound proposed is illustrated by a numerical example. A comparison with a known in the
literature residual bound shows the superiority of the proposed in the paper bound for
equation X + AH

2X
−1A2 = A1 in terms of accuracy and sharpness.
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[Ã8] Popchev, I., Konstantinov, M., Petkov, P., Angelova, V. Norm-wise, mixes and
component-wise condition numbers of matrix equation A0 +

∑k
i=1 σiA

∗
iX

piAi =
0, σi = ±1. Journal of Applied and Computational Mathematics, 13, 1, Azerbai-
jan National Acad Sci, 2014, ISSN:1683-3511, 18-30

Ðåçþìå: Èçâåäåíè ñà íîðìîâè, ñìåñåíè è ïîêîìïîíåíòíè ÷èñëà íà îáóñëîâåíîñò íà

íåëèíåéíîòî ìàòðè÷íî óðàâíåíèå A0 +
k∑

i=1

σiAiX
piAi = 0, σi = ±1, êúäåòî ðåøåíèå-

òî X è êîåôèöèåíòèòå Ai, i = 0, . . . , k ñà ðåàëíè èëè êîìïëåêñíè n × n ìàòðèöè è
k ≥ 2 å ïîëîæèòåëíî öÿëî ÷èñëî. Â äîïúëíåíèå, A0 è X ñà ñèìåòðè÷íè íåîòðèöà-
òåëíî îïðåäåëåíè ìàòðèöè â ðåàëíèÿ ñëó÷àé è Åðìèòîâî íåîòðèöàòåëíî îïðåäåëåíè
ìàòðèöè â êîìïëåêñíèÿ ñëó÷àé. Ñòåïåííèòå ïîêàçàòåëè pi, i = 1, . . . , k ñà ðåàëíè ÷èñ-
ëà. Ñòàòèÿòà å ïðîäúëæåíèå íà [Ã5], êúäåòî å äîêàçàíî ñúùåñòâóâàíåòî íà ðåøåíèå
íà óðàâíåíèåòî, êàêòî è ñà èçâåäåíè ëîêàëíè è íåëîêàëíè ïåðòóðáàöèîííè ãðàíèöè.
Ôîðìóëèðàíè ñà àáñîëþòíè è îòíîñèòåëíè íîðìîâè, ñìåñåíè è ïîêîìïîíåíòíè ÷èñëà
íà îáóñëîâåíîñò çà óðàâíåíèåòî. Äàäåíè ñà èç÷èñëèìè èçðàçè çà ñëó÷àèòå pi = ±r,
pi = ±1/s, è pi = ±r/s, çà r, s ïîëîæèòåëíè öåëè ÷èñëà. Ïðåäëîæåíè ñà ãîðíè ãðàíè-
öè íà ñìåñåíèòå è ïîêîìïîíåíòíèòå ÷èñëà íà îáóñëîâåíîñò çà ðåàëíîòî óðàâíåíèå.
×èñëàòà íà îáóñëîâåíîñò ñà ìÿðêà çà ÷óâñòâèòåëíîñòòà íà ðåøåíèåòî êúì ñìóùåíèÿ
â äàííèòå è ó÷àñòâàò âúâ ôîðìóëèðàíåòî íà ïåðòóðáàöèîííè ãðàíèöè çà èç÷èñëå-
íîòî ðåøåíèå. Îò ñâîÿ ñòðàíà, ïåðòóðáàöèîííèòå ãðàíèöè ñà åëåìåíò îò âèñîêîï-
ðîèçâîäèòåëíèòå èç÷èñëåíèÿ. Çà çàäà÷è, ïðè êîèòî äàííèòå âàðèðàò çíà÷èòåëíî ïî
ãîëåìèíà, ÷åñòî å ïî-äîáðå äà ñå èçïîëçâàò îòíîñèòåëíè ÷èñëà íà îáóñëîâåíîñò. Êî-
ãàòî ñìóùåíèÿòà ñå ðàçëè÷àâàò çíà÷èòåëíî â êîìïîíåíòèòå, å ïîëåçíî äà ñå ïðèëîæè
ïîêîìïîíåíòíèÿò àíàëèç, òúé êàòî íîðìîâèòå ãðàíèöè, êîèòî äàâàò ìÿðêà, ñúîòâåò-
ñòâàùà ñàìî çà íàé-ãîëåìèòå ñìóùåíèÿ, áèõà áèëè ïåñèìèñòè÷íè çà ñòðóêòóðèðàíè
è ïî-ìàëêè ñìóùåíèÿ. Ñìåñåíèòå ÷èñëà íà îáóñëîâåíîñò äàâàò ïî-òî÷íè îöåíêè çà
çàäà÷è ñ ðàçðåäåíè ìàòðèöè íà äàííèòå /èìàò íÿêîè íóëåâè êîìïîíåíòè/, òúé êàòî
îáèêíîâåíî íå ñå íàòðóïâàò ãðåøêè îò çàêðúãëÿâàíå â íóëåâèòå åëåìåíòè íà äàííèòå.
×èñëåíè ïðèìåðè ïîêàçâàò, ÷å îöåíêèòå ñà äîñòà îñòðè.

Abstract: This paper set out to determine norm-wise, mixed and component-wise condi-

tion numbers of the nonlinear matrix equation A0 +
k∑

i=1

σiAiX
piAi = 0, σi = ±1, where

the solution X and the coe�cients Ai, i = 0, . . . , k are real or complex n×n matrices and
k ≥ 2 is a positive integer. In addition, A0 and X are symmetric non-negative de�nite
matrices in the real case and Hermitian non-negative de�nite matrices in the complex
case. The exponents pi, i = 1, . . . , k are real numbers. The paper is a sequel to [Ã5],
where the existence of solution to the equation was studied, as well as local and non-local
perturbation bounds are derived. In this paper we obtain absolute and relative norm-wise,
mixed and component-wise condition numbers for the equation. Explicit expressions for
the cases pi = ±r, pi = ±1/s, and pi = ±r/s, for r, s positive integers are given. Upper
bounds of the mixed and the component-wise condition numbers for the real equation
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are proposed. The condition numbers are measures for the sensitivity of the solution to
perturbations in the data and are involved in the formulation of perturbation bounds
for the computed solution. In turn, the perturbation estimates are elements of the high-
performance computations. For problems which data di�er widely in their magnitude,
it is often better to use the relative condition numbers. When the perturbations di�er
signi�cantly in the components it is useful to apply the component-wise analysis, since
the norm-wise bounds giving relevant measure only for the largest perturbations, would
be pessimistic for structured and smaller perturbations. The mixed condition numbers
give sharper estimates for problems with data, having some zero components, because
usually no rounding errors are introduced in the zero data elements. Numerical examples
show that the estimates are fairly sharp.

[Ã9] Angelova, V. Local Perturbation Analysis of the Stochastic Matrix Riccati
Equation with Applications in Finance. Advanced Computing in Industrial
Mathematics. Studies in Computational Intelligence, 728, Springer Internatio-
nal Publishing, 2018, ISBN:978-3-319-65529-1, ISSN:1860-949X, DOI:10.1007/
978-3-319-65530-7_1, 1-9

Ðåçþìå: Ñòîõàñòè÷íàòà ëèíåéíî êâàäðàòè÷íà îïòèìèçàöèÿ /SLQ/ êàòî ïîäõîä çà
óïðàâëåíèå ñå å äîêàçàëà, ÷å äàâà åôåêòèâíè è ïîäõîäÿùè ðåøåíèÿ íà èíâåñòèöè-
îííèòå ïðîáëåìè âúâ ôèíàíñèòå. Ìàòðè÷íîòî óðàâíåíèå íà Ðèêàòè, ñâúðçàíî ñúñ
ñòîõàñòè÷íàòà ëèíåéíî êâàäðàòè÷íàòà îïòèìèçàöèÿ SLQ, å ñòîõàñòè÷íîòî ìàòðè÷íî
óðàâíåíèå íà Ðèêàòè /SMRE/. Äîêîëêîòî íè å èçâåñòíî, ÷óâñòâèòåëíîñòòà íà SMRE
âñå îùå íå å àíàëèçèðàíà. Â ñòàòèÿòà å íàïðàâåí ëîêàëåí ïåðòóðáàöèîíåí àíàëèç íà
ñòîõàñòè÷íîòî ìàòðè÷íî óðàâíåíèå íà Ðèêàòè /SMRE/ ñ ïðèëîæåíèÿ â ëèíåéíàòà
êâàäðàòè÷íà îïòèìèçàöèÿ íà ñòîõàñòè÷íèòå ôèíàíñîâè ìîäåëè. Ñëåä çàïèñâàíà íà
SMRE â åêâèâàëåíòíà ôîðìà íà àôèíåí ëèíååí îïåðàòîð è ïðèëàãàíå íà òåõíèêèòå
íà ïðîèçâîäíèòå íà Ôðåøå, ñà èçâåäåíè àáñîëþòíè è îòíîñèòåëíè íîðìîâè ÷èñëà íà
îáóñëîâåíîñò è å ôîðìóëèðàíà ëîêàëíà (ïúðâè ðåä) ãðàíèöà çà ãðåøêàòà â èç÷èñëå-
íîòî ðåøåíèå íà óðàâíåíèåòî. ×èñëàòà íà îáóñëîâåíîñò è ïåðòóðáàöèîííàòà ãðàíèöà
ïîçâîëÿâàò äà ñå îöåíè îáóñëîâåíîñòòà íà SMRE è òî÷íîñòòà íà íåãîâîòî èç÷èñëåíî
÷ðåç ÷èñëåíî óñòîé÷èâ àëãîðèòúì ðåøåíèå.

Abstract: The stochastic linear quadratic /SLQ/ control approach proves to give e�ective
and appropriate solutions to investment problems in �nance. The matrix Riccati equation
subject to the SLQ problem, is the stochastic matrix Riccati equation /SMRE/. From the
best of our knowledge the sensitivity of the SMRE is still not analyzed. In this paper a local
perturbation analysis of the stochastic matrix Riccati equation /SMRE/ with applications
in linear quadratic optimization of stochastic �nance models is made. Rewriting the
SMRE in equivalent form of a�ne linear operators and applying the techniques of Fr�echet
derivatives, absolute and relative norm-wise condition numbers are derived and local (�rst
order) perturbation bounds for the error in the computed solution are formulated. The
condition numbers and the perturbation bounds allow to estimate the conditioning of the
SMRE and the accuracy of its computed by a numerical stable algorithm solution.
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[Ã10] Angelova, V. Perturbation analysis of a nonlinear matrix equation arising
in tree-like stochastic processes. Studies in Computational Intelligence, 793,
Springer Nature Switzerland AG, 2019, ISSN:1860-949X, E-ISSN:1860-9503,
DOI:10.1007/978-3-319-97277-0_4, 37-50

Ðåçþìå: Ðåøåíèåòî, èç÷èñëåíî â ñðåäàòà íà ìàøèííàòà àðèòìåòèêà ñ êðàéíà òî÷-
íîñò, òðÿáâà äà áúäå ïðèäðóæåíî îò àíàëèç íà îáóñëîâåíîñòòà íà ðåøàâàíàòà çà-
äà÷à. Â ðåçóëòàò íà ïåðòóðáàöèîííèÿ àíàëèç ñå èçâåæäàò ìåðêè çà ÷óâñòâèòåë-
íîñòòà íà ðåøåíèåòî êúì ñìóùåíèÿ â ìàòðè÷íèòå êîåôèöèåíòè. Ïî òàçè ïðè÷èíà,
çà äà ñå óñòàíîâè òî÷íîñòòà íà èç÷èñëåíîòî ñ èòåðàöèîíåí àëãîðèòúì ðåøåíèå íà
íåëèíåéíîòî ìàòðè÷íî óðàâíåíèå, âúçíèêâàùî â äúðâîâèäíè ñòîõàñòè÷íè ïðîöåñè
X = Φ(S), Φ(S) = C −

∑m
i=1AiX

−1Di, ñ S = (A1, A2, . . . , Am, D1, D2, . . . , Dm, C) ∈
Ψ = Rn×n × Rn×n × · · · × Rn×n︸ ︷︷ ︸

2m+1

� (2m + 1)-ãðóïà íà êîëåêöèÿòà îò ìàòðè÷íè êîå-

ôèöèåíòè Ai, Di, C ∈ Rn×n çà i = 1, . . . ,m è X ∈ Rn×n � íåñèíãóëÿðíî ðåøåíèå,
â ñòàòèÿòà ñà ôîðìóëèðàíè íîðìîâè, ñìåñåíè è ïîêîìïîíåíòíè ÷èñëà íà îáóñëîâå-
íîñò, êàêòî è ëîêàëíè ïåðòóðáàöèîííè ãðàíèöè. Ñ ïîìîùòà íà ìåòîäèòå íà íåëè-
íåéíèÿ ïåðòóðáàöèîíåí àíàëèç (ìàæîðàíòè íà Ëÿïóíîâ, ïðèíöèïè íà ôèêñèðàíàòà
òî÷êà) ñà ïîëó÷åíè è íîðìîâè íåëîêàëíè ãðàíèöè íà îñòàòú÷íàòà ãðåøêà â ðåøåíèå-
òî. Ãðàíèöèòå íà îñòàòú÷íàòà ãðåøêà ñà ôîðìóëèðàíè ïî îòíîøåíèå íà èç÷èñëåíîòî
ïðèáëèçèòåëíî ðåøåíèå íà óðàâíåíèåòî è ìîãàò äà ñå èçïîëçâàò êàòî ñòîï êðèòåðèè
íà èòåðàöèèòå, ïðè ðåøàâàíå íà ðàçãëåæäàíîòî íåëèíåéíî ìàòðè÷íî óðàâíåíèå ÷ðåç
÷èñëåíî óñòîé÷èâ èòåðàöèîíåí àëãîðèòúì.

Abstract: The solution, obtained in the environment of �nite precision machine arithmetic
must be allays accompanied by an analysis of the conditioning of the problem solved. The
perturbation analysis derives measures for the sensitivity of the solution to perturbations
in the matrix coe�cients. Motivated by these, in order to ascertain the accuracy of an
iteratively calculated solution to a nonlinear matrix equation arising in Tree-like stochastic
processe X = Φ(S), Φ(S) = C−

∑m
i=1AiX

−1Di, with S = (A1, A2, . . . , Am, D1, D2, . . . ,
Dm, C) ∈ Ψ = Rn×n × Rn×n × · · · × Rn×n︸ ︷︷ ︸

2m+1

� the (2m+1)-tuple of the collection of matrix

coe�cients Ai, Di, C ∈ Rn×n for i = 1, . . . ,m and X ∈ Rn×n � a nonsingular solution,
in this paper norm-wise, mixed and component-wise condition numbers, as well as local
perturbation bounds are formulated and norm-wise non-local residual bounds are derived
using the methods of nonlinear perturbation analysis (Fr�echet derivatives, Lyapunov
majorants, �xed-point principles). The residual bounds are formulated in terms of the
computed approximate solution to the equation and can be used as a stop criteria of the
iterations, when solving the considered nonlinear matrix equation by a numerically stable
iterative algorithm.
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[Ã11] Angelova, V. Non-local perturbation analysis for equation arising in Tree-Like
stochastic processes. Advanced Computing in Industrial Mathematics, Studies
in Computational Intelligence, 961, Springer, Cham, 2021, ISBN:978-3-030-
71615-8, DOI:10.1007/978-3-030-71616-5_3, 16-25

Ðåçþìå: Çà íåëèíåéíî ìàòðè÷íî óðàâíåíèå, âúçíèêâàùî ïðè äúðâîâèäíè ñòîõàñ-
òè÷íè ïðîöåñè â [Ã10] ñà ôîðìóëèðàíè íîðìîâè, ñìåñåíè è ïîêîìïîíåíòíè ÷èñëà
íà îáóñëîâåíîñò, êàêòî è ëîêàëíè ïåðòóðáàöèîííè ãðàíèöè è ñà èçâåäåíè íîðìî-
âè íåëîêàëíè ãðàíèöè íà îñòàòú÷íàòà ãðåøêà. Ëîêàëíèòå ãðàíèöè ñà âàëèäíè ñàìî
àñèìïòîòè÷íî. Îãðàíè÷åíèåòî åêâèâàëåíòíîòî ñìóùåíèå â äàííèòå äà áúäå äîñòà-
òú÷íî ìàëêî, çà äà ñå îñèãóðè ïðèëîæèìîñò â äîñòàòú÷íà òî÷íîñò íà ëîêàëíàòà
ãðàíèöà, å íåäîñòàòúê íà ëîêàëíàòà ãðàíèöà, êîéòî ñå ïðåîäîëÿâà ñ íåëîêàëíàòà
ïåðòóðáàöèîííà ãðàíèöà. Êàòî ïðîäúëæåíèå íà ïðåäèøíèòå ðåçóëòàòè, â òàçè ñòà-
òèÿ å ôîðìóëèðàíà íåëîêàëíà ïåðòóðáàöèîííà ãðàíèöà çà ðåøåíèåòî íà íåëèíåéíîòî
ìàòðè÷íî óðàâíåíèå, âúçíèêâàùî â äúðâîâèäíèòå ñòîõàñòè÷íè ïðîöåñè. Ãðàíèöàòà
å ôîðìóëèðàíà ñ ïîìîùòà íà ìåòîäèòå íà ìàæîðàíòèòå íà Ëÿïóíîâ è ïðèíöèïèòå
íà ôèêñèðàíàòà òî÷êà. Íåëîêàëíàòà ãðàíèöà å ïî-ïåñèìèñòè÷íà îò ëîêàëíàòà ãðà-
íèöà, òúé êàòî òÿ âêëþ÷âà â ñåáå ñè îñâåí ëîêàëíàòà ãðàíèöà è ìÿðêà çà åëåìåíòèòå
îò âòîðè è ïî-âèñîê ðåä. Íî å âàëèäíà çà ñìóùåíèÿ â äàííèòå, ïðèíàäëåæàùè êúì
àïðèîðè çàäàäåíà îáëàñò, êîåòî ãàðàíòèðà ñúùåñòâóâàíåòî íà ðåøåíèå íà ñìóòåíîòî
óðàâíåíèå â îêîëíîñò íà òî÷íîòî ðåøåíèå.

Abstract: For a nonlinear matrix equation arising in Tree-like stochastic processes in
[Ã10] norm-wise, mixes and component-wise condition numbers, as well as local perturbation
bounds are formulated and norm-wise non-local residual bounds are derived. The local
bounds are valid only asymptotically. The exigence to be small enough for the perturbations
in the data in order to ensure su�cient accuracy of the local bound is an disadvantage of
the local bound which is overcome in the non-local perturbation bound. As a continuation
of the previous results, in this paper a non-local perturbation bound for the solution to
the nonlinear matrix equation arising in Tree-like stochastic processes is formulated using
the techniques of Fr�echet derivatives and the methods of Lyapunov majorants and �xed-
point principles. The non-local bound is more pessimistic than the local bound, but it is
formulated for data perturbations included in a given a priori prescribed domain which
guarantees the existence of the solution to the perturbed equation in a neighborhood of
the exact solution.

[Ã12] Popchev, I., Ketipov, R., Angelova, V. Risk Averseness and Emotional Stability
in e-Commerce. Cybernetics and Information Technologies, 21, 3, Prof. Marin
Drinov Academic Publishing House, 2021, ISSN:1314 4081, DOI:10.2478/cait-
2020-0030, 73-84

Ðåçþìå: Èçñëåäâà ñå âðúçêàòà ìåæäó åìîöèîíàëíàòà ñòàáèëíîñò, åäíà îò îñíîâíèòå
äåòåðìèíàíòè íà ëè÷íîñòòà, è íåæåëàíèåòî íà ïîòðåáèòåëèòå äà ðèñêóâàò, îò åäíà
ñòðàíà, è ïîâåäåíèåòî íà ïîòðåáèòåëèòå â îáëàñòòà íà åëåêòðîííàòà òúðãîâèÿ, îò
äðóãà ñòðàíà. Ïðåäëîæåí å êðàòúê ïðåãëåä íà äíåøíèÿ îñíîâåí åòàëîí çà èçìåðâàíå
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íà ÷îâåøêàòà ëè÷íîñò � Ìîäåëúò íà Ãîëåìèòå ïåò. Ïðîâåäåíî å òåñòîâî ïðîó÷âàíå çà
öåëèòå íà èçñëåäâàíåòî, áàçèðàíî íà TIPI òåñò ñ 226 ó÷àñòíèöè. Òåñòúò TIPI å âàëèäè-
ðàíà è ñúêðàòåíà âåðñèÿ íà ïåòôàêòîðíèÿ ìîäåë. Ðåçóëòàòúò îò ïðîâåäåíîòî ïðîó÷-
âàíå ïîòâúðæäàâà íàëè÷èåòî íà çíà÷èìè âðúçêè ìåæäó ëè÷íîñòíî-äåòåðìèíàíòíàòà
åìîöèîíàëíà ñòàáèëíîñò è èíôîðìèðàíîñòòà çà ïîòðåáèòåëñêèÿ ðèñê, îò åäíà ñòðà-
íà, è íÿêîè îò íàáëþäàâàíèòå îñíîâíè ôóíêöèîíàëíîñòè íà îíëàéí ìàãàçèíèòå, îò
äðóãà. Ðåàëèçèðàíè ñà äâà ðåãðåñèîííè ìîäåëà îò îáëàñòòà íà ìàøèííîòî îáó÷åíèå
(Ëèíåéíà ðåãðåñèÿ /Linesr Regression/ è Ñëó÷àéíà ãîðà /Random Forest/), çà äà ñå
íàïðàâè íàäåæäíà ïðîãíîçà çà ïðåäïî÷èòàíèÿòà íà ïîòðåáèòåëÿ â ïðîöåñà íà îíëàéí
ïàçàðóâàíå. Íàïðàâåíèòå èçâîäè îáîáùàâàò ïîëó÷åíèòå ðåçóëòàòè è àíàëèçà.

Abstract: The study aims to examine the issue of the relationship between Emotional
stability, one of the fundamental personality determinants, and users' Risk Averseness,
on the one hand, and user behavior in the �eld of e-commerce, on the other hand.
In the beginning, a brief overview of today's primary benchmark for the measurement
of human personality � the Big Five Model is proposed. For the aim of the research,
based on the TIPI test study with 226 participants is conducted. The TIPI test is a
validated and abridged version of the Five-Factor model. The result of the conducted
survey con�rms the existence of signi�cant relationships between personality determinant
Emotional stability and consumer Risk awareness, on one side, and some of the observed
main functionalities of the online stores, on the other side. Two regression models of the
�eld of Machine Learning (Linear Regression and Random Forest) are implemented to
make a reliable forecast about the user's preferences in the process of online shopping.
The made conclusions rely on the obtained results and analysis.

[Ã13] Angelova, V. Sensitivity of the nonlinear matrix equation Xp = A + M(B +
X−1)−1M∗. Advanced Computing in Industrial Mathematics, . BGSIAM 2020.
Studies in Computational Intelligence, 1076, Springer, Cham, 2023, ISSN:1860-
949X, DOI:10.1007/978-3-031-20951-2_1, 1-11

Ðåçþìå: Ñòàòèÿòà ðàçãëåæäà ÷óâñòâèòåëíîñòòà íà íåëèíåéíîòî ìàòðè÷íî óðàâíå-
íèå F (X,Q) := Xp − A −M(B + X−1)−1M∗ = 0, çà ïîëîæèòåëíî öÿëî ÷èñëî p ≥ 1.
Çà ñëó÷àÿ p = 1, óðàâíåíèåòî å äîáðå ïîçíàòîòî â òåîðèÿ íà óïðàâëåíèåòî, ñòîõàñ-
òè÷íàòà ôèëòðàöèÿ, äèíàìè÷íîòî ïðîãðàìèðàíå ñèìåòðè÷íî äèñêðåòíî àëãåáðè÷íî
ìàòðè÷íî óðàâíåíèå íà Ðèêàòè X = MX(I+BX)−1M∗+A è êîãàòî B = 0, ñòàâà äèñ-
êðåòíî àëãåáðè÷íî ìàòðè÷íî óðàâíåíèå íà Ëÿïóíîâ /èëè óðàâíåíèåòî íà Åðìèòèàí
Ùàéí/ X = M∗XM+A, ñ A = A∗, âúçíèêâàùè ïðè îáðàáîòêàòà íà ñèãíàëè è òåîðèÿ
íà óïðàâëåíèåòî íà ñèñòåìè. Ïðèëàãàéêè ëîêàëíèÿ è íåëîêàëíèÿ ïåðòóðáàöèîíåí
àíàëèç, áàçèðàíè íà òåõíèêèòå íà ïðîèçâîäíèòå íà Ôðåøå, ìåòîäà íà ìàæîðàíòè-
òå íà Ëÿïóíîâ è ïðèíöèïà íà ôèêñèðàíàòà òî÷êà íà Øàóäåð, ñà èçâåäåíè ëîêàëíè
è íåëîêàëíè ïåðòóðáàöèîííè ãðàíèöè. Ëîêàëíèòå ãðàíèöè ñà ãðàíèöè íà ãðåøêèòå
îò ïúðâè ðåä â ðåøåíèåòî X, ôîðìóëèðàíè íà áàçàòà íà àáñîëþòíè è îòíîñèòåëíè
÷èñëà íà îáóñëîâåíîñò íà óðàâíåíèåòî è âàëèäíè ñàìî àñèìïòîòè÷íî çà äîñòàòú÷-
íî ìàëêè ñìóùåíèÿ â äàííèòå. Ôîðìóëèðàíàòà íåëîêàëíà ïåðòóðáàöèîííà ãðàíèöà
âêëþ÷âà ëîêàëíàòà ãðàíèöà, êàêòî è ÷ëåíîâå îò âòîðè ðåä íà ñìóùåíèÿòà â äàííèòå,
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ïðèíàäëåæàùè êúì äàäåíà àïðèîðíî îïðåäåëåíà îáëàñò, êîåòî ãàðàíòèðà ñúùåñòâó-
âàíåòî íà åäèíñòâåíî ðåøåíèå íà ñìóòåíîòî óðàâíåíèå â îêîëíîñòòà íà íåñìóòåíîòî
òî÷íîòî ðåøåíèå. ×èñëåíèòå ïðèìåðè èëþñòðèðàò åôåêòèâíîñòòà íà ïðåäëîæåíèòå
ïåðòóðáàöèîííè ãðàíèöè.

Abstract: The paper deals with the sensitivity of the nonlinear matrix equation F (X,Q)
:= Xp −A−M(B +X−1)−1M∗ = 0, for a positive integer p ≥ 1. For the case p = 1, the
equation is the well known in control theory, stochastic �ltering, dynamic programming
and ladder network symmetric discrete-time algebraic Riccati equation X = MX(I +
BX)−1M∗+A and when B = 0, it becomes the discrete-time algebraic Lyapunov equation
/or Hermitian Stein equation/X = M∗XM+A, with A = A∗, arising in signal processing,
system and control theory. Applying the local and the nonlocal perturbation analysis,
based on the techniques of Fr�echet derivatives, the method of Lyapunov majorants and
Schauder �xed point principle, local and nonlocal perturbation bounds are derived. The
local bounds are �rst order perturbation bounds for the error in the solutionX, formulated
on the base of absolute and relative condition numbers of the equation and valid only
asymptotically for su�ciently small perturbations in the data. The formulated nonlocal
perturbation bound involves the local bound, as well as terms of second order of the
perturbations in the data included in a given a priori prescribed domain that guarantees
the existence of a unique solution to the perturbed equation in a neighborhood of the
unperturbed solution. Numerical examples illustrate the e�ectiveness of the perturbation
bounds proposed.

[Ã14] Ketipov, R., Angelova, V., Doukovska, L., Schnalle, R. Predicting User Beha-
vior in E-Commerce Using Machine Learning. Cybernetics and Information
Technologies, 23, 3, Institute of Information and Communication Technologies,
Bulgarian Academy of Sciences, 2023, ISSN:1311-9702, DOI:10.2478/cait-2023-
0026, 89-101

Ðåçþìå: Óíèêàëíèòå ÷åðòè íà âñåêè ÷îâåê ñúäúðæàò öåííè ïðîçðåíèÿ çà íåãîâîòî
ïîòðåáèòåëñêî ïîâåäåíèå, êîåòî ïîçâîëÿâà íà ó÷åíèòå è åêñïåðòèòå îò èíäóñòðèÿòà
äà ðàçðàáîòÿò èíîâàòèâíè ìàðêåòèíãîâè ñòðàòåãèè, ïåðñîíàëèçèðàíè ðåøåíèÿ è ïî-
äîáðåí ïîòðåáèòåëñêè îïèò. Òîâà èçñëåäâàíå ïðåäñòàâÿ êîíöåïòóàëíà ðàìêà, êîÿòî
èçñëåäâà âðúçêàòà ìåæäó îñíîâíèòå èçìåðåíèÿ íà ëè÷íîñòòà è ñòèëîâåòå íà îíëàéí
ïàçàðóâàíå íà ïîòðåáèòåëèòå. ×ðåç èçïîëçâàíåòî íà òåñòà TIPI, íàäåæäíà è âàëèäè-
ðàíà àëòåðíàòèâà íà ïåòôàêòîðíèÿ ìîäåë, ñå óñòàíîâÿâàò èíäèâèäóàëíè ïîòðåáèòåë-
ñêè ïðîôèëè. Ðåçóëòàòèòå ðàçêðèâàò çíà÷èòåëíà âðúçêà ìåæäó êëþ÷îâè ëè÷íîñòíè
÷åðòè è ñïåöèôè÷íè ôóíêöèîíàëíîñòè çà îíëàéí ïàçàðóâàíå. Çà äà ñå ïðîãíîçèðàò
òî÷íî íóæäèòå, î÷àêâàíèÿòà è ïðåäïî÷èòàíèÿòà íà êëèåíòèòå â Èíòåðíåò, â ñòàòèÿ-
òà ñå ïðåäëàãà âíåäðÿâàíåòî íà äâà ìîäåëà çà ìàøèííî îáó÷åíèå, à èìåííî Äúðâî íà
ðåøåíèÿòà /Decision Trees/ è Ñëó÷àéíà ãîðà /Random Forest/. Ñïîðåä ïðèëîæåíèòå
ïîêàçàòåëè çà îöåíêà è äâàòà ìîäåëà äåìîíñòðèðàò äîáðè ïðîãíîçè çà ïîâåäåíèåòî
íà ïîòðåáèòåëèòå âúç îñíîâà íà òÿõíàòà ëè÷íîñò.

Abstract: Each person's unique traits hold valuable insights into their consumer behavior,
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allowing scholars and industry experts to develop innovative marketing strategies, persona-
lized solutions, and enhanced user experiences. This study presents a conceptual framework
that explores the connection between fundamental personality dimensions and users'
online shopping styles. By employing the TIPI test, a reliable and validated alternative
to the Five-Factor model, individual consumer pro�les are established. The results reveal
a signi�cant relationship between key personality traits and speci�c online shopping
functionalities. To accurately forecast customers' needs, expectations, and preferences
on the Internet, we propose the implementation of two Machine Learning models, namely
Decision Trees and Random Forest. According to the applied evaluation metrics, both
models demonstrate �ne predictions of consumer behavior based on their personality.

[Ã15] Konstantinov, M., Petkov, P., Pelova, G., Angelova, V. Perturbation analysis
of di�erential and di�erence matrix quadratic equations: A survey. Proc.
of the Bulgarian-Turkish-Ukrainian Scienti�c Conf. Mathematical analysis,
di�erential equations and their applications, Sunny Beach, Sept. 15-20, 2010,
Editors A. Andreev, L. Karandzulov, Academic Publishing House �Prof. Marin
Drinov�½ 2011, ISBN:978-954-322454-8, 101-110

Ðåçþìå: Ìàòðè÷íèòå êâàäðàòè÷íè óðàâíåíèÿ (äèôåðåíöèàëíè, äèôåðåí÷íè è àë-
ãåáðè÷íè) èìàò ìíîãî ïðèëîæåíèÿ â îáëàñòòà íà íàóêàòà è òåõíèêàòà, îñîáåíî â
îïòèìàëíîòî óïðàâëåíèå, ðîáàñòíîòî óïðàâëåíèå è ôèëòðàöèÿòà. Â ñúùîòî âðåìå
÷óâñòâèòåëíîñòòà íà òåõíèòå ðåøåíèÿ ïî îòíîøåíèå íà ñìóùåíèÿòà â ñúîòâåòíèòå
ìàòðè÷íè êîåôèöèåíòè íå ñà ïðîó÷åíè â äîñòàòú÷íà ñòåïåí, âúïðåêè ÷å ñà ïîëîæå-
íè ãîëåìè óñèëèÿ â òàçè ïîñîêà. Äèôåðåíöèàëíèòå è íåïðåêúñíàòèòå àëãåáðè÷íè
ìàòðè÷íè êâàäðàòè÷íè óðàâíåíèÿ âúçíèêâàò åñòåñòâåíî ïðè ìîäåëèðàíå íà íåïðå-
êúñíàòè äèíàìè÷íè ñèñòåìè. Òåõíèòå äèñêðåòíè ñúîòâåòñòâèÿ, êîãàòî ñå àíàëèçèðàò
äèíàìè÷íè ñèñòåìè ñ äèñêðåòíî âðåìå. Äèôåðåí÷íèòå óðàâíåíèÿ âúçíèêâàò è ïðè
ïðèëàãàíåòî íà ÷èñëåíè ìåòîäè çà ðåøàâàíå íà äèôåðåíöèàëíè ìàòðè÷íè óðàâíåíèÿ.
Â ñòàòèÿòà å ïðåäñòàâåíî êðàòêî ïðîó÷âàíå íà ðåçóëòàòèòå, ïîëó÷åíè â îáëàñòòà íà
àíàëèçà íà ñìóùåíèÿ íà òàêèâà óðàâíåíèÿ. Â ðåäêè ñëó÷àè å âúçìîæíî äà ñå äîêàæå,
÷å åäíà ïåðòóðáàöèîííà ãðàíèöà âèíàãè å ïî-äîáðà îò äðóãà ïåðòóðáàöèîííà ãðàíè-
öà, âúïðåêè ÷å òàêèâà ðåçóëòàòè ñà èçâåñòíè. Ñðàâíåíèÿòà îáèêíîâåíî ñå ïðàâÿò íà
êîíêðåòíè ïðèìåðè çà ìàòðè÷íè óðàâíåíèÿ ñ èçâåñòíè (ðåôåðåíòíè) ðåøåíèÿ. Êàòî
ïðàâèëî ïåðòóðáàöèîííèòå ãðàíèöè, ïîëó÷åíè îò ðàçëè÷íè àâòîðè è èçâåäåíè ÷ðåç
ïðèëàãàíåòî íà ðàçëè÷íèòå òåõíèêè ñà àëòåðíàòèâíè, ò.å. íèêîÿ ãðàíèöà íå å âèíàãè
ïî-äîáðà îò äðóãè èçâåñòíè ãðàíèöè.

Abstract: Matrix quadratic equations (di�erential, di�erence and algebraic) have many
applications in science and engineering, especially in optimal control, robust control and
�ltering. At the same time the sensitivity of their solutions relative to perturbations in
the corresponding matrix coe�cients has not been studied to a su�cient extent although
a great e�ort has been made in this direction. Di�erential and continuous�time algebraic
matrix quadratic equations arise naturally when modeling continuous�time dynamical
systems. Their discrete counterparts when discrete-time dynamical systems are analyzed.
Di�erence equations arise also in the implementation of numerical methods for solving
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di�erential matrix equations. In this paper we present a brief survey on results obtained
in the area of perturbation analysis of such equations. In rare cases it is possible to prove
that one perturbation bound is always better than another perturbation bound, although
such results are known. Comparisons are usually made on particular examples of matrix
equations with known (reference) solutions. As a rule the perturbation bounds obtained
by di�erent authors and by di�erent techniques are alternative, i.e. no bound is always
superior to the other known bounds.

[Ã16] Popchev, I., Angelova, V. Improved residual bound of the matrix equation
X+AH

2 X
−1A2 = A1. Proc. of the Int. workshop on Advanced control an optimi-

zation: Step ahead `2014 /ACOSA'2014/, Bankya, Bulgaria, 8-10 May 2014,
2014, ISSN:1314-4634, DOI:10.13140/2.1.3682.8965, 1-3

Ðåçþìå: Ðàçãëåæäà ñå íåëèíåéíîòî êîìïëåêñíî ìàòðè÷íî óðàâíåíèåX+AH
2X

−1A2 =
A1, êúäåòî A1 å Åðìèòîâî ïîëîæèòåëíî îïðåäåëåíà n× n êîìïëåêñíà ìàòðèöà, A2 å
êîìïëåêñíà ìàòðèöà îò ðåä n è AH

2 å íåéíàòà êîìïëåêñíî ñïðåãíàòà òðàíñïîíèðàíà
/Åðìèòîâî ñïðåãíàòàòà/ è X å Åðìèòîâî ïîëîæèòåëíî îïðåäåëåíî ðåøåíèå. Òîâà
óðàâíåíèå íàìèðà øèðîêî ïðèëîæåíèå â ðàçëè÷íè îáëàñòè êàòî òåîðèÿ íà óïðàâëå-
íèåòî, äèíàìè÷íî ïðîãðàìèðàíå, ñòàòèñòèêà, ñòîõàñòè÷íà ôèëòðàöèÿ. Òîâà îïðåäå-
ëÿ èíòåðåñà íà ìíîãî àâòîðè êúì óðàâíåíèåòî. Â òàçè ñòàòèÿ å èçâåäåíà åëåãàíòíà,
åôåêòèâíà è ëåñíî èç÷èñëèìà íîðìîâà íåëîêàëíà ãðàíèöà íà îñòàòú÷íàòà ãðåøêà â
èç÷èñëåíîòî ÷ðåç èòåðàöèîíåí àëãîðèòúì ïðèáëèçèòåëíî ðåøåíèå íà óðàâíåíèåòî.
Ãðàíèöàòà íà îñòàòú÷íàòà ãðåøêà ìîæå äà ñå èçïîëçâà çà îöåíêà íà òî÷íîñòòà íà
ïðèáëèæåíîòî ðåøåíèå â èòåðàöèîííà ïðîöåäóðà.

Abstract: We consider the nonlinear complex matrix equation X + AH
2X

−1A2 = A1,
where A1 is a Hermitian positive de�nite n× n complex matrix, A2 is a complex matrix
of order n and AH

2 is its complex conjugate transpose and X is the Hermitian positive
de�nite solution. This equation �nds wide applications in various areas as control theory,
dynamic programming, statistics, ladder network, stochastic �ltering. This determines
the interest of many authors to the equation. In this paper we derive a simple, e�ective
and easy computable norm-wise non-local residual bound for the computed by an iterative
algorithm approximate solution to the equation. The residual bound can be used to assess
the accuracy of the approximate solution in an iterative procedure.

[Ã17] Popchev, I., Angelova, V. Residual bound of the matrix equations X = A1 +
σAH

2 X
−2)A2, σ = ±1. Proc. of the Int. Conf. on Big Data, Knowledge and

Control Systems Engineering /BdKCSE'2014/, So�a, Bulgaria, 5 November
2014, p. 19 � 22, Edt. R. Andreev, John Atanaso� Society of Automatics and
Informatics, 2014, ISSN:2367-6450, DOI:10.13140/2.1.5026.3849, 19-22

Ðåçþìå: Èçâåäåíà å ïåðòóðàöèîííà ãðàíèöà íà îñòàòú÷íàòà ãðåøêà â ðåøåíèÿòà íà
íåëèíåéíèòå êîìïëåêñíè ìàòðè÷íè óðàâíåíèÿX = A1+σA

H
2X

−2A2, σ = ±1 ïî ìåòîäà
íà ìàæîðàíòèòå íà Ëÿïóíîâ è ïðèíöèïèòå íà ôèêñèðàíàòà òî÷êà. Åôåêòèâíîñòòà
íà ãðàíèöèòå å èëþñòðèðàíà ñ öèôðîâ ïðèìåð îò ðåä 5.
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Abstract: Residual bound for the non-linear complex matrix equations X = A1 +
σAH

2X
−2A2, σ = ±1 is derived using the method of the Lyapunov majorants and the

technique of the �xed point principles. The e�ectiveness of the bound is illustrated by a
numerical example of order 5.

[Ã18] Popchev, I., Angelova, V. Residual bounds of the nonlinear matrix equation
X + A∗F (X)A = Q. International Journal of Data Science, 1, 4, Inderscience
publichers, 2016, ISSN:2053-0811, DOI:10.1504/IJDS.2016.081370, 340-352

Ðåçþìå: Ñòàòèÿòà å ïðåðàáîòåíà è ðàçøèðåíà âåðñèÿ íà [Ã17]. Ðàçãëåæäà ñå íåëè-
íåéíîòî ìàòðè÷íî óðàâíåíèåX+A∗F(X)A = Q. Ôîðìóëèðàíè ñà íîðìîâè íåëîêàëíè
ãðàíèöè íà îñòàòú÷íàòà ãðåøêà â ðåøåíèåòî, ïîëó÷åíî ÷ðåç èòåðàöèîíåí àëãîðèòúì.
Ãðàíèöèòå íà îñòàòú÷íàòà ãðåøêà ñà èçâåäåíè ïî ìåòîäà íà ìàæîðàíòèòå íà Ëÿïó-
íîâ è òåõíèêèòå íà ïðèíöèïà íà ôèêñèðàíàòà òî÷êà. Ðàçãëåäàíè ñà ïîäðîáíî äâà
êîíêðåòíè ñëó÷àÿ íà óðàâíåíèåòî è ñà ïîëó÷åíè èç÷èñëèìè èçðàçè íà íîðìîâèòå íå-
ëîêàëíè ãðàíèöè íà îñòàòú÷íàòà ãðåøêà. Ðàçãëåäàíè ñà ÷èñëåíè ïðèìåðè çà äâàòà,
ðàçãëåäàíè â ñòàòèÿòà ðàçëè÷íè ñëó÷àÿ íà íåëèíåéíà ìàòðè÷íà ôóíêöèÿ F (X), çà
äà ñå äåìîíñòðèðà åôåêòèâíîñòòà íà ïðåäëîæåíèòå ãðàíèöè.

Abstract: This paper is a revised and expanded version of [Ã17]. The nonlinear matrix
equation X + A∗F(X)A = Q is considered. Norm-wise non-local residual bounds for the
accuracy of the solution obtained by an iterative algorithm are formulated. The residual
bounds are derived using the method of Lyapunov majorants and the techniques of the
�xed point principle. Two particular cases of the equation are considered in details and
explicit expressions of the norm-wise non-local residual bounds are obtained as well.
Numerical examples for the two, considered in the paper di�erent cases of the nonlinear
matrix function F (X) are provided to demonstrate the e�ciency of the bounds proposed.

24


