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3 Silvi-Maria Gurova

General Characteristic of the Dissertation

Relevance of the Topic

The problem of finding and estimating extreme eigenvalues of square, in particular symmetric, matrices occupies
a central place in linear algebra due to its key role in a wide range of scientific and applied fields. Such problems
arise in quantum mechanics, where, in the Schrédinger equation [65], the eigenvalues of the Hamiltonian operator
determine the energy spectrum of the system, and the extreme values provide information about the ground
and excited states [64], [73]. In financial mathematics, the analysis of extreme eigenvalues of covariance matrices
is essential for risk modeling and portfolio optimization, including the assessment of systematic market risk
and diversification opportunities [51], [72]. In spectral graph theory, these values are associated with structural
properties such as connectivity, expansion, and robustness, which are decisive for the efficiency of algorithms
in machine learning and network analysis [8, 12} 26]. In image processing and computer vision, eigenvalues
play a crucial role in principal component analysis, dimensionality reduction, noise suppression, and spectral
segmentation [47, [34]. In tensor analysis and multidimensional data processing, the maximum eigenvalue and
spectral norms determine the behavior of iterative methods and regularization techniques, with applications in
signal processing and artificial intelligence [49] 56, [80].

There exist various numerical approaches for computing eigenvalues and eigenvectors: exact (direct), iterative,
and stochastic. Direct methods include the QR decomposition and solving the characteristic polynomial for
small dimensions. They provide a solution in a finite number of steps and have computational complexity of
order O(n?). In high dimensions, they suffer from the accumulation of numerical errors due to rounding in
arithmetic operations [87) [90].

Iterative methods, such as the power method, inverse power method, Jacobi method, and the Arnoldi and
Lanczos methods [33, 43], have lower computational complexity O(n?k), where n is the matrix dimension and
k is the number of iterations. However, these methods are often characterized by slow convergence, strong
dependence on the initial approximation, significant memory requirements, and limited parallel efficiency.
Stochastic numerical methods offer an effective alternative by providing linear dependence of the required
memory on the problem dimension, as well as natural parallelism and relative ease of implementation. Although
they exhibit slower convergence and lower precision than deterministic methods, they enable the solution of very
high-dimensional problems. They are particularly well-suited for estimating extreme eigenvalues of symmetric
matrices.

In the context of the rapid development of high-performance computing (HPC) systems and the emergence of
new hardware architectures, there is a growing need for the development and deployment of software solutions
based on efficient stochastic algorithms for high-dimensional problems, including the estimation of extreme
eigenvalues [I8] [24) [59]. This has led to increased research interest in improving accuracy, accelerating con-
vergence, and expanding the applicability of stochastic methods in scientific computing, machine learning, and
data analysis, aligned with modern computational capabilities.

Overview of the Main Results in the Field

The earliest publications on Monte Carlo (MC) methods in linear algebra date back to the 1950s and 1960s,
and they did not initially address the problem of approximate eigenvalue computation. The task of finding
the eigenvalues and eigenvectors of matrices usually arises when solving systems of linear algebraic equations
(LAEs) and stochastic differential equations (SDEs). In practice, for high-dimensional matrices, it is usually
necessary to compute only the extreme eigenvalues, which determine the condition number and key properties of
the system [63] 87, [90]. Such problems arise in image and signal processing, control systems, machine learning,
and quantum mechanics, where, for example, the energy levels of quantum systems are determined by the
eigenvalues of the Hamiltonian operator [64] [73]. In addition to these, deterministic methods such as the power
method, the Rayleigh quotient iteration, the resolvent power method, and the Lanczos algorithm are widely
used [33], 43].

The Monte Carlo method for estimating the dominant eigenvalue was proposed by Sobol in 1973 [92], while
Mikhailov introduced the method for the smallest eigenvalue in 1987 [55]. Significant contributions to the
development of the Power Monte Carlo (PMC) method were made by Dimov and Karaivanova during the
period 1996-2000 [15], I8, 21, 23 24, 25]. In the following decades, iterative MC and Quasi-Monte Carlo
(QMC) algorithms were developed to find extreme eigenvalues, based on the power and resolvent power methods
[3, 19, 21} 25, [60]. In particular, the use of the resolvent matrix to estimate the smallest eigenvalue was introduced
by Dimov and Karaivanova in 1998 [24].
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Stochastic Numerical Methods for Eigenvalue Estimation 4

The first QMC method for finding extreme eigenvalues were proposed by Karaivanova and Mascagni in the
period 20012003 [58, 59, 60, 6I]. A number of studies have used QMC methods based on low-discrepancy
sequences, including the Sobol sequences [74] [75], [76], the Halton sequences [39, 40], and the Faure sequences
[28] 29, [30], providing a more uniform and deterministic coverage of the sample space [2, [, 10, 11|, 44}, 48].
Compared to MC approaches, QMC methods are distinguished by greater flexibility, applicability to large-scale
matrices, relative simplicity, and efficient parallelization |16} 22, [61].

Over the past two decades, various strategies for parallelizing MC algorithms have been developed and analyzed
[4, B 6l [78, [79, R3]. Parallel MC methods for solving systems of linear algebraic equations based on the
Jacobi iteration have been presented by Dimov [16], as well as approaches using minimal Markov chains and
minimal communication [27],[82]. A key idea in these developments is the balancing of stochastic and systematic
errors [16]. Hybrid MC algorithms for matrix computations have also been developed [1I, [84], including parallel
implementations to estimate the largest and smallest eigenvalues of matrices proposed by Dimov, Mascagni and
Karaivanova [20, 24, [£9].

Goals and Tasks of the Dissertation

The main goal of the dissertation is to propose and investigate stochastic numerical methods for estimating
eigenvalues and to develop and analyze Monte Carlo and randomized Quasi-Monte Carlo algorithms to approx-
imate the extreme eigenvalues of symmetric square matrices. To achieve the main goal, the following tasks have
been formulated.

1. Consider and study the Power (Resolvent) Monte Carlo method and the randomized Power (Resolvent)
QMC method for estimating the extreme eigenvalues of symmetric matrices, and analyze the balance
between the resulting stochastic and systematic errors.

2. Develop and investigate efficient Monte Carlo and randomized Quasi-Monte Carlo algorithms based on
these stochastic methods for numerically calculating the extreme eigenvalues of symmetric square matrices,
using generators of pseudorandom numbers and low-discrepancy sequences.

3. Conduct numerical experiments with the developed algorithms, justifying the choice of specialized software
for generating low-discrepancy sequences, in particular, Sobol and Halton sequences, and to numerically
investigate the balance between stochastic and systematic error depending on their defining parameters.

4. Formulate and investigate a problem in the field of financial mathematics related to the management
of the market risk of an asset portfolio, in which the risk assessment is based on the determination of
the maximum eigenvalue of a correlation matrix. Apply the Power Monte Carlo (PMC) and randomized
Power Quasi-Monte Carlo (PQMC) algorithms developed in Chapterto numerically estimate the largest
eigenvalue and to analyze their effectiveness in assessing market risk.

Research Methodology

The research methodology in this dissertation is based on fundamental scientific results in the following areas:

e Probability theory and mathematical statistics - probability spaces; random variables and their charac-
teristics such as distribution functions, probability density function, mathematical expectation, variance;
law of large numbers; central limit theorem; probability error, confidence interval, Markov chain; samples
of random variables; statistical tests for studying generators of pseudorandom variables.

e Mathematical analysis - series and sequences, convergence of series, convergence criteria, systematic error,
norms, and metric spaces.

e Numerical methods, linear and computational algebra - iterative methods for SLAE and eigenvalues; ma-
trix norms; optimization methods; algorithms for generating pseudorandom numbers, stochastic numerical
methods (Monte Carlo and Quasi-Monte Carlo methods).

e Number theory, more precisely, discrete and analytic number theory - uniformly distributed sequences,
discrepancy, radical-inverse functions, decomposition into prime bases.

e Computer science - algorithms and data structures; programs/codes written in MATLAB, C++ using
pseudo-random number generators such as MT and MS; libraries for randomized Sobol and Halton se-
quences.

Abstracts of Dissertations 2026 (1) 3-48



5 Silvi-Maria Gurova

Part of the numerical experiments were performed on the high-performance cluster, which consists of 12 Fujitsu
Primergy RX 2540 M4 servers. Each server is configured with an NVIDIA Tesla V100 32GB GPU and two x
Intel Xeon Gold 5118 2.30 GHz, 24 CPU cores, with 128 GB RAM. The Sobol sequences were obtained using
BRODA’s Sobol Randomized Sequence Generator (RSG) [1].

In the following sections, we have formulated the basic problem of estimating eigenvalues of a symmetric matrix
and described the MC and QMC approaches for numerically solving multidimensional problems, along with the
errors that characterize these methods.

Problem Formulation

Consider a matrix A = {a;;}';_; € R"*", with a;; = a;;, i,j = 1,...,n. The problem of finding the eigenvalues
A(A) is formulated as follows:

Ax = Az, where £ € R" is an arbitrary nonzero vector. (1)

All eigenvalues of symmetric matrices are real numbers. Without loss of generality, the following ordering is
assumed:
Amin = |)\n| < |)\n71| <...< |)\2| < |/\1| = AMnaz- (2)

The matrix A can also be represented in vector form as:

A= {aij}zjzl =(ai,...,a,...,a,)", where a; = (a;1,...,a:m,), i=1,...,n.

The symbol T' denotes the transpose operation. For this study, the following vector and matrix norms are used:

n n n
1Bl = llhll =D 1l llasll = llailly = layl, 1A] = [|Alh = max ) " |ai;|, j=1,...,n.
i=1 j=1 )

The application of stochastic numerical methods to estimate the extreme eigenvalues \,,;, and Apq. of the
problem defined above involves developing and analysing Power (Resolvent) Monte Carlo and randomized
Power (Resolvent) Quasi-Monte Carlo algorithms for their approximate computation. By stochastic numerical
methods, we will further understand Monte Carlo methods and their variants, the randomized Quasi-Monte
Carlo methods.

Monte Carlo Methods

Monte Carlo (MC) methods are based on the construction of a random variable (r.v.) 6, which is in fact a
measurable function § = 6(w) defined on the probability space (2,2, P) [88], with domain 2 and range R
(the set of real numbers). The condition in constructing the random variable 6 is related to its mathematical
expectation. The requirement is that the mathematical expectation should equal the desired solution to a given
problem or a functional of the solution to the original problem.

B0 =1, (3)

where T is the sought solution. By definition, F[f] exists if and only if F|6)| exists.
Depending on the specific problem, the random variable § may be discrete or continuous. In the discrete case,
the expectation is given by:

Ef(w)] = ZP{G(w) =)}t = Zpia:i = I, where Zpi =1,
and in the continuous case:

E[9] = / xp(x) dz, where / p(z) de =1,
where p(x) > 0 is the probability density function. The distribution function Fy(x) = P{0 < x} describes the
cumulative probability and is related to p(x) through standard differential relationships [88] [9T].

When implementing an MC algorithm, a sample 61,6s,...,6y,... is generated from identically distributed
independent realizations of the random variable 8, and the approximate value of I is determined by the mean:

Abstracts of Dissertations 2026 (1) 3-48



Stochastic Numerical Methods for Eigenvalue Estimation 6

_ 1 Y
eN:N;e)i. (4)

Convergence and Error Estimation in Monte Carlo Methods

The theoretical justification of MC methods is based on the Law of Large Numbers (LLN). When the mathemat-
ical expectation is finite, the sequence of mean values 6y converges in probability to I as N — oo (The Weak
Law of Large Numbers, Khinchin’s theorem) [14] 88]. The necessary and sufficient condition for the conver-
gence to be almost sure (Strong Law of Large Numbers, Kolmogorov’s theorem) is that there is a mathematical
expectation.

Suppose that the random variable 6 has finite variance, i.e.

Var[f) = E[f — E]? = E[6?] — (E[A])? < .

Then the Central Limit Theorem (CLT) ensures an asymptotically normal distribution of the error [31 B8]. As
a result, the following probabilistic estimate is obtained:

1 N
J}%P{’NZ(@”

i=1

< xJN1/2} = o(x),

2 r 2
where 0 = /Var[d], and ®(x) = N / e~ 2 dt is called the probability integral and is determined by the
™ Jo

distribution function of a standard normal random variable in the interval (0, 1) [92].
The quantity )

rN = (ﬂﬁO’N7§ (5)
is called the probability error, with the parameter S determining the level of confidence. At S = 0.5, the
so-called probability error is obtained, which characterizes the typical convergence rate of MC methods of the
order of O(N—1/2).
In practical applications, the variance of the random variable 6 is empirically estimated by the formula:

1 N
Varlt) = - > (0 = (On)*. (6)
=1

When the sample size N of random variable values is small, the more accurate formula is usually used [92]:

(0:)? — o (B )2 (7)

Var[d] = ﬁ ‘

N
i=

Two types of MC methods are distinguished to reduce error [22] [89, [02]:

e Efficient MC methods, which aim to minimize the variance through variance reduction techniques (separa-
tion of a principal part, symmetrization of the subintegral function, essential sample method, importance
partitioning method, etc.), without changing the asymptotic order of the error.

e Superconvergent MC methods, in which by sampling the values of a random variable in uniform non-
overlapping subdomains and under additional conditions for smoothness of the subintegral function, a
higher order of convergence is achieved ry = O(N~1/27¢(k)) where e(k) > 0 depends on the dimensionality
of the problem.

Pseudorandom number generators are used to simulate the values of random variables.

Pseudorandom Number Generators

The practical implementation of MC methods requires the use of pseudorandom number generators (PRNGs),
which generate uniformly distributed values in (0,1) [63] [8I]. The main requirements for good PRNGs include
statistical randomness, a long period, reproducibility, efficiency, and the ability to generate in parallel |50} 53].
Among the most commonly used generators are linear and combined congruential generators [32, [54] [71],
shift register generators (e.g., Mersenne Twister [62]), and generators based on other mathematical constructs
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7 Silvi-Maria Gurova

(e.g., Middle Square PRNG [70]). In the dissertation research for the implementation of stochastic algorithms
for estimating extreme eigenvalues, Mersenne Twister (MT) and Middle Square (MS) pseudorandom number
generators were used.

Quasi-Monte Carlo Methods

Quasi-Monte Carlo (QMC) methods are a deterministic alternative to Monte Carlo (MC) methods and use
low-discrepancy sequences instead of pseudorandom points [39, [66], [74]. They provide a more uniform coverage
of the unit hypercube [0, 1]* and lead to improved convergence rates of order O(N ~!(log N)*), provided the
integrand is sufficiently smooth [9] [52]. When estimating multidimensional integrals, the approximate solution
has the form:

1
/ Fla)de ~ 1 3 fx0), (8)
where x; are elements of a low-discrepancy sequence.

Low-Discrepancy Sequences and Error Estimation

The key characteristic of these sequences is the star-discrepancy D3 (S), which measures the deviation from a
uniform distribution:

N

k

1

Dy(S)= sup | =D 1z(xi) =[] 2] (9)
v Ze[o, 1)k Ni:l j=1 ’

A sequence is said to have low-discrepancy if

(log N)*

Dyy(8) = O(N~"(log V)" or Dy(8) < €125

(10)

where the constant Cj, in depends only on the dimension k.

The error in Quasi-Monte Carlo (QMC) methods is estimated using the Koksma—Hlawka inequality [9] [72]:
| N

I(f) = 5 2 f (i)

i=1

< V(f)Dx(9), (11)

where D% () is the star-discrepancy of the sequence S = {x;}22, € [0,1)*. V(f) is the variation of the function
in the sense of Hardy-Krause. This inequality shows that the error depends on both the smoothness of the
integrand and on the uniformity of the point sequence used. For sufficiently smooth functions, an asymptotic
error order of O(N~1(log N)*¥) is achieved, which is theoretically better than that of classical MC methods.

Pseudorandom (Mersenne Twister) Sobol Sequence Halton Sequence
o v . . . r . o

.
4 >
ogfs ** 09 .. 09
.
0wl e . os . . os
- L4 -
ol o7 . . o7
.
os 0s o6
. . . -
05 M o5 » o5
> *
arfer 04 . os
. .
0.3, 03 ¢ b 03
< -~ 4
02 : 02 . . 02
0.1 01 M 0.1
3 - L4
T S S S
OU 0.1 02 03 0.4 05 0.6 07 0.8 09 1 o 0.1 0.2 03 04 0.5 0.6 07 0.8 09 1 o 0.1 0.2 0.3 04 05 0.6 0.7 08 09 1
1 * 1
(a) MT pseudorandom number generator (b) Sobol sequence (c) Halton sequence

Figure 1: Comparison of a two-dimensional pseudorandom sequence generated with an MT PRNG with two-
dimensional projections of the 16-dimensional Sobol and Halton sequences. 256 points are generated, and the
projection is made along the first two coordinates.
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Stochastic Numerical Methods for Eigenvalue Estimation 8

The first constructions of low-discrepancy sequences originate from the van der Corput sequence [85]. Halton
extended this idea to the multidimensional case by using radical inversion in different prime bases for each coor-
dinate [39]. Halton sequences are conceptually simple, but in higher dimensions they may exhibit correlations,
which necessitates the use of modifications [41l, [86]. Sobol sequences, introduced in 1976 [70], are digital (¢, k)-
sequences in base 2. They are constructed using direction numbers derived from primitive polynomials over the
finite field Fy = {0,1} (with addition modulo 2), which ensures high uniformity and good projection properties
[74, [89]. Due to these properties, Sobol sequences are among the most widely used in QMC applications.
Figure presents a comparison between a two-dimensional pseudorandom sequence generated by the Mersenne
Twister (MT) and two-dimensional projections of 16-dimensional Sobol and Halton sequences. A clearly more
uniform coverage of the unit square is observed for the low-discrepancy sequences compared to the pseudorandom
sequence.

Scrambled Low-Discrepancy Sequences

The deterministic nature of classical low-discrepancy sequences leads to the absence of a natural probabilistic
framework for error estimation and to the risk of correlations in high dimensions. These drawbacks are addressed
by introducing scrambled (randomized) low-discrepancy sequences, in which controlled stochasticity preserves
the uniform coverage of the unit hypercube while overcoming the limitations of fixed geometry [13].

Scrambled Sobol
*

Unscrambled Sobol . 1 Scrﬂ':'hledfcbcl lSklg:m?‘. Le=p=.138)
i o

. .
. . . o ..

0 . L . . 0
09 L . . . . . . <

0. . d .

.
. . o 13 L] P 0 . * . . . !
0 o1 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1

x
o Xy 11

(a) non-scrambled Sobol sequence (b) scrambled Sobol sequence (c) scrambled Sobol sequence with pa-
rameters skip, leap

Figure 2: Comparison between a two-dimensional projection with the presence of correlation in the 11th and
12th coordinates of the Sobol sequence and the corresponding two-dimensional projections of the scrambled
Sobol sequence without and with the additionally included the parameters skip = 1024 and leap = 128.

Unscrambled Halton 1 . Scrambled Halton Scrambled Halton (Skip=1024, Leap=128) _
. . . o

. " .
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

X4y %1 1

(a) non-scrambled Halton sequence (b) scrambled Halton sequence (c) scrambled Halton sequence with the
parameters skip, leap

Figure 3: Comparison between a two-dimensional projection with the presence of correlation at the 11th and
12th coordinates of the Halton sequence and the corresponding two-dimensional projections of the scrambled
Halton sequence without and with the additional the parameters skip = 1024 and leap = 128.
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9 Silvi-Maria Gurova

In addition to scrambled low-discrepancy sequences, techniques can be used to skip initial elements of the
sequence by applying a skipping operator and a leaping operator. In this way, the low-discrepancy property is
preserved, while introducing controlled randomness, allowing statistical error estimation.

Figures and demonstrate the presence of correlations in non-scrambled Sobol and Halton sequences in
higher coordinates, as well as the effect of applying the scrambling method. Scrambling leads to a significant
improvement in the uniformity of the point distribution, as shown in Figure and Figure . Figure
and Figure also illustrate the additional effect of combining scrambling with the skip and leap parameters.
These techniques reduce correlations and improve the practical performance of sequences in higher-dimensional
problems.

Modern modifications of the Halton and Sobol sequences include randomization aimed at reducing correlations
and improving convergence [52] [66] for specific problems. Randomization is implemented by applying specially
constructed transformations (scramblings) to already established low-discrepancy sequences. There are two
main approaches to scrambling. The first is based on random permutations of digits, where the digits of
the coordinates in the base b (in particular, the base 2 in binary representation) are subjected to random
permutations [67]. The second approach is based on addition modulo 1 with a random number or a random
vector generated by a pseudorandom generator. This method is also known as random shifting (or shift) modulo
1 and is characterized by a simple and efficient implementation [45], [46]. In practice, the two approaches are
often combined, leading to numerous variants and hybrid techniques [69} [68].

Stochastic Methods with Markov Chains

Monte Carlo (MC) and Quasi-Monte Carlo (QMC) methods are conventionally classified into two main groups:
direct and iterative.

Direct MC/QMC methods are characterized by the fact that the approximate solution is influenced solely by
stochastic (statistical) error. In the classical MC approach, this error is of order O(N~1/2) and is estimated
via the inequality . In contrast, in QMC methods it is described by the Koksma—Hlawka inequality and
has asymptotic order (’)(N “L(log N )k) when low-discrepancy sequences such as Sobol and Halton sequences
are used. In this dissertation, randomized low-discrepancy sequences are employed to achieve more uniform
coverage of the unit cube while maintaining controlled stochasticity. Therefore, the errors estimated by and
are interpreted as stochastic errors depending on the sample size N.

Iterative MC/QMC methods, in addition to stochastic error, also include a systematic error, since they do
not estimate the exact solution directly but rather a finite iteration of a convergent iterative process. As with
classical numerical methods in linear algebra, such as the simple iteration method and the Gauss—Seidel method
[90], the systematic error depends on the properties of the iterative scheme and the norm of the matrix involved.
In stochastic iterative methods for linear algebra problems, a random variable () is constructed by a Markov
chain with k transitions [I6], 22, [92]. The number of transitions can be fixed or random, with a mathematical
expectation of k. The mathematical expectation of the random variable %) approximates the desired solution by
a functional involving matrix-vector products. In this context, the systematic error is determined by the number
of iterations k, while the stochastic error depends on the sample size N. Therefore, balancing systematic and
stochastic errors and reducing variance are fundamental research tasks in the development of efficient stochastic
iterative methods and algorithms for linear algebra.

Structure of the Dissertation

The dissertation is structured into an introduction, three chapters, a conclusion, an appendix, and a bibliog-
raphy. It contains 118 pages, including 15 figures and 16 tables, a bibliography of 121 references, and a list of
mathematical notation and abbreviations.

e The Introduction presents the relevance of the topic, provides an overview of the main scientific results
in the field, defines the aims and objectives of the dissertation, and describes in detail the research
methodology.

e Chapter [1] "Stochastic Power Method: Development and Analysis of Efficient Algorithms for Estimating
the Maximum Eigenvalue" is devoted to developing efficient stochastic power algorithms for estimating the
maximum eigenvalue of dense symmetric matrices. The problem is defined, and the methods used to solve
it are considered: the stochastic Power Method in two variants, Power Monte Carlo (PMC) and Power
Quasi-Monte Carlo (PQMC). The construction of a random variable using a Markov chain is described in
detail, with emphasis on the use of almost optimal probabilities. The pseudocode of the almost optimal
PMC and PQMC algorithms developed is presented and conditions are determined to balance stochastic

Abstracts of Dissertations 2026 (1) 3-48



Stochastic Numerical Methods for Eigenvalue Estimation 10

and systematic errors. The chapter concludes with a discussion of numerical experiments conducted on
matrices of different dimensions.

e Chapter [2|"Stochastic Resolvent Method: Development and Analysis of Efficient Algorithms for Estimat-
ing the Minimum Eigenvalue" addresses the problem of estimating the minimum eigenvalue of symmetric
square matrices using their resolvent matrix. The Resolvent Power Method and its stochastic implemen-
tations via Resolvent Monte Carlo (RMC) and Resolvent Quasi-Monte Carlo (RQMC) approaches are
presented. The chapter investigates the role of parameters affecting the convergence of the infinite series
representing the resolvent matrix. Almost optimal RMC and RQMC algorithms are constructed and the
balance between stochastic and systematic errors is analyzed. This balance depends on the number of
realizations of the random variables, the length of the Markov chain, the degree of the resolvent matrix,
and the acceleration parameter included in the power series representation of the resolvent. The final
section presents numerical experiments related to estimating the minimum eigenvalue of test symmetric
matrices.

e Chapter [3] "Stochastic Methods for Estimating the Market Risk of Investment Portfolios" is devoted
to applying the algorithms developed in Chapter 1 to a real-world problem in financial mathematics:
estimating the market risk of an investment portfolio. This is achieved through the maximum eigenvalue
of the portfolio’s correlation matrix. The largest eigenvalue is computed using the almost optimal PMC and
PQMC algorithms. When applying the almost optimal PQMC algorithm, two variants are considered: (1)
using scrambled Sobol and Halton sequences with default settings; (2) using scrambled Sobol and Halton
sequences with the skip and leap parameters. Numerical experiments on real financial data demonstrate
the applicability and efficiency of the proposed algorithms.

The concluding section includes a list of publications, approbation, scientific and applied contributions, and
acknowledgements.
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11 Silvi-Maria Gurova

1. Stochastic Power Method: Development and Investigation of Effi-
cient Algorithms for Estimating the Maximum Eigenvalue

1.1 Problem Formulation

Let A = {a;;}}';—; € R"*" be a given nonsingular symmetric matrix. The eigenvalues (spectrum) of the matrix
A are defined as the real values of the parameter A(A) for which the equation:
Ax = AM(A)x, where x € R", (1.1)

has a nonzero solution, and the corresponding nonzero vectors x are called eigenvectors of A. A necessary
and sufficient condition for the existence of a nonzero solution is that the parameter A(A) be a root of the
characteristic equation |4 — A(A)I| = 0, where I is the unit n-dimensional matrix [90].

It is assumed that the eigenvalues of A are ordered by absolute value and satisfy the inequalities:

Amin = |An| S |>\7z,—1| S ‘/\n—Q‘ S e S |>\2‘ < |)\1| = >\7naac- (12)

We consider the task of developing and investigating efficient algorithms based on the Stochastic Power method
to estimate A.qz, which, according to (1.2)), is unique.

1.2 Methods for Estimating the Largest Eigenvalue

1.2.1 Power Method

The Power method is a classical iterative numerical method for approximating the maximum eigenvalue Ay ax
of square matrices [33], [43], based on the Rayleigh quotient [43]:
T
Tt Ax
r(ex) = —.
(@) = —7

The algorithm is implemented by initializating with a normalized initial vector, iteratively updating the vector
and evaluating the eigenvalue after k iterations, i.e.
Amaz & Agf()m = T(mk)

According to conditions (1.2), the obtained approximation corresponds to the dominant eigenvalue.
Systematic error: In the case of a symmetric matrix, the error of the truncation of the Power method when

representing the vectors 27" and x as linear combinations of an orthonormal basis is of the order:

) Ay 2k

‘)\’EYI;()}L:E_)\maﬂi| :O(‘T‘ )a (1.3)
1

which shows a strong dependence on the spectral distance between the first two eigenvalues [43].

Convergence: The convergence rate of the iteration process for symmetric matrices is determined by the coef-

ficient |;‘—f 2, and for dominant eigenvalues in the modulus, the convergence slows down and may require the
application of preprocessing techniques.

Computational complezity: The computational complexity of the Power method is O(kn?), where k is the number
of iterations and n is the dimension of the matrix A, which makes it suitable for large but structured symmetric
problems.

1.2.2 Stochastic Power Method

The stochastic Power method, studied in the dissertation, was developed by Karaivanova and Dimov [21, 22] and
is a stochastic implementation of the classical Power method for the eigenvalue problem (1.1)) under condition
(1.2). The basis of the method is the representation of the largest eigenvalue as a limit of the Rayleigh quotient:

k
Moo = lim (h,A"f)

A2 T, AR 1) 14
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where f and h are arbitrarily chosen and normalized vectors. If k is an arbitrarily large natural number, then

N0 (AR
maxr ~ (h7Ak_1f)

is an approximation of \,,q; with a certain systematic error.

The stochastic Power method is implemented by constructing random variables whose mathematical expecta-
tions coincide with the scalar products in the numerator and denominator of the above relation. To estimate
(h, A*f), a random variable 0%) is defined, based on a discrete finite Markov chain with states:

(1.5)

lo— - —=l—- =l 1<l <n 0<t<Ek), (1.6)

with an initial density vector p = {p;};_; € R" and a transition density matrix P = {p;;}7';_; € R"*". The
construction involves iterative calculation of the weight Wy:

aly_q1,

Wo=1, Wy =W, 1———, t=1,...,k, (1.7)
b, _ llt
and a random variable (%) is defined by
h
o) = Akalk- (1.8)
yun

The random variable §%) defined by (1.8) has an expectation equal to the scalar product (h, A*f), i.e. B[] =
(h, A*f) [17].

Definition 1.2.1. The initial density vector p = {p;}_; € R™ is called permissible for a vector h = {h;}?_; €
R™ i.e. p € Py, if p; >0, when h; #0 and p; =0, when h; =0 fori=1,...,n

Definition 1.2.2. A transition density matrix P = {pij};szl € R™" 4s called permissible for a symmetric
matriz A = {ai}7,—; € R"*", de. P € Pa, if pij > 0, when a;; # 0 and p;; = 0, when a;; = 0 for
Lwi=1,...,n

The introduced concepts of an admissible initial density vector p € Py and an admissible transition density
matrix P € P4 guarantee the correct construction of the Markov chain. For a sample of N realizations of the
random variable #%), the mean is represented by:

g = 9<’€ (1.9)

HMZ

where (%)), denotes the s-th realization of #*) for 1 < s < N. This means provides a stochastic approximation
of (h, A*f). When pseudorandom number generators are used, this is a Monte Carlo estimate with probabilistic
error:

RE = |(h, A f) — 88| < c1o(0®)N /2, (1.10)
where ¢; is a constant and o(6(%)) is the standard deviation [I7]. When low-discrepancy sequences (Sobol,

—(k
Halton) are used, va)is a Quasi-Monte Carlo approximation with error:

e (log N)F+!
< cg———F——

(k) _ k
QRY = |(h, A"f) - N

(1.11)

obtained by the Koksma-Hlawka inequality, where (k + 1) is the dimension of the sequences used.
Theorem 1.2.1. [Y| Let 6%) and 0*~V) be random variables for fized steps k and k — 1 of the Markov chain
(1.6). Then

E[™] A

m — max* (1.12)

Remark 1. The stochastic Power method is called the Power Monte Carlo (PMC) method when the samples
for 0F) and 01 are generated using random number generators to construct the Markov chain .

In this case, the stochastic error of the PMC method is determined by the probabilistic error defined in ([1.10]).

IThe proof of Theorem is provided in the dissertation.
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13 Silvi-Maria Gurova

Remark 2. When scrambled low-discrepancy sequences, such as scrambled Sobol sequences [75], are used to
construct the Markov chain for generating samples of 0%%) and 0%~1) | the stochastic Power method is called the
Power Quasi-Monte Carlo (PQMC) method.

The stochastic error of the PQMC method is determined by the error defined in .

Reformulating the problem in terms of integral equations with appropriately chosen kernels and domains allows
the use of the Koksma-Hlawka inequality when analyzing the convergence of the considered algorithms. In
general, the use of low-discrepancy sequences (so-called quasi-sequences) improves the convergence rate of
the corresponding QMC algorithms. Still, it does not allow for a posteriori error estimation. Scrambling
(randomization) of the quasi-sequence makes it possible to overcome this drawback.

The theoretical comparison of the error in the PMC and PQMC methods shows that in both cases the error is
a product of two factors: one depending on the sequence and the other on the function or the random variable.
In this context, the Koksma-Hlawka inequality represents a worst-case bound, whereas the error in the PMC
approach has a probabilistic nature. Moreover, computational experience shows that the variation V' (f) in the
Koksma—Hlawka inequality is usually overestimated, while the second factor, the discrepancy of the sequence,
reflects the actual order of the error.

1.3 Almost Optimal PMC and PQMC Methods and Algorithms

1.3.1 Refining the Construction of () and %~V with Almost Optimal Probabili-
ties for the Markov Chain: Error Balancing

Let the symmetric matrix A be represented by its rows a;, introducing standard ¢;-norms for vectors and
matrices:

n n

Rl = IRl = > hil, laill = lail =) lail, 1] = Al = maXZIaul j=1.

i=1 j=1 i=1

The probability error of the MC approximations, according to , depends on the standard deviation 0(9(’“))
and the number of realizations N. For a fixed N, it is determined mainly by the variance of the random variable
6(%). The variance depends on the choice of the admissible initial density vector p € %) and the transition
density matrix P € B4. All such choices can be used to construct estimates for )\gﬁw, provided that the
variances are finite.

The most commonly used approach to constructing a Markov chain for linear algebra problems is based on the
uniform distribution. In this case, the coordinates of the density vector p and the elements of the transition
density matrix P are set equal to %, ie.,

1

1 ..
p={p}- 1= and P = {pij};'j=1 = e L,j=1,...,n. (1.13)

When choice is used to construct a Markov chain, the Power MC and Power QMC methods are called
classical.

Appropriate choices of p and P allow the construction of more efficient algorithms, leading to a reduction in
variance, a reduction in computational complexity, and greater precision compared to the classical case. There
is an almost optimal choice, represented by the formulas:

|ai]
|a’

h; n .
p= {pl}l 1, Pi= h||| and P = {pij}i,j:lv Pbij = ,] = 17“-’”- (114)

This choice leads to a significant reduction in variance and the construction of the random variable #*) differs
significantly from the classical PMC/PQMC method.

Theorem 1.3.1. E| Let p and P be the almost optimal initial density vector and the almost optimal transition
density matriz (see ). Then the mean value (1.9) can be expressed as follows:

N t=k
o _ ‘
§ :Szgn i ||h||{Hszgn(alis)llis>)|al55>1||}fl§:). (1.15)

s=1 t=1

The following corollaries follow from Theorem and Theorem [1.3.1

2The proof of Theorem is given in the dissertation.
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Corollary 1. Let p and P be the almost optimal initial density vector and the almost optimal density matrix.

Then the Stochastic Power Method for estimating )\g,}fir is defined as the ratio of the sample means of the random
variables 555) and 555_1) given by , L.€e.

N . t=k .
p Slgn(hléw){ [Ti=y sign(aye )llae | }fﬁ:)

AR .
N . t=k—1 .
P Slgn(hléﬁv){ ILi=i sign(ae @ )llee || }fl(,:ll

~

max

(1.16)

Corollary 2. Assume that the Ly-norm of all row vectors of the symmetric matriz A is equal to a constant a,
i.€.

n
j=1

Then the estimator of )\521 given by can be rewritten in a simpler form:
N . t=k .
Dot szgn(hléb»)){ | SZgn(alﬁ”lzis))} a fz,f)

N . —k—1 . '
Yot szgn(hlés)){ H::1 Slgn(alﬁs’llﬁs))}flf_)l

Corollary 3. Let the Li-norm of all row vectors of the symmetric matrixz A satisfy condition . Assume
that the following condition holds for all elements of A:

~

max

AR~ (1.18)

sign(hlés))

t=k—1
sign(alis_)llis)) =1, s=1,...,N. (1.19)

t

—

Then Ai,’i?m can be estimated by an even simpler formula:

N .
b e enlag o) adio
maz ~ N
2ol

It should be noted that by Corollary and Corollary simplified estimates are constructed for an approx-

imate calculation of )\,(fft)w for certain classes of symmetric matrices. According to Remark |3] these classes are
nonempty sets.

(1.20)

Remark 3. The set of symmetric matrices that satisfy the conditions of Corollary[3is nonempty. For exzample,
consider a symmetric matrix A with positive entries, for which all diagonal elements are equal, i.e., a;; = b >
0, i=1,...,n, and all off-diagonal elements are also equal, i.e., a;; =d >0, 1 #j, i,7=1,...,n.

Since the systematic error €1 depends on the number k of transitions in the Markov chain, and the stochastic
error €9 depends on the number of realizations N, an estimate of the corresponding errors is obtained:

(k) (k) (k)

0 0 0
|)‘max - Tj\il)| = ‘/\max - Agrlf()zx + Agr]f()m - 7(15\11) ‘ < |)‘max - /\551)133| + |>\$)]’§()1;C - ,(Tj\ilﬂ <€ + €. (1'21)
On On On

An optimal balance between the two types of errors (systematic and stochastic) is achieved when €; = 5 = €.

Definition 1.3.1. PMC and PQMC methods for estimating the mazimum eigenvalue of a symmetric matriz,
with the choice of the initial density vector p and the transition density matriz P according to equation ,
are referred to as almost optimal PMC and PQMC methods.

1.3.2 Almost Optimal PMC and Almost Optimal PQMC Algorithms: Computa-
tional Complexity

The pseudocode in Algorithm [1| describes a procedure to estimate the maximum eigenvalue of a dense sym-

metric matrix based on formula (|1.16]) and Corollary |1} The algorithm is defined as an almost optimal PQMC

algorithm when low-discrepancy sequences (Sobol or Halton) are used in Step 4 and as an almost optimal PMC
algorithm, indicated by Algorithm ), when pseudorandom number generators are used. If the conditions
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of Corollary [2] and Corollary [3] are satisfied, the formulas in Step 6 can be replaced by the simpler expressions

Algorithm 1 Pseudocode for computing the Almost Optimal PQMC algorithm
1: INPUT: matrix A = {a;;} € R™*"; vectors h, f € R" and positive integers n, N, k
. COMPUTE: |laif = X7, Jai;l, 1<i<n and [h] =37, |hil
3: COMPUTE: The coordinates of a permissible density vector p and the elements of a permissible density matrix P

N

(2%
bi = ||h|| and bij = “|aj|||7 )= 1, s
4: GENERATE: N elements of the (k + 1) - dimensional Sobol (or Halton) sequence
5. CONSTRUCT: N realizations of the Markov chain with integer elements
1 5 51 s 51 5 1 1< <n, 0<t <k, 1<s< N
6: COMPUTE:
1Y t=k
O =+ > Sign(hlgw)ﬂh”{n sign(a,e y)llaye [1}He:
s=1 t=1
ey 1 t=k—1
Oy = N;Swn(hléwwh”{ tl:[l sign(aye )@ 111
7. OUTPUT:
E(k)
Mraz = =0
o

The computational complexity of Algorithm [1|is determined by the number of realizations N of the Markov
chain, the average time required to compute a single realization of the random variables #*) and #*~1 and the
preprocessing cost associated with the construction of the transition density matrix P. Steps 2 and 3 require
O(n?) operations and are treated as preprocessing, while the main computational effort is concentrated in Steps
4 to 6. For fixed k, the time for a single realization is 7, = O(nk); therefore, the total computational complexity
of the algorithm is:

Cost(Algl) = O(Nnk) + O(n?) = O(Nnk +n?),

which reduces to O(Nnk) when N > n. Numerical experiments show that for dense symmetric matrices,
a balance between systematic and stochastic errors is achieved for N = O(n), while for sparse matrices, an
additional reduction in computational cost can be expected.

1.4 Numerical Results and Discussion

In the numerical experiments, the almost optimal PMC algorithm (Algorithm )) is implemented using
two pseudorandom number generators: Mersenne Twister (MT) and Middle Square (MS). The corresponding
implementations are denoted by PMCyry and PMC(y5y. The results obtained are compared with those
of the classical PMC algorithm, implemented ushe standard choice of the initial density vector and the

(n)

transition density matrix according to formula 1) denoted by PM C'( MT) and PM C’((;\l/l)s). The almost

optimal PQMC algorithm (Algorithm [1f) is implemented using low-discrepancy sequences (Sobol and Halton)
denoted by PQMC(gy and PQMCg, and is compared with the classical PQMC approach and its variants

PQM C((;L; and PQM C((;LI)). To reduce correlations in high dimensions, the sequences are scrambled using “RR2”
(reverse-radix) for Halton and “Matousek AffineOwen” for Sobol. All generators and sequences are implemented
in MATLAB 9.10 (R2021a).

The numerical experiments are carried out on two symmetric dense matrices of sizes n = 100 and n = 500,
with randomly generated entries and eigenvalues (A1, A2) = (50.0408, 4.0522) and (A1, A2) = (250.2454,9.0721)
respectively. The vectors h and f are chosen to have unit norm L;. To ensure convergence, the matrix A is

scaled by the parameter ¢ as:

,(51 > 0,

B 1
q [A1] + 01

or alternatively
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1

. §>0,i=1,...,n,
max; || a;|| + J

q:

where ||a;|| denotes the Li-norm of the i-th row of A. The choice of well-separated eigenvalues guarantees
fast convergence and allows for an experimental investigation of the balance between systematic and stochastic
errors. The influence of the number of transitions & and the number of realizations N on accuracy is analyzed,
as well as the effect of variance reduction achieved by the almost optimal PMC/PQMC algorithms under fixed
computational complexity.

1.4.1 Case (i): Matrix size n = 100

Tablepresents the results for estimating the largest eigenvalue of a symmetric matrix (n = 100, A\; = 50.0408)
using the almost optimal PMCyry and the classical PMC((;\L/[)T) algorithm. The optimal balance between
systematic and stochastic error is achieved for k = 8 and k¥ = 9. The minimum absolute error for PMC\ )
is 5 x 1075 at k = 8, N = 512, whereas for the classical PMC((]T\})T) an error of 1.5 x 1073 is observed in
k =8, N = 2048. This clearly demonstrates the superiority of the almost optimal variant.

Table 1.1: Results of PMC 7y and PMC((ZI)T) at different N and k for a matrix A with size n = 100, for which A2/\1 =~ 0.081,
where A1 = 50.0408 and Ao = 4.0522.

)\gk> using Absolute Error )\gk) using Absolute Error

N k PMC ) PMC (i) PMC{) PMC{3
8 50.039901 0.00090 50.019883 0.0209
128 9 50.040709 0.00009 50.037795 0.0030
10 50.045295 0.00450 50.066104 0.0253
7 50.023923 0.01688 50.012158 0.0286
256 8 50.040628 0.00017 50.039528 0.0013
9 50.044896 0.00410 50.050593 0.0098
7 50.035045 0.00576 49.996040 0.0448
512 8 50.040750 0.00005 50.039264 0.0015
9 50.052027 0.01123 50.050158 0.0094
7 50.029828 0.01097 50.019435 0.0214
1024 8 50.040720 0.00008 50.039735 0.0011
9 50.045403 0.00460 50.054351 0.0136
7 50.036291 0.00451 50.029563 0.0112
2048 8 50.041086 0.00029 50.041728 0.0009
9 50.043850 0.00305 50.057179 0.0164

*The highlighted rows represent the optimal k values for each N.

Table shows the analogous results for PMC(1s) and PM C™ . The smallest absolute error for the almost

(MS)*
optimal MS algorithm is 1.8 x 10™* in k = 8 and N = 512, while the classical MS algorithm reaches an error
of 1.8 x 1073, This confirms the general trend that almost optimal algorithms reduce variance and yield more
accurate estimates than classical ones, regardless of the pseudorandom number generator used.

Figure shows that the almost optimal versions (PMC(yry and PMC(ys)) follow uniform trajectories

close to the exact value A4, even for smaller values of N, while the classical versions, especially PM C((X}S),
demonstrate larger fluctuations and weaker stability. The main reason is the reduced variance in the construction
of random variables #*) and #*~1 using the optimal transition density matrix, which confirms the higher
precision and computational efficiency of the almost optimal PMC algorithms.

Table [1.3| presents the results for the almost optimal and classical PQMC algorithms based on Halton sequences,
when evaluating A\; = 50.0408 for a matrix of size n = 100. A monotonic decrease in absolute error is observed
as the number of transitions k increases, with optimal convergence achieved at k = 11-12. For N = 2048, the
algorithm PQM C') reaches an absolute error of 8.2 x 10~4, while the classical PQM C((Z)) remains significantly
less accurate with an error of 0.0707. This clearly demonstrates the advantage of the almost optimal construction.
Table contains the analogous results for the algorithms based on Sobol sequences. The almost optimal
algorithm PQM C ) systematically outperforms both its classical counterpart and the variant based on Halton
sequences. For example, for N = 2048 and an optimal number of transitions, PQMCg) achieves an absolute

error of 5 x 10~°, while PQMC’((;? reaches 0.0336. Even for smaller values of N, such as N = 256 and k = 11,
the difference is significant: 8.1 x 10™* versus 0.1455 in favor of the almost optimal algorithm.
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Table 1.2: Results of PMC(MS) and PMC’<n) at different N and k for the matrix A with size n = 100, for which A2 /A1 = 0.081,

(MS)
where A1 = 50.0408 and Ao = 4.0522.
)\gk) using Absolute Error Agk) using Absolute Error
(n) (n)
N k PMCums) PMCns) PMC(MS) PMC(MS)
8 50.039440 0.00136 50.019388 0.0214
128 9 50.040595 0.00020 50.029883 0.0109
10 50.051262 0.01046 50.060923 0.0201
7 50.031044 0.00976 49.984883 0.0559
256 8 50.042490 0.00169 50.028211 0.0126
9 50.050490 0.00969 50.051251 0.0105
7 50.030518 0.01028 49.997989 0.0428
512 8 50.040617 0.00018 50.033570 0.0072
9 50.058913 0.01811 50.053570 0.0128
10 50.061048 0.02025 50.091035 0.0502
7 50.031472 0.00933 50.009835 0.0310
1024 8 50.041209 0.00041 50.038850 0.0020
9 50.044938 0.00414 50.056396 0.0156
7 50.038998 0.00180 50.022658 0.0181
2048 8 50.041243 0.00044 50.038951 0.0018
9 50.043045 0.00225 50.063537 0.0227

*The highlighted rows represent the optimal k values for each N.

m)
——exact value -=-PMC, +PM((‘MS) -=-PMC +PM(‘M

™T) (MT) (MS)

50,0420 /‘\ :

50,0390 [P
=] e
= /
= 500360 P
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Figure 1.1: Comparison of the approximate results for ,\5’,296 with Amaz = 50.0408 in the balanced error case, i.e. when

(k=9,N =128) and (k = 8, N > 128). Applied algorithms: PMC(yrr), PMC(yrs), PMC{y)p and PMC{})o .

The visualization in Figure [I.2] confirms the tabular results, showing a smoother and more stable convergence
of the algorithms PQMC gy and PQMC gy toward the exact value A4, for all values of N. In contrast, the

classical variants PQM C((gg and PQM C((IZ)) demonstrate larger fluctuations and initial overestimation of the
eigenvalue, and their convergence is significantly slower.

Figure[l.3|shows a comparison between the almost optimal PMC and PQMC algorithms for the balanced cases.
In PMC methods, PMC(;1) reaches a minimum error of 5 x 107° at N = 512 and k = 8, while PMCps)
shows a larger but still small error of 1.8 x 10=%. On the PQMC side, PQMCg) is the most accurate, with an
error of 5 x 107° at N = 2048 and k = 11, while PQMC| ) reaches 8.2 x 10~%. These results clearly show that
the use of scrambled Sobol sequences and the almost optimal transition matrix leads to lower variance and an
optimal balance between stochastic and systematic error compared to their classical variants.

1.4.2 Case (ii): Matrix size n = 500

Table presents the results for estimating the maximum eigenvalue A.,q; of a symmetric dense matrix of
size n = 500, obtained with the almost optimal algorithm PMC 7y and its classical analogue PMC((]T\L/[)T).
Numerical data show that for a fixed number of realizations N, increasing the number of transitions k leads

to a decrease in the absolute error, with the optimal balance between systematic and stochastic error being
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Figure 1.2: Comparison of the approximate results for ,\5,’3211 with Apez = 50.0408 in the balanced error case, i.e. when

(k =12, N = 128) and (k = 11, N > 128). Applied algorithms: PQMC(g), PQMC ), PQMCég; and PQMC((;})).
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Figure 1.3: Comparison of Amaz of the symmetric matrix A (n = 100) with )\,(1]:()11 in the balancing cases. The almost optimal

PMC and PQMC algorithms are used.

achieved at k = 9. In this balanced case, the almost optimal algorithm reaches an absolute error of the order of
107* (e.g., for N = 512), while in the classical variant the error remains of the order of 1072 under the same
parameters, clearly demonstrating significantly higher accuracy.

Similar conclusions can be drawn from Table [I.6] which presents the results for the almost optimal algorithm
PMCysy and the classical PMC’((;/I)S). In this case, optimal convergence is observed at k& = 9, with the

minimum absolute error for the almost optimal algorithm achieved at N = 128 on the order of 10~%. In
contrast, the classical variant demonstrates significantly larger errors, on the order of 1072, which confirms the
advantage of the optimized design even when using a weaker pseudorandom generator.

The visualization in Figure confirms the results in Table and Table The almost optimal PMC
algorithms show smoother and more stable convergence to A, with increasing number of realizations N.
This is due to the significantly reduced variance in the construction of the random variables #*) and #*—1).

The classical algorithm PM C’((;/I)S) demonstrates fluctuations and even overestimation of the eigenvalue at

larger values of N, while PM C’((;/I)T) is characterized by more stable convergence. This indicates that the MT
pseudorandom number generator is preferable for high-dimensional problems.

Table[L.7] presents the results for estimating A4, using the almost optimal and classical PQMC algorithms based
on scrambled Halton sequences. For all algorithms, the absolute error decreases as the number of transitions k
increases, with the optimal balance achieved at k = 12. In this case, the almost optimal algorithm PQMC )
achieves an absolute error on the order of 1073 (e.g., 4.59 x 1072 at N = 2048), while the classical variant

PQM C’((;LI)) demonstrates significantly larger errors, reaching 0.0726 for the same number of realizations. This
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Table 1.3: Results of PQMC gy and PQMC(n)) for different N and k for a matrix A with size n = 100, for which A2/A\1 =~ 0.081,
where A1 = 50.0408 and A2 = 4.0522.

)\ﬁk) using Absolute Error )\gk) using Absolute Error
N k PQMC i) PQMC g PQMCE;)) PQMCE%
11 49.801798 0.23900 49.574856 0.4659
128 12 50.037989 0.00281 50.206208 0.1654
13 50.152986 0.11219 50.314121 0.2733
10 50.001834 0.03897 49.739820 0.3010
256 11 50.038996 0.00180 50.199525 0.1587
12 50.067986 0.02719 50.229280 0.1885
10 50.017989 0.02281 49.749688 0.2911
512 11 50.039899 0.00090 50.176724 0.1359
12 50.178512 0.13771 50.196566 0.1558
10 49.976987 0.06381 49.806135 0.2347
1024 11 50.039772 0.00103 50.172345 0.1315
12 50.107985 0.06719 50.295866 0.2551
10 49.973344 0.06746 49.907160 0.1336
2048 11 50.039982 0.00082 50.111519 0.0707
12 50.183245 0.14245 50.275169 0.2344

*The highlighted rows represent the optimal k values for each N.

Table 1.4: Results of PQMC gy and PQMC’((gi for different N and k for a matrix A with size n = 100, for which A2 /A1 & 0.081,
where A1 = 50.0408 and A2 = 4.0522.

/\gk) using Absolute Error /\gm using Absolute Error
N k PQMCys) PQMCg) PQMC(Z) PQMC(E)
11 49.679383 0.36142 49.624160 0.4166
128 12 50.040544 0.00026 50.200481 0.1597
13 50.091116 0.05032 50.299826 0.2590
10 49.994318 0.04648 49.742961 0.2978
256 11 50.039989 0.00081 50.186264 0.1455
12 50.049407 0.00861 50.225854 0.1851
10 50.050000 0.00920 49.866152 0.1746
512 11 50.040585 0.00021 50.166400 0.1256
12 50.148019 0.10722 50.223877 0.1831
10 49.986946 0.05385 49.933245 0.1076
1024 11 50.040913 0.00011 50.132603 0.0918
12 50.087435 0.04664 50.167252 0.1265
10 49.972883 0.06792 49.957605 0.0832
2048 11 50.040854 0.00005 50.074364 0.0336
12 50.155992 0.11519 50.186986 0.1462

*The highlighted rows represent the optimal k values for each N.

clearly shows the advantage of the optimized construction of the algorithm.

Table-presents similar results for algorithms using Sobol sequences. The almost optimal algorithm PQMC| S)
demonstrates the highest accuracy, with the absolute error in the balanced case at k = 12 on the order of 10~
(e.g. 5.4 x 107* at N = 2048). In contrast, the classical variant PQMC’((Sg achieves significantly larger
deviations, with an error of 0.3172 at N = 256. This confirms the better uniformity of Sobol sequences and
their advantage in higher-dimensional problems.

Figure[L.6]shows the comparisons between the almost optimal PMC and PQMC algorithms. The almost optimal
PMC algorithms PMC(y;7y and PMC(y;5) achieve minimum errors of 3.8 x 10~ 4 and 6.5 x 107, respectively,
at N = 1024 and k = 9, while the almost optimal PQMC algorithm PQMC|g) provides a comparable or higher

accuracy at k = 12

Table compares the empirical estimates for the variances of the random variable 8%) for the classical and
almost optimal PMC algorithms. Estimates were performed for matrices of dimensions n = 100 and n = 500.
The results show that for the almost optimal PMC algorithms, the variance is about two orders of magnitude
smaller compared to their classical variants. This estimate does not depend significantly on the generator used
or on the number of realizations IV, which is in agreement with the theoretical results. The fact that the variance
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Table 1.5: Results of PMC(pry and PMC’((;\L/I)T) for different N and k for a matrix A with size n = 500, for which A2/A1 ~ 0.0363,
where A1 = 250.2454 and g = 9.0721.

)\gk) using Absolute Error )\ik) using Absolute Error
(n) (n)

N k PMCmT) PMCumT) PMC(MT) PMC(MT)
8 250.222396 0.02300 249.492834 0.7526
128 9 250.232288 0.01311 250.032970 0.2124
10 250.295027 0.04963 250.149293 0.0961
8 250.228998 0.01640 250.124994 0.1204
256 9 250.250130 0.00473 250.222275 0.0231
10 250.283657 0.03826 250.311181 0.0658
8 250.235302 0.01011 250.115109 0.1303
512 9 250.245110 0.00029 250.192305 0.0531
10 250.268302 0.02290 250.328365 0.0830
8 250.235306 0.01009 250.164200 0.0812
1024 9 250.245015 0.00038 250.205542 0.0399
10 250.269913 0.02451 250.300328 0.0549
8 250.226172 0.01923 250.175939 0.0695
2048 9 250.246938 0.00154 250.224397 0.0210
10 250.251779 0.00638 250.295497 0.0501

*The highlighted rows represent the optimal k values for each N.

Table 1.6: Results of PMC(prsy and PMC((ZI)S) at different N and k for a matrix A with size n = 500, for which A2 /A1 =~ 0.0363,
where A1 = 250.2454 and Ao = 9.0721.

)\gk) using Absolute Error )\YC) using Absolute Error
(n) (n)

N k PMCus) PMCus) PMC(MS> PMC<MS)
8 250.211445 0.03395 249.462722 0.7827
128 9 250.245247 0.00015 250.003068 0.2423
10 250.279476 0.03408 250.120230 0.1252
8 250.203720 0.04168 250.015811 0.2296
256 9 250.252044 0.00664 250.221130 0.0243
10 250.290513 0.04511 250.363882 0.1185
8 250.206884 0.03852 250.058060 0.1873
512 9 250.244890 0.00051 250.183410 0.0620
10 250.283279 0.03788 250.356760 0.1114
8 250.238977 0.00642 250.143770 0.1016
1024 9 250.244751 0.00065 250.268955 0.0236
10 250.270855 0.02546 250.396782 0.1514
8 250.237612 0.00779 250.103221 0.1422
2048 9 250.247710 0.00231 250.320873 0.0755
10 250.275206 0.02981 250.347819 0.1024

*The highlighted rows represent the optimal k values for each N.

for the almost optimal versions is two orders of magnitude smaller than the classical versions confirms again the
conclusions that these algorithms provide a more accurate estimation of the maximum eigenvalue of symmetric
matrices with reduced computational complexity.

1.5 Summary

This chapter investigates the efficiency of the almost optimal PMC and PQMC algorithms for estimating the
largest eigenvalue of dense symmetric matrices for n = 100 and n = 500. Numerical experiments show that the
optimized algorithms significantly outperform the classical ones in accuracy and computational complexity by
purposefully choosing the transition matrix and balancing systematic and stochastic error. In PMC algorithms,
the optimal number of transitions is k = 8 for n = 100 and & = 9 for n = 500, with the Mersenne Twister
(MT) generator providing a smaller variance than the Middle Square (MS). In the PQMC, the optimal number
of transitions is k = 11 for n = 100 and k = 12 for n = 500, with the scrambled Sobol sequences leading to
smoother convergence and smaller errors than Halton. Absolute errors in almost optimal algorithms are on the
order of 104, while in classical ones they reach 1072, confirming the significant reduction in variance and the
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Q] (n)
—+—exact value —=-PMC —+—PMC —=—-PMC —=—PMC
MTD) (MS) MT) (MS)
250,3000 /./.
250,2300 —
&= 250,1600
=]
2
>
250,0900
250,0200
249,9500
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

Figure 1.4: Comparison of Amqes for the matrix A (n = 500) with the approximate results for )\ﬁylf) obtained in the balanced

ax

error case, i.e. when (k =9, N > 128). Applied algorithms: PMC(y7y, PMC(prg)y, PMC((JT/I)T) and PMC((;\]/I)S)'

Table 1.7: Results of PQMC gy and PQMC’{;?) for different N and k for matrix A with size n = 500. The absolute error is for
the case A2/A\1 =~ 0.0363.

)\gk) using Absolute Error )\gk) using Absolute Error

(n) (n)

N k PQMC n) PQMCg) PQMC(H) PQMC(H)
11 250.167707 0.07769 251.486594 1.2412
128 12 250.249391 0.00399 249.309133 0.9363
13 250.357823 0.11242 251.999063 1.7537
11 250.197841 0.04756 249.470953 0.7744
256 12 250.239655 0.00574 250.770441 0.5250
13 250.357573 0.11217 251.711421 1.4660
11 250.089218 0.15618 249.591525 0.6539
512 12 250.236033 0.00937 250.669970 0.4246
13 250.369509 0.12411 250.978674 0.7333
11 250.127756 0.11764 249.672942 0.5725
1024 12 250.250718 0.00532 250.090116 0.1553
13 250.387049 0.14165 250.829267 0.5839
11 250.166549 0.07885 249.987224 0.2582
2048 12 250.249986 0.00459 250.172833 0.0726
13 250.321274 0.07587 250.581459 0.3361

*The highlighted rows represent the optimal k values for each N.

(n) )
—+—exact value —=—-PQMC —+—PQMC, —=—PQMC —=-PQMC
(H) (s) (H) (S)
251,5500
251,2500
250,9500
=
=
=
> 250,6500
250,3500
—
. &5’/‘
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

Figure 1.5: Comparison of Amaz for the matrix A (n = 500) with the approximate results for )\,(ﬁ,)lz obtained in the balanced

error case, i.e. when (k= 12, N > 128). Applied algorithms: PQMC/gy, PQMC's, PQMCE;; and PQMC((Z)).
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(n) for different N and k for matrix A with size n = 500. The absolute error is for

Table 1.8: Results of PQMC(g) and PQMC(S)

the case A2/\1 =~ 0.0363.

)\gk) using Absolute Error )\gk) using Absolute Error
(n) (n)
N k PQMCg) PQMC s PQMC(S) PQMC(S)
11 250.236415 0.00898 249.415659 0.8297
128 12 250.245037 0.00036 250.777310 0.5319
13 250.330000 0.08460 250.989461 0.7441
11 250.199189 0.04621 249.483392 0.7620
256 12 250.245119 0.00028 250.562622 0.3172
13 250.291367 0.04597 250.704555 0.4592
11 250.099484 0.14592 249.632500 0.6129
512 12 250.244872 0.00053 250.486175 0.2408
13 250.378047 0.13265 250.679597 0.4342
11 250.140000 0.10540 249.811533 0.4339
1024 12 250.244996 0.00040 250.148126 0.0973
13 250.351139 0.10574 250.651883 0.4065
11 250.193656 0.05174 249.937040 0.3084
2048 12 250.245937 0.00054 250.290864 0.0455
13 250.272562 0.02716 250.555662 0.3103
*The highlighted rows represent the optimal k values for each N.
—4—exact value +PMC(MT) —I—PQMC(H) -O—PQMC(S) —I—PMC( MS)
250,2550
250,2500
- 250,2450 o
=3
3
> 250,2400
250,2350
250,2300
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

Figure 1.6: Comparison of Apqs of the symmetric matrix A (n = 500) with AS,’me in the balancing cases. The almost optimal

PMC and PQMC algorithms are used.

Table 1.9: Variance of the maximum eigenvalue estimates for the almost optimal and classical PMC algorithms for different
matrix dimensions, number of realizations (IN), number of transitions (k), and the pseudorandom number generators used (MT
and MS).

matrix Nk Var(PMCr) Var(PMC(y).) Var(PMCs) Var(PMClyg)

size

100 512 8  1.169203e-06  1.720495e-04 1.236100e-06 1.781005¢-04
2048 8  1.300635¢-06  1.772653¢-04 1.326996¢-06 1.792424¢-04

500 512 9  1.186151e-08  1.229778e-05 1.269925¢-08 1.285468e-05
2048 9  1.189763e-08  1.184918e-05 1.268721e-08 1.299595¢-05

increase in accuracy.

In conclusion, the almost optimal PMC and PQMC algorithms achieve higher accuracy with the same compu-
tational complexity, making them a preferred choice for practical applications. When constructing them, we
must also take into account the choice of pseudorandom number generators and the choice of low-discrepancy
sequences. The described results are published in [36] [37].
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2. Stochastic Resolvent Method: Development and Investigation of
Efficient Algorithms for Minimum Eigenvalue

2.1 Problem Formulation

Let A = {a;;}}';—; € R™™" be a nonsingular symmetric matrix. The eigenvalues of A are defined as all real
values of the parameter A\(A) for which the equation

Ax = MA)x, where x € R", (2.1)

has a nonzero solution. It is assumed that the eigenvalues satisfy the ordering
0 <Amin = A < A1 A2 <o < Ao <AL = Apaxe (22)

The minimal eigenvalue Ay, is positive and, according to (2.2)), is unique. Consider the task of developing and
investigating numerically efficient stochastic algorithms for its estimation.

2.2 Method for Computing Eigenvalues
Let R = {r”}:‘ j=1 € R™*™ be a nonsingular symmetric matrix whose eigenvalues satisfy the ordering:

HMmin = |,un‘ < |,un—1| S |,un—2‘ S e S |/,[,2| < |,u'1| = Mmax; (23)
and for which the equation:
Ry = p(R)y (2.4)

has a nonzero solution. From linear algebra theory, it is known that under certain relationships between the
matrices R and A, there exist connections between their eigenvalues and eigenvectors. Three main cases are
considered:

e For the inverse matrix R = A~!, the eigenvalues are related by pu = % This allows the use of the Inverse
Power method to compute the minimal eigenvalue of A, but requires the expensive computation of the
inverse matrix.

e For the shifted matrix R, = A — ¢I, the relation t = XA — ¢ holds. This leads to the Shift Power method,
where the choice of the parameter ¢ influences the approximation of the minimal eigenvalue.

e For the resolvent matrix Ry = (I— qA)~1, the eigenvalues are related by pu = ﬁ, and the corresponding
method is called the Resolvent Power method. The matrix R, can be represented as the limit of an infinite
convergent series under the condition |gA| < 1, or equivalently |g||| 4] < 1, namely:

Ry=) q'A'=[T—qA"". (2.5)
1=0

Depending on the sign of the parameter g, different relations for the maximal eigenvalue are obtained:

1

max ] ’ 9 .
— f()I (Z > O (2 )
lu’InaX ] q)\ N 9 . . l

Within the scope of the present study, the main interest is in the case ¢ < 0, which enables accelerated
approximation and efficient estimation of the extreme eigenvalues.

2.2.1 Resolvent Power Method

In the classical Power method, the largest eigenvalue Apa.x of a symmetric matrix A is represented as the limit
of the Rayleigh quotient (1.4]), which allows a practical approximation using finite powers. On this basis, the
Resolvent Power method is introduced, in which the resolvent matrix replaces the matrix 4, R, = (I — qA)™!,
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which exists under the condition |g|||A|| < 1. The resolvent matrix admits a Neumann series expansion, and its
power R can be represented by a generalized binomial series:

(m+1i—1)!

(o9}
R;n = (I - qA)im = qucz?—&-m—lAZ? z?+m—1 =
i=0
The infinite series for R (where ¢ is called the acceleration parameter) can be written as

m —m m(m+ 1
Ry = (I —qA) :I—l—qu—i—%

m(m + 1)(m + 2)

2A2
q + 6

GCA 4. (2.9)

Applying the Power method to the resolvent matrix (R,) leads to the Resolvent Power method:

(h’v R;n-f) li (h7 (I — qA)_mf) 1

im T mm—1es 1m — — = Wmax = R
m— oo (h’ Rq lf) m— oo (h,’ (I — qA) (m l)f) a 1-— q)\

(2.10)

which enables the computation of the maximal eigenvalue .y of the resolvent matrix and, consequently, the
estimation of the extreme eigenvalues of A. Depending on the sign of the parameter ¢, the method can be used
to approximate Amax OF Amin, according to [19] 20} 22]:

(h, AR f)
=1~ Aaxs ifg>0, 2.11
(h, R f) @11
(R, ARTf) 1 < 1 )
L~ —(1— — | & Anin, if ¢ <O. 2.12
g~ q\' e 212

In practice, the resolvent matrix is approximated by truncating the series to a finite number of terms k:

k

ok = Z Cii-‘rm—liniv (2.13)
i=0

which leads to a systematic error equal to the “tail” of the series:
A(@) == qA)™" =R = Y7 Clip1d' A (2.14)
i=k+1

Estimates for this error and conditions for selecting the parameters m and k such that it is smaller than a
prescribed € have been obtained, i.e.,

AL (g)] < e (2.15)
The following bound holds:
A O] < T = 3 Cliat's =gl Amax] < 1. (2.16)
i=k+1

There is a linear relationship between the parameters m and k under the condition ¢t = |q||[Apnaz| < 1. The
following estimates are obtained for the relationship between k and m:

e Accuracy inequality:

T ii(t) < f’“_*; = ﬁ%ﬁ?ﬁ;t <e, bi=Cl it a:= %k;l t<1. (2.17)
e Linear relations between the parameters:
m < ?(k+1)+%, or Mmax = Vltt)kmlJ . (2.18)
e Asymptotic relationship (for growing m and fixed t):
kZ %_tm, for large values of m. (2.19)
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e Minimal value of k for fixed ¢:

tm—1
min — —1]. 2.2
k [1_t } (2.20)

The derived relations enable an efficient choice of parameters in numerical implementations and form the basis
for the construction of a Stochastic Resolvent method, including a balance between systematic and stochastic
€rTors.

2.2.2 Stochastic Resolvent Method

The Stochastic Resolvent method, introduced by Karaivanova and Dimov |20} [25], represents a generalization of
the Resolvent Power method to estimate the extreme eigenvalues of a matrix A. A fundamental component is
the construction of random variables 8(9), defined by a Markov chain, whose mathematical expectations coincide
with the scalar products (h, A'f), i =1,2,3,..., i.e

E[0W] = (h, A'f), i=1,2,3,.... (2.21)

Under the condition on the parameter ¢ satisfying |¢ Amaz| < 1, it has been proven in [I7] that the scalar
product with the resolvent matrix can be represented as an infinite series:

(h, R)'f) = (h, (I qA)~ qucam L E[09)], (2.22)

which allows for stochastic estimation using Monte Carlo methods. In practice, mathematical expectations are

approximated by mean values:
N

@ 1 (i) _

% _N;(G ey i=1,2,3,.... (2.23)
where the stochastic error is of the order of O(N -1/ 2). For a fixed accuracy ¢, the problem of determining the
minimum number of realizations N required to guarantee an error below a prescribed threshold has been solved
under the assumptions of bounded variance and ||A|| < 1:
Cr O

N> {== (2.24)

Due to the truncation of the infinite series to a finite number of terms k, two errors arise: (1) stochastic (Monte
Carlo approximation) and (2) systematic (from truncation of the series). The choice of parameters m and k
controls the systematic error, and N controls the stochastic error. The balance between them is crucial for
accuracy and computational efficiency. The approximate eigenvalue formula is as follows:

E[0W] + qCL E[0P] + ¢2C2 | E[0®] + ... + ¢°CF, . E[0%*+)]
14 qCLEOM] + qQC?n—i-l [0@] + ... + chlljerflE[e(k)] )

(2.25)

where the sign of the parameter ¢ determines whether the maximum (A4, at ¢ > 0) or the minimum eigenvalue
(Amin at ¢ < 0) is evaluated. When pseudorandom numbers are used, the method becomes the Resolvent Monte
Carlo (RMC) method, whereas when low-discrepancy sequences are employed, it becomes the Resolvent Quasi-
Monte Carlo (RQMC) method. The construction of random variables is based on an appropriate choice of the
initial density and the transition probability matrix, and numerical results demonstrate a higher accuracy than
classical deterministic algorithms.

2.3 Almost Optimal RMC and RQMC Methods and Algorithms

Let the matrix A be represented by the rows a;, introducing Li-norms for vectors and matrices, which serve as
a basis for constructing almost optimal stochastic resolvent algorithms. The choice of the initial density vector
and the transition probability matrix is implemented by normalizing the absolute values of the components of
h and the rows of matrix A, which leads to an almost optimal structure of the Markov chain.

The almost optimal Resolvent Quasi-Monte Carlo (RQMC) algorithm is presented for estimating the minimal
eigenvalue of a symmetric matrix. The algorithm employs low-discrepancy sequences (for example, a scrambled
Sobol sequence) to generate realizations in the Markov chain and to compute the random variables 6. When
pseudorandom generators are used, the method reduces to an almost optimal Resolvent Monte Carlo (RMC)
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algorithm. In Step 4 of the algorithm, a scrambled Sobol sequence is used as a low-discrepancy sequence to
compute the values of the random variables (9, i =1,2,...,k + 1, via a Markov chain.

Algorithm [2|is presented in pseudocode and describes the almost optimal RQMC algorithm to estimate the
minimal eigenvalue of the symmetric matrix A. If pseudorandom number generators (PRNGs) are used in Step
4, the algorithm is referred to as the almost optimal RMC algorithm. In the following exposition, the almost
optimal RMC algorithm will be denoted by Algorithm 2a. Both algorithms belong to the class of iterative
stochastic methods and are characterized by the presence of two types of errors: stochastic and systematic.
The stochastic error in the MC methods is of the order of O(N~1/2), while in the QMC methods based on
low-discrepancy sequences it is O(N~1(logN)¥). High dimensionality may lead to correlations between the
coordinates of quasirandom sequences, which can be mitigated by using scrambled quasirandom sequences.

Algorithm 2 Pseudocode for computing the almost optimal Resolvent QMC algorithm

1: INPUT: matrix A = {a;;} € R™"*"; vectors h, f € R”, positive integers n, N, k, m and the real number g,
where (—1)/]|A4]| < ¢ <0

. S 171 IR (771 : :
2: COMPUTE: p; = ST R P = ST e 1<i<n, 1<5<n
3: COMPUTE: a; = Z?:l |aij|, 1<1<n, ||h|| = Z?:l |h1|
4: GENERATE: N elements of the (k + 1) - dimensional Sobol sequence
5: CONSTRUCT: N realizations of the Markov chain with integer elements
1 = =0 s s = 1) 1< < 1<i<k+1,1<s< N

6: COMPUTE:

1 N k+1 k+1

0 =5 Inl Z;Slgn{hlgs) H(algsn%)} 1:[1 4o fos 1<i<k+1
7. COMPUTE: . o

f+m_1 = M,where 1<i1<k
il(m —1)!

8: OUTPUT:

0" 408 + 203,10

m

1+ qC}n@(l) + q2Cﬁl+1§(

. —(k+1
+ ot ch,’gm,le( )

g(k)

)\min ~ 2) %
T o G

The systematic error arises from the use of a finite (truncated) Markov chain and is analogous to the truncated
Neumann series in deterministic methods. It depends on the truncation parameter k in the representation of the
resolvent matrix R as a limit of infinite order under the condition |g|[|A|| < 1. The parameter m determines
the degree of the resolvent matrix and affects the convergence of the method:

o (|”2|m) : (2.26)

M1

where pu1, o are the largest eigenvalues of the resolvent matrix. Expressed in terms of the eigenvalues of A :

o(i=
1-— Q/\Q
The choice of the acceleration parameter ¢ determines whether the algorithm evaluates the minimum (¢ €
(—m, 0)) or the maximum eigenvalue (¢ > 0). The computational process involves generating N realizations
of the Markov chain, computing sample means for the random variables, and using binomial coefficients to
estimate the eigenvalue.
The balance between stochastic and systematic error is essential for achieving a prescribed accuracy ¢ at optimal
computational cost. This balance is controlled through the parameters N (number of realizations), k (chain
length), m (resolvent power), and ¢ (acceleration parameter). Numerical experiments demonstrate that the
choice of these parameters must be consistent with the derived theoretical convergence estimates.

1- q>\n
1- q)\nfl

),for q >0 and (’)(‘

) , for ¢ <0. (2.27)
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2.4 Numerical Results and Discussion

The numerical results were obtained by applying the almost optimal Resolvent Quasi-Monte Carlo (RQMC)
algorithm (Algorithm |2|) and the almost optimal Resolvent Monte Carlo (RMC) algorithm (Algorithm 2a)
to estimate the minimal eigenvalue of randomly generated symmetric matrices of sizes n = 500 and n = 1000.
The almost optimal RQMC algorithm is implemented using BRODA’s Sobol RSG generator, which enables the
generation of scrambled Sobol sequences with the required dimensionality for constructing the Markov chain.
The almost optimal RMC algorithm is implemented using the Mersenne Twister (MT) pseudorandom number
generator. Both algorithms are implemented in C+-, with a preliminary subroutine used to generate a random
symmetric matrix A whose spectrum lies within the unit circle and satisfies the following condition:

0<C<)\n<)\n,1§...§>\2<)\1<1,

where the constant c is chosen to be ¢ = 0.15. This guarantees positivity and spectral separation, which are
necessary for the convergence of the resolvent power method.
Two test cases are considered:

(i) Matrix A of dimension n = 500, with the two largest and two smallest eigenvalues being: A; = 0.620713,
)\2 = 0335683, /\499 = 0.15452 and )\500 = 0.152992.

(ii) Matrix A with dimension n = 1000, with the two largest and two smallest eigenvalues being: A\; =
0688181,)\2 = 04:4:30787 )\999 = 0.154138 and )\1000 = 0.151911.

The separation between the two largest and the two smallest eigenvalues ensures a reliable convergence of the
method when estimating Ap,ip.

The numerical experiments are conducted on a high-performance computing cluster (IICT-BAS), consisting of
12 Fujitsu Primergy RX 2540 M4 servers, each configured with: 128 GB RAM; two CPUs — Intel Xeon Gold
5118 (2.30 GHz) with 24 cores; two 800 GB SSDs; 36 TB HDD; and an NVIDIA Tesla V100 GPU with 32
GB memory. The servers are interconnected via InfiniBand for fast, low-latency data exchange. The installed
software includes Red Hat Enterprise Linux 7.6 and NVIDIA GRID.

The implementation of Algorithm [2]is hybrid: the generation of scrambled Sobol sequences is performed on
the GPU (NVIDIA Tesla V100, 5120 CUDA cores), while the remaining computations are executed on the
CPU. Algorithm 2a is implemented on the CPU using the Mersenne Twister generator.

The arbitrarily vectors h and f are chosen with a Li-norm as follows:

n

1
IBl= 1= =1,

=1

to ensure proper normalization in the stochastic estimations. Numerical tests show that for large values of the
number of realizations NN, the execution time of the RQMC algorithm (RQMCg)) is significantly lower than
that of the RMC algorithm (RMC(p1y). They demonstrate the advantage of the Quasi-Monte Carlo approach
combined with GPU acceleration in large-scale problems for estimating the minimal eigenvalue.

2.4.1 Case (i): Matrix size n=500

Table presents numerical results to estimating the minimum eigenvalue of a symmetric matrix of dimension
n = 500, obtained by the almost optimal algorithms (RMC(yry and RQMC/g)) for different values of the
parameters N,k and m. The table also includes the corresponding absolute errors of the estimates obtained.
The acceleration parameter is fixed at ¢ = —0.157428, and the systematic error is preset at the level 5,5 = 0.001.
The analysis of the results is based on the balancing of the two main sources of error - systematic and stochastic.
The systematic error arises from the truncation of the Neumann series at ¢ = k + 1, which corresponds to a
finite number of transitions in the Markov chain, as well as from the choice of the degree m of the resolvent
matrix. The parameters m and k are chosen based on theoretical estimates of the tail of the series Tp, ,(t), for
t = |g||A1| < 1, so that the condition T, 1 (t) < e4ys = 0.001 is satisfied. In this way, the systematic error is
controlled in advance and remains on the order of O(1073).

The stochastic error arises from the approximation of mathematical expectations by a finite number of realiza-
tions N. In the Monte Carlo approach (RMC(y7)), the stochastic error is on the order of O(N ~1/2) for a fixed
confidence probability. In the Quasi-Monte Carlo approach (RQMCg)), faster convergence is expected. To
estimate the statistical error, scrambled Sobol sequences are used, which combine low-discrepancy properties
with controlled randomness. It should be noted that the stochastic error depends not only on N, but also
on the parameter k; increasing k increases the number of estimated random variables (), i = 1,...,k + 1.

Abstracts of Dissertations 2026 (1) 3-48



Stochastic Numerical Methods for Eigenvalue Estimation 28

Table 2.1: Numerical results for the matrix A € R590%590 for different values of N, k and m with the acceleration
parameter ¢ = —0.157428. The exact minimum eigenvalue Ay, = As00 = 0.152992.

Amin Absolute error Amin Absolute error
N k m RMC(MT) RMC(MT) RQMC(S) RQMC(S)
5 5 0.1585637 0.0055717 0.1561046 0.0031126
51229 | 5 | 10 | 0.1585163 0.0055243 0.1524884 | 0.0005036
10| 5 0.1556132 | 0.0026212 | 0.1560595 0.0030675
5 5 0.158395 0.005403 0.1596503 0.0066583
5122 | 5 | 10 | 0.1585518 0.0055598 0.1595946 0.0066026
10| 5 0.1580794 0.0050874 0.1596616 0.0066696
5 5 0.1572588 0.0042668 0.1591139 0.0061219
512%25 | 5 | 10 | 0.1566524 0.0036604 0.1585388 0.0055468
10| 5 0.156875 0.003883 0.1591292 0.0061372
5 5 0.157129 0.004137 0.1589384 0.0059464
51225 | 5 | 10 | 0.1565796 0.0035876 0.1584563 0.0054643
10| 5 0.1570216 0.0040296 0.158961 0.005969

This leads to the accumulation of variances in both the numerator and the denominator of the rational formula
for estimating eigenvalues, which affects the required number of realizations. Therefore, an effective balance
requires selecting N so that the stochastic error is of the same order as the prescribed systematic error egys.

Graphic when k=5, m=10 for a matrix A with n=500
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Figure 2.1: Convergence to the exact minimum eigenvalue of the matrix A using MC and QMC at k = 5,m = 10
for different values of N

The results obtained for n = 500 confirm the theoretical conclusions. With an appropriate choice of parameters
(m, k), which guarantee a limitation of the systematic error below O(1073), high precision is achieved even with
a relatively small number of realizations N, comparable to the dimensionality of the matrix. The best accuracy
is obtained at £ = 5, m = 10, and N = 512, where the absolute error is of the same order as the previously
specified systematic error. Increasing N (for example, to N = 16384 or N = 32768, see Figure and Table
does not lead to a monotonic decrease in absolute error.

Saturation or oscillating behavior is observed, which is characteristic of situations in which the systematic error
already determines the lower limit of accuracy. Additional influence is exerted by numerical effects associated
with the increase in binomial coeflicients at larger values of m and k, which increase the sensitivity of the
fractional-rational formula to small fluctuations in estimates of (9. Therefore, increasing N does not automat-
ically guarantee improved accuracy when the systematic component or the numerical sensitivity of the method
becomes dominant.
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2.4.2 Case (ii): Matrix size n=1000

Table presents numerical results for estimating the minimum eigenvalue of a symmetric matrix of dimension
n = 1000, obtained by the almost optimal algorithms RM C 7y and RQM C|g), together with the corresponding
absolute errors. In these experiments, the acceleration parameter is fixed at ¢ = —0.2302458, and its absolute
value is higher compared to the case n = 500. This increases the parameter ¢ = |¢g||\1]| and requires, for the
same values of k and m, that the systematic error be fixed at a higher level €,,, = 0.01 to satisfy the theoretical
conditions to estimate the tail of the series.

Table 2.2: Numerical results for the matrix A € R1000x1000 o1 different values of N,k and m with acceleration
parameter ¢ = —0.230245. The exact minimum eigenvalue Apin = A1pg0 = 0.151911.

Amin Absolute error Amin Absolute error
N k m RMC(MT) RMC(]MT) RQMC(S) RQMC(S)
5 5 0.1556059 0.0045949 | 0.1705751 | 0.0186641
512%2°| 5 | 10 0.168251 0.01634 0.1886959 | 0.0367849

10| 5 0.1593428 0.0074318 | 0.1701307 | 0.0182197
5 5 0.1504153 | 0.0014957 |0.1533797 | 0.0014687
5122 | 5 | 10 | 0.1417805 0.0101305 | 0.1499974 | 0.0019136
10| 5 0.156739 0.004828 0.1534383 | 0.0015273
5 5 0.1550015 0.0030905 | 0.1573842| 0.0054732
512%2° | 5 | 10 | 0.1495483 0.0023627 | 0.1539357 | 0.0020247
10| 5 0.1559548 0.0040438 | 0.1575454 | 0.0056344
5 5 0.1557509 0.0038399 | 0.1576339| 0.0057229
512%2°| 5 | 10 | 0.1537008 0.0017898 | 0.1562911 | 0.0043801
10| 5 0.1562905 0.0043795 ]0.15764225| 0.0057312

The results (see Table and Figure show that the best balance between the systematic and stochastic
components of the error is achieved at k = 5, m = 5, and N = 1024. For this combination, the absolute error is
minimal and of the same order as the prescribed systematic error. This confirms the theoretical conclusion that
the parameters m and k, determined based on a fixed level of systematic error, ensure the required accuracy
of the approximation of the resolvent matrix, while the number of realizations N should be chosen so that the
stochastic error is comparable to the systematic one. For higher values of m, k and NN, a certain improvement
of the absolute error is observed in terms of the constant factor, but without a change in order, while the
computational complexity increases. Increasing N (for example, to N = 16384 or N = 32768, see Figure
and Table does not lead to a monotonic decrease in the error. The reason is due to the increased sensitivity
of the rational formula to small fluctuations in the estimates of the random variables (9, as well as the dominant
role of the systematic error.

Graphic when k=5, m=5 for a matrix A with n=1000
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Figure 2.2: Convergence to the exact minimum eigenvalue of the matrix A using MC and QMC at k =5,m =5
for different values N

In practice, the results indicate that for matrices of dimension on the order of several thousand, an optimal
balance is achieved when m and k are chosen according to theoretical estimates at a pre-fixed level of systematic
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error, and N is of the same order as the matrix dimension. Too small N leads to a dominant stochastic error,
while too large N increases the computational cost without a significant improvement in accuracy.

2.5 Summary

Estimating the minimum eigenvalue A,;, of a symmetric matrix using stochastic power algorithms requires the
computation of the inverse matrix A~!, which is computationally expensive for large dimensions. As an efficient
alternative, the Stochastic Resolvent method is investigated, which eliminates the need to explicitly calculate
A~1 by using the resolvent matrix R,=(1- qA)~! and its powers. The sign of the acceleration parameter q
determines whether the minimum or maximum eigenvalue is estimated.

Theoretical analysis shows that the convergence of the Resolvent Power method is essentially dependent on the
parameter ¢ and the power m. The systematic error decreases as m increases, while the ratio of the extreme
eigenvalues of the matrix determines the convergence rate. The truncation of the binomial series through the
parameter k introduces an additional systematic error, from which analytical estimates are derived. A linear
dependence between m and k is established, enabling the selection of minimal values at a fixed level of systematic
error and thereby reducing computational complexity.

In stochastic implementation, a stochastic error also arises. Almost optimal RMC and almost optimal RQMC
algorithms are proposed, in which mathematical expectations are approximated by sample averages of N real-
izations of a truncated Markov chain with k transitions. In the MC approach, the error is of order O(N -1/ ).
In contrast, QMC methods use the Koksma-Hlawka inequality together with low-discrepancy sequences (e.g.,
Sobol sequences), providing faster convergence. The general accuracy is determined by the balance between
systematic error (due to truncation of the series) and stochastic error (due to the finite number of realizations),
which requires a balanced choice of the parameters m, k, and N.

The theoretical estimates obtained provide practical guidelines for selecting m, k, and N so that both types of
errors are of comparable order with respect to the prescribed accuracy. Numerical experiments for matrices of
dimensions n = 500 and n = 1000 confirm these conclusions: the best efficiency is achieved for parameter choices
corresponding to the theoretically predicted balance, and increasing N beyond a certain threshold does not lead
to significant improvement. The almost optimal RQMC algorithm demonstrates faster convergence compared to
the MC approach, and the hybrid GPU/CPU implementation enables efficient application to high-dimensional
problems. Part of the results presented in this chapter are published in the articles [35] [36].
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3. Stochastic methods for assessing the market risk of investment
portfolios

This chapter presents an application of Algorithm [I]to a real-world problem in financial mathematics: assessing
market risk in an investment portfolio. The aim is to demonstrate the practical applicability of stochastic
power algorithms by analyzing the spectral characteristics of the correlation matrix of asset returns. Estimating
extreme eigenvalues enables the identification of dominant risk factors and the examination of the portfolio’s
sensitivity to market fluctuations. In this way, theoretical algorithms are employed as tools for quantitative risk
analysis and to support investment decision-making.

3.1 Problem Formulation

The main task addressed in this chapter is to estimate the maximum eigenvalue of correlation matrices and
to analyze the accuracy of the estimates obtained by applying almost optimal Power Monte Carlo (PMC) and
almost optimal Power Quasi-Monte Carlo (PQMC) algorithms, presented in Chapter [1l These algorithms are
used to estimate the largest eigenvalue of the matrices numerically and to investigate the approximation error.
Within the PQMC algorithm, two additional operators are introduced: (1) a skipping operator and (2) a
leaping operator. Their use is motivated by the need to reduce the influence of initial irregularities inherent in
randomized low-discrepancy sequences.

3.2 Methods and Data

The financial data used to construct the correlation matrices are extracted from the Portfolio Visualizer and
Yahoo Finance platforms, with access to the latter provided through the yFinance library. The estimation of
the largest eigenvalue of the correlation matrices is performed using the algorithms specified in Chapter [1| and
the balance between systematic and stochastic error is analyzed. For interpretation of the results in the context
of financial analysis, the Fraction of Variance Fzplained (FVE) indicator is used, which measures the share of
the explained variation corresponding to the maximum eigenvalue and characterizes the degree of influence of
the dominant market factor.

3.3 General Formulation of Covariance and Correlation Matrices

Covariance and the correlation coeflicient are fundamental characteristics for describing the linear dependence
between random variables. The covariance between two random variables X and Y is defined as

Cov(X,Y) = E[(X — px)(Y — py)], (3.1)

where pux = E[X] and py = E[Y] [77, O1I]. It measures the direction of joint variability and can take both
positive and negative values, but it depends on the scale of the variables.
The correlation coefficient represents a normalized form of covariance and is given by:

Cov(X,Y)

Corr(X,Y) = pxy =
OxXo0y

(3.2)

where ox and oy are the standard deviations [77, [9T]. It takes values in the interval [—1,1] and allows for the
comparison of linear dependencies independently of the measurement units.
For a random vector X = (X1,..., X,,)?, the covariance matrix is defined as

2 =Cov(X) = E[(X - p)(X—p)'], (3.3)

where the elements ¥;; = Cov(X;, X;) and the diagonal elements ;; = o7 represent the variances. Accordingly,
the correlation matrix is defined as:

R = [pij]?,jzla Pij :CO’I"’I“(XZ',X]'), i,j: 1,...,7”&, (34)

with pg; = 1 [42, 57].
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In the context of portfolio analysis, the correlation matrix describes the relationships between asset returns, while
its largest eigenvalue indicates the dominant market factor [42]. High values of this characteristic are associated
with increased market synchronization and limited diversification opportunities. The covariance matrix, in
turn, provides complete information about the interdependencies between assets and is a fundamental tool in
portfolio optimization and risk management.

3.3.1 Construction of Covariance and Correlation Matrices from Empirical Fi-
nancial Data

In empirical studies of financial markets, data are typically represented as a matrix B € R"*", where the rows
correspond to time points and the columns correspond to the returns of different assets. Each row b; describes
the joint market state at a given time, allowing analysis of interdependencies between assets. The matrix B is
defined as

B = [bij];7—y = (b1,...,bi,...,by)T, (3.5)
where each row b; represents a vector of observed returns for all assets at time 4. This representation forms the
basis for statistical analysis and the construction of covariance and correlation structures.

Data Centering and Sample Covariance and Correlation Matrices

Let b be the n-dimensional vector of sample column means of matrix B. The centered matrix is defined as

follows: o
B.=B—¢eb , (3.6)

where e € R" is a vector of units. The sample covariance matrix is defined as:
L7
¥ =-B.B.. (3.7)
r

For small values of r in formula (3.7), the division is performed by r — 1. The elements X;; measure the joint
variability between asset returns, and the diagonal elements ¥;; correspond to their variations. The risk of a
portfolio II with weights w is given by the quadratic form:

Var(Il) = w''Sw, (3.8)

which emphasizes the role of both individual risks and interdependencies between assets. The correlation matrix
is obtained by normalizing the covariance matrix with the standard deviations:

A —1/2viy—1/2 2ij

R=D,/"ED, "%, py= (3.9)

)
0,0

where p;; € [—1,1] and p;; = 1. This matrix provides a scale-independent measure of linear relationships
between assets and is key to the analysis of diversification [42].

3.3.2 Fraction of Variance Explained

The Fraction of Variance Explained (FVE) is an important characteristic related to the spectral properties of
covariance or correlation matrices [47]. Let A be a symmetric matrix with eigenvalues Ay > Ay > --- > A, > 0.
Then FVE for the largest eigenvalue is defined as:

A1 A1

FVE = = q
VE i A trace(A)’ (3.10)

and for the first £ components:

21'11 Ai
FVE, = —==—. A1
VEi trace(A) (3:.11)

In the special case of a correlation matrix R, for which trace(R) = n, we obtain:

FVE, = M (3.12)
n

This quantity measures the relative contribution of the dominant factor to the total variance of the system. In
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the context of financial markets, high values of F'V E; indicate the presence of a strong common market factor
and a high level of systematic risk, which limits the efficiency of diversification. In contrast, lower values suggest
a more balanced distribution of risk between independent factors and more favorable conditions for portfolio
optimization. Therefore, estimating the largest eigenvalue of the correlation matrix and the corresponding
fraction of variance explained is a key step in quantitative market risk analysis.

3.3.3 Stochastic Algorithms for Estimation of the Maximum Eigenvalue of a Cor-
relation Matrix

When estimating the largest eigenvalue of the considered correlation matrices, the almost optimal Power Monte
Carlo (PMC) and Power Quasi-Monte Carlo (PQMC) algorithms developed in Chapter [I| are applied. These
algorithms demonstrate significant superiority over their classical counterparts, providing higher numerical
accuracy and more stable convergence of estimates at comparable computational costs.

The almost optimal PQMC algorithm (Algorithm (1)) uses low-discrepancy scrambled sequences to construct a
Markov chain over a finite number of steps. In particular, in Step 4, Halton and Sobol sequences are generated
using the corresponding pseudocodes Algorithm (3| and Algorithm

Algorithm 3 Pseudocode for generating a scrambled Halton Sequence with skip and leap parameters

CREATE FUNCTION: generateHaltonSequence (N, k+1)
GENERATE: p < haltonset(k, >skip’ = sq, ’leap’ = 1;)
GENERATE: p < scramble(p, 'RR2’)

GENERATE: points < net(p, N)

OUTPUT: Return points

Algorithm 4 Pseudocode for generating a scrambled Sobol Sequence with skip and leap parameters

CREATE FUNCTION: generateSobolSequence (N, k+1)
GENERATE: p < sobolset(k, ’skip’ = s1, ’leap’ = 1;)
GENERATE: p + scramble(p, 'MatousekAffineOwen’)
GENERATE: points < net(p, N)

OUTPUT: Return points

When s; = 0 and Iy = 0 are chosen, standard (default) versions of the sequences are obtained, respectively
denoted by PQM C’((gl)) and PQM C((g;. For non-zero values of the parameters, the operations skip and leap are
applied, which allow control over the initial elements and the thinning of the sequences, and the corresponding
algorithms are denoted by PQM C((Z’l)) and PQM C((;’)l).

For the implementation of the almost optimal PMC algorithm (Algorithm 1a), the pseudorandom number
generators Mersenne Twister (MT) and Middle Square (MS) are used, with the corresponding variants denoted
by PMCyry and PMC(pg). All algorithms are implemented in the MATLAB environment (version 9.10,
R2021a), and the syntax used for the haltonset, sobolset, and scramble functions in Algorithm [3| and
Algorithm [4)is consistent with the official documentation of MATLAB [93, [94].

3.4 Numerical Results and Discussion

This section presents numerical results for estimating the maximum eigenvalue of two correlation matrices
using the almost optimal PMC and PQMC algorithms. The study was conducted on two asset portfolios with
different dimensions, which allows for analysis of the behavior of the algorithms at different levels of complexity
and information saturation of the data.

The first correlation matrix is constructed from the monthly returns of n = 32 global assets for the period
January 2007-March 2024, with dimensions » = 207 and n = 32. The second matrix is constructed from the
returns of n = 490 companies in the S& P500 index for the period 2021-2025, with » = 5. By applying centering
(i.e., formula ), estimation of the covariance matrix and normalization , correlation matrices with
corresponding maximum eigenvalues and FVE are obtained:

o for n = 32: \ue = 18.14714, FVE, = 56.71%;
e for n = 490: \pae = 201.090512, FV E; = 41.04%.
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These values are calculated using the built-in functions of MATLAB and serve as a reference for assessing the
accuracy of the algorithms.

In the numerical experiments, the vectors h and f, used in the construction of #%) and §(*~1), are chosen with
a Lq-norm:

n

Bl =171 =30 =1

i=1
which provides normalization and stability of the stochastic estimates. To ensure convergence, the matrix
A = ¢gR is considered, with the parameter ¢ chosen such that condition ||A4|| < 1 is satisfied:

= ! 0>0
1= A +0’ '
or in the absence of a prior estimate for A;:
1 n
qg=—", |R|ls = max |pijl and 0 >0.
IRlly +0 2%, 2 o

This approach ensures the correct applicability of stochastic methods and guarantees their numerical robustness
in estimating the maximum eigenvalue.

3.4.1 Case (i): correlation matrix with dimension n = 32

Table presents the numerical results for estimating the largest eigenvalue of the correlation matrix R with
dimension n = 32. The numerical results obtained are implemented by the almost optimal PMC algorithm
(Algorithm 1a), using two pseudorandom number generators: Mersenne Twister (MT) and Middle Square
(MS), respectively, denoted by PMC( sy and PMCprg). The estimation of the maximum eigenvalue A\; = Apax
was performed for different values of the number of transitions k& in the Markov chain and the number of
realizations N of the random variables #*) and #*~1 and the corresponding absolute errors are presented in
Table The analysis shows that for a fixed N, increasing k leads to a decrease in error. It stabilizes around
k = 8, indicating that a practically optimal balance has been reached between the systematic and stochastic
components of the error. On the other hand, with an increase in N, a monotonic decrease in absolute error is
observed, which is in accordance with the classical properties of Monte Carlo methods.

The minimum absolute errors for the two algorithms are noted in Table and the results show a comparable
order of accuracy for both generators. The visualization in Figure[3.I]illustrates the convergence of the estimates
)\gk) to the exact value \; for a fixed ¥ = 8 and an increasing number of realizations N. It is observed that
both algorithms tend to the reference value, but PM (/1) demonstrates higher accuracy and more stable
convergence, especially for smaller N. In practice, to achieve accuracy in the second or third decimal place,
simulations of N = 512 or N = 1024 are sufficient, which is fully adequate for applications in portfolio analysis.
Using formula for a correlation matrix of dimension n = 32 and estimates at N = 1024, we obtain values
FVE; ~ 56.70% for PMC(pry and FVE; = 56.72% for PMCyss). This confirms that approximations of \;
with precision on the order of O(10~2) enable a reliable calculation of the fraction of explained variation, a
key indicator for assessing systematic risk and the collective dynamics of assets. Therefore, the almost optimal
PMC algorithm is an effective tool for analyzing correlation structures of moderate dimension at relatively low
computational costs.

Table [3:2] presents the results of the application of the almost optimal PQMC algorithm for the same correlation
matrix (n = 32), implemented through four variants: PQMC((;?)7 PQMC((g;, PQMC((EZ), and PQMC’((;’)Z).
The variants with index (d) correspond to the choice of s; = 0 and 3 = 0 in Algorithm [3|and Algorithm
i.e., using scrambled Halton and Sobol sequences with default settings. For non-zero values of the parameters
skip and leap, the (s,!) variants are implemented, which allow finer control over the uniformity of the generated
points and potentially improve the convergence of the estimates.

The numerical results for the almost optimal PQMC algorithms PQM C((Z}l)) and PQM C((;’)l) were obtained
by choosing the parameters s; = 1024 and /; = 128 in Algorithm |3| and Algorithm |4} which corresponds
to applying the skip and leap operations when generating the scrambled Halton and Sobol sequences. The
maximum eigenvalue A\ = Apax of the correlation matrix was estimated for different values of the number of
transitions k and the number of realizations N, and the corresponding absolute errors are presented in Table[3.2]
The results show that the parameters k& and N significantly affect the balance between systematic and stochastic
errors, as well as the computational complexity of the algorithms. At a fixed N, increasing k leads to a decrease

Abstracts of Dissertations 2026 (1) 3-48



35 Silvi-Maria Gurova

Table 3.1: Results for the maximum values of /\gf()m and the absolute error for PM C( vty and PM C( Ms) at
different N and k when \,,., = 18.14714

N i )\gk) using Absolute Error )\gk) using Absolute Error
PMC(ur) PMC ) PMC s PMCyrs)
5 17.809541 0.3376 17.766635 0.3805
6 17.955782 0.1914 17.931153 0.2160
7 18.031908 0.1152 18.016774 0.1304
128 8 18.178382 0.0312 18.184488 0.0373
9 18.217756 0.0706 18.234182 0.0870
10 18.259830 0.1127 18.278015 0.1309
11 18.293246 0.1461 18.336586 0.1894
5 17.886432 0.2607 17.880110 0.2670
6 18.013889 0.1333 18.025125 0.1220
7 18.098671 0.0485 18.090287 0.0569
256 8 18.163375 0.0162 18.172589 0.0254
9 18.214595 0.0675 18.220052 0.0729
10 18.265757 0.1186 18.270934 0.1238
11 18.307841 0.1607 18.317397 0.1703
5 17.894326 0.2528 17.893265 0.2539
6 18.019977 0.1272 18.014737 0.1324
7 18.099165 0.0480 18.094732 0.0524
512 8 18.151116 0.0040 18.152321 0.0052
9 18.194868 0.0477 18.218433 0.0713
10 18.231143 0.0840 18.244924 0.0978
11 18.275571 0.1284 18.284115 0.1370
5 17.977295 0.1698 17.947696 0.1994
6 18.102537 0.0446 18.038992 0.1081
7 18.118865 0.0283 18.098850 0.0483
1024 8 18.145221 0.0019 18.150097 0.0030
9 18.176356 0.0292 18.214874 0.0677
10 18.202606 0.0555 18.276008 0.1289
11 18.250397 0.1033 18.294888 0.1477
5 18.007899 0.1392 17.981049 0.1661
6 18.106753 0.0404 18.056203 0.0909
7 18.126731 0.0204 18.104529 0.0426
2048 8 18.147226 0.0001 18.146851 0.0003
9 18.164272 0.0171 18.172111 0.0250
10 18.193708 0.0466 18.215959 0.0688
11 18.218186 0.0710 18.260127 0.1130

*The highlighted rows represent the optimal k values for each N.

—e—exact value -I—PMC( MT) +PMC(MS)
18,19
18,185
18,18
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18,165
18,16
18,155
18,15
18,145 S
18,14
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Figure 3.1: Comparison between the exact maximum eigenvalue and the maximum approximate eigenvalue /\5’”
Amax for PMCyry, PMC(j5) obtained in the balancing cases for different values of N and k = 8
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Figure 3.2: (PQMC((Z)),PQMC(S)) and (PQMC’(H) ,PQMC'((;;)). Comparison of the maximum eigenvalue

Amax Of the correlation matrix with the estimated values /\1 obtained when k = 11 in the default case and
when k& = 13 in the skip and leap case.
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Figure 3.3: Comparison between maximum eigenvalue \j,.x and approximate eigenvalues /\gk) obtained at k = 8

for PMCyry, k = 11 for PQMC((gi and k = 13 for PQMC((;’)I) at different values of N.

in absolute error, which stabilizes around k = 11 for the default variants PQM C((;?) and PQM C’((g))7 and around
k = 13 for the variants with parameters PQM C(S D and PQM C((;’)l), indicating reaching a practically optimal
balance between the error components. At a ﬁxed k and an increasing N, the algorithms PQM C(d) and

PQMC)
PQM C((g)l) show significant improvement for small samples (IV = 128,256), but for larger N the error remains
almost constant or even increases, which is consistent with the observations in [52] regarding the sensitivity to
the parameters skip and leap.

The graphical comparison in Figure confirms the conclusions drawn by illustrating the convergence of the

estimates /\(k) to the exact value A\; with an increasing number of realizations N. The algorithms PQM C’((g))

and PQM C’ ) demonstrate stable and smooth convergence, while the variants PQM C’(S D and PQM C'((z.)l)

demonstratea monotonic decrease in the errors and stable convergence. In contrast, PQM C( H) ) and

show better accuracy for small samples NV, but limited improvement for larger samples.
In Figure the PMCyry and PQM C’((g)) algorithms stand out with higher accuracy and stability for large

N, while for small samples (N < 512) the use of PQMC algorithms with parameters skip and leap is more
efficient.
Table presents estimates of FVE; obtained by PMC /7y, PQMC(S) and PQMC’(S D for the balancing

values of k and N = 256, 2048, with the reference value being FVE; = 56.71%. The results show that for small
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k)

Table 3.2: Results for maximum eigenvalues for Aﬁnm and absolute error by default scenario and scenario using

skip and leap for different N and k& when \,,,, = 18.14714

(k) . Absolute (k) . Absolute *) . Absolute (k) . Absolute
N A u&(r;%; Error A u&(r;g) Error Al us(ln%) Error Al us(ln%) Error
s, s,
PQMC(H) PQMC((;ZI)) PQMC(S) PQMC((;; PQMC(H) PQMC((Z’;) PQMC(S) PQMC((g’)L>
8 17.757547 0.3896 17.761379 0.3858 17.672733 0.4744 17.706637 0.4405
9 17.888100 0.2590 17.888185 0.2590 17.787523 0.3596 17.792723 0.3544
10 18.016669 0.1305 18.038214 0.1089 17.856741 0.2904 17.859089 0.2881
128 11 18.175307 0.0282 18.170859 0.0237 17.903166 0.2440 17.914975 0.2322
12 18.298811 0.1517 18.264832 0.1177 18.036970 0.1102 18.097564 0.0496
13 18.479146 0.3320 18.474626 0.3275 18.145462 0.0017 18.146253 0.0009
14 18.643362 0.4962 18.639031 0.4919 18.194240 0.0471 18.191902 0.0448
15 18.712889 0.5657 18.706247 0.5591 18.290732 0.1436 18.290924 0.1438
8 17.882593 0.2645 17.883812 0.2633 17.761315 0.3858 17.763949 0.3832
9 17.994408 0.1527 18.016913 0.1302 17.854804 0.2923 17.867712 0.2794
10 18.061271 0.0859 18.062487 0.0847 17.936785 0.2104 17.921160 0.2260
256 11 18.168944 0.0218 18.167556 0.0204 18.036010 0.1111 18.043959 0.1032
12 18.284126 0.1370 18.251619 0.1045 18.097978 0.0492 18.098070 0.0491
13 18.482373 0.3352 18.469322 0.3222 18.145462 0.0017 18.146253 0.0009
14 18.545036 0.3979 18.516617 0.3695 18.209384 0.0622 18.185109 0.0380
15 18.608838 0.4617 18.607262 0.4601 18.289967 0.1428 18.270105 0.1230
8 17.927397 0.2197 17.962654 0.1845 17.774098 0.3730 17.778972 0.3682
9 18.020330 0.1268 18.021557 0.1256 17.846070 0.3011 17.867473 0.2797
10 18.081105 0.0660 18.081198 0.0659 17.938077 0.2091 17.949995 0.1971
512 11  18.153831 0.0067 18.152703 0.0056 18.009669 0.1375 18.014807 0.1323
12 18.263301 0.1162 18.248667 0.1015 18.038078 0.1091 18.038550 0.1086
13 18.425061 0.2779 18.411903 0.2648 18.144697 0.0024 18.145602 0.0015
14 18.506259 0.3591 18.504204 0.3571 18.204814 0.0577 18.191490 0.0444
15 18.551586 0.4044 18.546687 0.3995 18.249184 0.1020 18.242947 0.0958
8 17.962214 0.1849 17.978111 0.1690 17.776881 0.3703 17.792702 0.3544
9 18.035437 0.1117 18.042592 0.1045 17.867701 0.2794 17.887652 0.2595
10 18.103422 0.0437 18.109582 0.0376 17.980078 0.1671 17.980502 0.1666
1024 11 18.150822 0.0037 18.150986 0.0038 18.010761 0.1364 18.037651 0.1095
12 18.294487 0.1473 18.284447 0.1373 18.098692 0.0484 18.098718 0.0484
13 18.385875 0.2387 18.384413 0.2373 18.144277 0.0029 18.144964 0.0022
14 18.446470 0.2993 18.443825 0.2967 18.202841 0.0557 18.203207 0.0561
15 18.530500 0.3834 18.521017 0.3739 18.236167 0.0890 18.235788 0.0886
8 18.000431 0.1467 18.000619 0.1465 17.787254 0.3599 17.788274 0.3589
9 18.061446 0.0857 18.064399 0.0827 17.879783 0.2674 17.887915 0.2592
10 18.108451 0.0387 18.110469 0.0367 17.980078 0.1671 17.980502 0.1666
2048 11  18.148212 0.0011 18.147480 0.0003 18.010923 0.1362 18.040106 0.1070
12 18.226453 0.0793 18.221684 0.0745 18.118819 0.0283 18.120939 0.0262
13 18.385443 0.2383 18.379872 0.2327 18.144277 0.0029 18.144964 0.0022
14 18.443228 0.2961 18.435573 0.2884 18.202381 0.0552 18.203555 0.0564
15 18.509033 0.3619 18.492101 0.3450 18.247648 0.1005 18.243565 0.0964

*The highlighted rows represent the optimal k values for each N

Table 3.3: Approximate values for the fraction of variance explained (FVE;) obtained at k = 8 for PMC(y1y,

k = 11 for PQMC((Z)) and k£ = 13 for PQMC’((;’)Z) for the correlation matrix R with dimension n = 32. The
reference value is FVE; = 56.71%
N PMCy) PQMCY) PQMCLy)
256 56.76% 56.77% 56.70%
2048 56.71% 56.71% 56.70%

samples, PQM C’((;’)l) gives better estimates, while for large N, PMC(yry and PQM C((g; are more efficient,
achieving higher accuracy at lower computational complexity. Finally, the high value of FVE; for n = 32
indicates the presence of a dominant factor. This means a higher concentration of systematic risk and limited

diversification opportunities, as assets respond similarly to market shocks.

3.4.2 Case (ii): correlation matrix with dimension n = 490

Table presents the numerical results for estimating the maximum eigenvalue A\; = Anax of a correlation
matrix R with a high dimension n = 490, constructed based on the returns of companies from the index
S&P500 for the period 2021-2025 (see the Appendix). Due to incomplete data, 10 companies were excluded
from the analysis. Estimation was performed using the algorithms PMCyr), PQM C((gl)), and PQM C((gg, for
different values of the number of transitions & and the number of realizations IV, and the corresponding absolute
errors were also analyzed. The estimation was performed using the almost optimal PMC algorithm PMC 7y
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and the almost optimal PQMC algorithms PQM C((;l[)) and PQM C((g))7 using Halton and Sobol sequences with
default settings. The results show that the parameters & and N have a significant impact on the precision of
the estimations, with the balancing values of the number of transitions being k& = 8 for PMC /7y and k = 11

for PQM C’((z)) and PQM C’((gg, despite the significantly larger dimensionality compared to the case n = 32.

Table 3.4: Results for maximum eigenvalues for )\S,If,)m and absolute error for PM C(MT),PQM C(( ) and

a)
H
PQMC(S) at different N and k when Apq; = 201.090512

*) . Absolute RO Absolute RO Absolute
N k A1 using Error k 1 USI?dg) Error 1 um(r;g) Error
PMCwry  pMC PRMCG — poucly), PRMCs)  poumc(g)
6 191.261222 9.8293 8 192.052259 9.0383 192.056796 9.0337
7 197.764391 3.3261 9 193.305250 7.7853 194.4876692 6.6028
8 203.030089 1.9396 10 196.545330 4.5452 196.561636 4.5289
512 9 206.001210 4.9107 11| 202.016871 0.9264 201.830255 0.7397
10 209.202619 8.1121 12| 207.216480 6.1260 206.994716 5.9042
6 194.244715 6.8458 8 191.604757 9.4858 191.662089 9.4284
7 199.671479 1.4190 9 194.355045 6.7355 194.443329 6.6472
8 202.103664 1.0132 10 198.362863 2.7276 196.623242 4.4673
1024 9 204.706063 3.6156 11| 201.526659 0.4361 201.467671 0.3772
10 211.940453 10.8499 12| 204.493635 3.4031 204.718275 3.6278
6 196.531375 4.5591 8 191.522259 9.5683 191.737033 9.3535
7 199.092487 1.9980 9 194.216871 6.8736 194.383618 6.7069
8 201.462168 0.3717 10 198.552479 2.5380 198.866204 2.2243
2048 9 204.787620 3.6971 11| 201.267671 0.1772 201.199260 0.1087
10 206.264686 5.1942 12| 207.590516 6.5000 206.670141 5.5796
6 195.762474 5.3280 8 194.293635 6.7969 195.846272 6.2442
7 197.402088 3.6884 9 198.498616 2.5919 198.498988 2.5915
8 201.154640 0.0641 10 199.459470 1.6310 199.802438 1.2881
4096 9 202.887637 1.7971 11| 201.083321 0.0072 201.091681 0.0012
10 207.343376 6.2529 12| 206.448996 5.3585 205.624451 4.5339

*The highlighted rows represent the optimal k values for each N

The results show that the optimal balance between systematic and stochastic error is achieved at k = 8 for
PMCyry and k = 11 for PQM C((;_?) and PQM C’((g)), regardless of the larger dimensionality of the matrix. At
a fixed k, a monotonic decrease in the absolute error is observed with increasing number of realizations IV, with
the minimum errors noted in Table[3:4] Figure[3:4]illustrates that all algorithms demonstrate stable convergence
to the reference value A ax, with the PQMC variants PQM C((;l[)) and PQM C((gg showing faster and smoother

convergence compared to PMCysry. The estimates obtained for A; allow for a precise calculation of FVE;
using formula ((3.12)), the results are presented in Table

Y a
@ —-—PQI\I(I((”) —aexact value

—PMCyp ~-PQVC,

2034

202,9

2024

VALUE

201,9

2014

2009
512 1024 2048 4096

NUMBER OF REALIZATIONS (N)

Figure 3.4: Comparison between the exact maximum eigenvalue (Apax) and the maximum approximate eigen-
value (/\gk) ) for PMCpry, PQMC((}?), 1’:’QMC'((2))7 obtained when k = 8 in the case of PMC(ypy and k = 11
in the case of PQM C’((f)) and different values of IV
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Table 3.5: Approximate values for the fraction of variance explained (FVE;) obtained at k = 8 for PMC 1)
and at k = 11 for PQM C((?{)) and PQM C((g) for the correlation matrix R with dimension n = 490. The reference
value is FVE; = 41.04%

N PMCyr) PQMCYy) PQMC(Y)
1024 41.25% 41.13% 41.12%
2048 41.11% 41.08% 41.06%
4096 41.05% 41.04% 41.04%

The estimates obtained for A\; by PQM C((?{)) and PQMC (g)) allow a more precise calculation of the fraction of
the explained variation FVE; by formula . Table presents the corresponding results obtained at the
balancing values k = 8 and k = 11, with the reference value being FVE; = 41.04%. Data show that when N
increases, the use of the PQMC algorithms PQM C’((Z)) and PQM C((g% is preferable to PMC 7y due to higher
precision at comparable computational complexity.

The value FVE; ~ 41% for the correlation matrix with dimension n = 490 shows that the variation is not
concentrated in the first principal component but is distributed among multiple factors. This indicates a more
complex structure of dependencies between assets and suggests a higher potential for diversification. At the same
time, this result requires the use of multifactor models to adequately describe market risk, since single-factor
approaches would be insufficient to capture the observed dynamics.

3.5 Summary

The results confirm the practical applicability and computational efficiency of the almost optimal stochastic
algorithms for estimating the maximum eigenvalue of correlation matrices in market risk analysis. The analyzed
matrices, with dimensions n = 32 and n = 490, are constructed based on data from Portfolio Visualizer and
Yahoo Finance (see Appendix), where the maximum eigenvalue is interpreted as an indicator of the dominant
market factor. Analysis of the correlation matrices shows that the largest eigenvalue, A1, is clearly interpreted
as a measure of the presence and strength of a dominant common market factor. Through the corresponding
fraction of variance explained FVE;, a quantitative assessment is obtained for both the level of systematic risk
and the limitations of effective portfolio diversification.

Numerical experiments for the case n = 32 show that, for almost optimal PMC algorithms, the balance between
stochastic and systematic error is achieved at k = 8. For almost optimal PQMC algorithms that use scrambled
Sobol and Halton sequences with default settings, this balance is reached at k = 11. In the case when applying
the skip and leap operators, it is achieved at k = 13. Furthermore, as the number of realizations IV increases, the
absolute error decreases monotonically for both PMC and PQMC algorithms with default settings, confirming
their stable convergence behaviour.

A significant result is that, for high-dimensional matrices (n = 490), the almost optimal PQMC algorithms with
default settings demonstrate better convergence and higher accuracy compared to the almost optimal PMC
algorithms. At the same time, the use of skip and leap operators is effective mainly for small sample sizes N.
In contrast, for larger samples, their advantage diminishes and does not guarantee a further improvement in
accuracy. Some of the results presented have been published in [3§].

In conclusion, the developed almost optimal stochastic power algorithms represent a reliable tool for the numer-
ical estimation of spectral characteristics of correlation matrices. This enables a deeper analysis of systematic
risk, collective asset dynamics, and diversification efficiency, while also providing a foundation for future appli-
cations in financial modeling, portfolio management, and decision support in high-dimensional problems.
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Conclusion

This dissertation is devoted to the development, analysis, and application of stochastic numerical methods,
namely Monte Carlo (MC) and randomized Quasi-Monte Carlo (QMC) methods for estimating extreme eigenval-
ues of symmetric matrices and their application to practical problems related to risk assessment and investment
portfolio optimization. The main objective is to construct a stable, computationally efficient methodologi-
cal framework that maintains a controllable balance between systematic and stochastic errors and applies to
high-dimensional problems.

Within the scope of the research, the Power (Resolvent) Monte Carlo method and the randomized Power (Resol-
vent) Quasi-Monte Carlo method for estimating extreme eigenvalues are theoretically justified and investigated.
A significant result is the refinement of the construction of random variables when using an almost optimal
transition density in the Markov chain, as well as the identification of classes of symmetric matrices for which
this construction is simplified. On this basis, almost optimal algorithms (Power and Resolvent MC and QMC)
are developed and presented in pseudocode, along with estimates of their computational complexity and con-
ditions for balancing statistical and systematic errors. Theoretical arguments and experimental results confirm
that the proposed almost optimal constructions lead to reduced variance and improved accuracy at equal or
lower computational cost compared to classical stochastic analogues.

The experimental validation is performed using both pseudo-random number generators (MT and MS) and low-
discrepancy sequences (Sobol and Halton sequences), including their scrambled variants. Numerical experiments
demonstrate a measurable impact of the choice of generator and sequence type on the accuracy and stability of
the estimates. In the tests considered, the MT pseudorandom number generator outperforms the MS generator,
while scrambled Sobol sequences outperform scrambled Halton sequences. It is also established that, in order
to achieve a comparable balance of errors, the randomized Power (Resolvent) QMC algorithm may require a
slightly larger number of transitions in the Markov chain, which is compensated by improved convergence under
limited computational resources.

The developed algorithms are applied to a financial mathematics problem related to managing the risk of
an investment portfolio. The maximum eigenvalue of the asset correlation matrix is used as an indicator of
risk concentration, and its estimation is performed using the proposed MC and QMC algorithms, including
additional randomization techniques such as skip and leap applied to scrambled low-discrepancy sequences
(Sobol and Halton sequences).

In conclusion, the dissertation demonstrates that applying the proposed algorithms for spectral estimation,
combined with targeted error balancing, yields higher accuracy, stability, and computational efficiency. Future
research directions are also outlined, including extensions to robust models, dynamic covariance structures, and
further computational optimizations for large-scale sparse symmetric matrices with dimensions on the order of
millions.
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Approbation of the Results

The results included in the dissertation have been reported at seminars of the section ”Scalable Algorithms
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conferences. The following reports related to the topic of the dissertation have been presented:

1. Gurova, S.-M., Monte Carlo Method for Estimating Eigenvalues Using Error Balancing, The 13th Inter-
national Conference on Large-Scale Scientific Computations, LSSC’21, 07-11.06.2021, Sozopol, Bulgaria.
https://parallel.bas.bg/Conferences/SciCom21/program.html

2. Gurova, S.-M.; A Quasi-Monte Carlo method for estimation of eigenvalues using error balancing, The
15th International Conference on Monte Carlo and Quasi-Monte Carlo methods in Scientific Computing,
MCQMC’22, 17-22.07.2022, Linz, Austria.
https://www.ricam.oeaw.ac.at/events/conferences/mcqmc2022/schedule/MCQMC2022_book_final |
version.pdf
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The articles present results obtained within the framework of one international and three national scientific
projects, one of which is divided into two phases, namely:

1. International Scientific Project

e New Scalable Algorithms Using Monte Carlo and Quasi-Monte Carlo Methods and Their Applica-
tion in the Field of Machine Learning, funded by CAF America, 2021-2024, head: Prof. Emanuil
Atanasov.

2. National Scientific Projects

e "Center of Excellence in Informatics and Information and Communication Technologies” (phase 1)
under contract BGO5M20P001-1.001-0003, funded by the Operational Program ”Science and Ed-
ucation for Smart Growth” 2014-2020, co-financed by the European Union through the European
Structural and Investment Funds, head: Corr. Mem. Svetozar Margenov.

e "National Geoinformation Center (NGIC) for monitoring, assessment and forecasting of natural and
anthropogenic risks and disasters" object of the "National Roadmap for Scientific Infrastructure 2020-
2027”, funded by the Ministry of Education and Science under the contracts: D01-321/30.11.2023
and D01-164/28.07.2022, head: Assoc. Prof. Petya Trifonova.

e "National Center for High-Performance and Distributed Computing" (NCHDC) object of the "Na-
tional Roadmap for Scientific Infrastructure 2020-2027", funded by the Ministry of Education and Sci-
ence under the contracts: D01-98/26.06.2025, D01-325/01.12.2023, head: Prof. Aneta Karaivanova.

e "Center for Excellence in Informatics and Information and Communication Technologies" (phase 2)
under contract BGI6RFPR002-1.014-0018-C01, funded under the Research, Innovation and Digital-
isation for Smart Transformation Programme 2021-2027 and co-financed by the European Union,
head: Corr. Mem. Svetozar Margenov.

Major Scientific and Applied Contributions

The obtained scientific and applied contributions fully correspond to the stated objectives and tasks of the
dissertation. They directly reflect the theoretical justification, development, and experimental investigation
of Power MC/QMC algorithms and Resolvent MC/QMC algorithms for estimating extreme eigenvalues of
symmetric matrices. Furthermore, the contributions are validated through a real-world application in financial
mathematics, namely the assessment of market risk in a portfolio of global assets.
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main scientific contributions of the dissertation are:

The Power (Resolvent) Monte Carlo method and the randomized Power (Resolvent) Quasi-Monte
Carlo method for estimating extreme eigenvalues of symmetric matrices are theoretically justified and
investigated. The construction of the random variables #*) and (1) is refined when using an almost
optimal transition density in the Markov chain. Classes of symmetric matrices are identified for which
this construction is simplified. Theoretical estimates are derived for the relationship between the
degree of the resolvent matrix and the length of the Markov chain, as a function of the acceleration
parameter and the matrix norm.

The almost optimal Power MC/QMC and almost optimal Resolvent MC/QMC algorithms are de-
veloped based on the proposed refined construction of the random variables. These algorithms are
presented in pseudocode form. FEstimates of their computational complexity are provided, along
with conditions for balancing stochastic and systematic errors. It is demonstrated that the proposed
algorithms lead to variance reduction compared to classical stochastic approaches.

A practical problem from financial mathematics is proposed, related to the assessment of market risk
in investment portfolios. The constructed correlation matrix of the portfolio is used to estimate the
maximum eigenvalue, which serves as an indicator of risk concentration. The estimation is performed
using the almost optimal Power MC and Power QMC algorithms developed in Chapter [1| with the
QMC algorithm further enhanced by the parameters skip and leap.

main applied contributions of the dissertation are:

The proposed almost optimal Power MC algorithms are implemented using MT and MS pseudo-
random number generators, while the Power QMC algorithms are implemented using scrambled
Sobol and Halton sequences. Numerical experiments for estimating the maximum eigenvalue of large
dense symmetric matrices demonstrate the superiority of the almost optimal algorithms over their
classical counterparts in terms of both accuracy and computational efficiency.

The balance between stochastic and systematic error is numerically investigated and shown to depend
significantly on the number of transitions k& in the Markov chain and the number of realizations
N of the random variables #%) and #*~1D. The results indicate that QMC algorithms require
approximately two or three additional steps in the Markov chain compared to MC algorithms. The
choice of pseudo-random number generator or low-discrepancy sequence has a measurable effect on
accuracy and stability; in the experiments conducted, the MT generator outperforms MS, while Sobol
sequences outperform Halton sequences.

The almost optimal Resolvent MC algorithm is implemented using the MT pseudo-random number
generator, while the almost optimal Resolvent QMC algorithm is implemented using a scrambled
Sobol sequence via the BRODA Sobol RSG generator. Numerical experiments conducted on an HPC
cluster with NVIDIA Tesla V100 (32 GB) GPUs to estimate the minimum eigenvalue show that the
balance between stochastic and systematic error depends on the number of Markov chain transitions
k, the number of realizations N, the degree m of the resolvent matrix and the acceleration parameter
q. The results obtained using randomized Sobol sequences and the MT generator demonstrate the
same order of convergence. A key factor is the ability to determine a constant that separates the
minimum eigenvalue from zero.

Numerical experiments are conducted to estimate the maximum eigenvalue of two correlation matrices
used as indicators of market risk concentration. The first matrix is constructed based on the returns
of 32 global assets, while the second uses returns from 490 companies from the S&P500 index over
specific time periods (see Appendix). The estimation is performed using the almost optimal Power
MC algorithm with MT/MS generators and the almost optimal Power QMC algorithm, both in
default settings and with additional tuning using the skip and leap parameters for scrambled Sobol
and Halton sequences.
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Appendix

The numerical experiments are carried out using generated symmetric matrices (Chapter Chapter and real
financial data (Chapter [3)). The symmetric matrices of sizes 100 and 500 used in Chapter are generated using
the MATLAB software environment, while those of sizes 500 and 1000 in Chapter [2| are part of an algorithmic
implementation developed in the C++ programming language.

The financial data used to construct the correlation matrix of dimension n = 32 in Chapter [3|are obtained from
the web platform Portfolio Visualizer (www.portfoliovisualizer.com). The studied time horizon covers the
period from January 2007 to March 2024 and is based on real market indicators. Based on this empirical data,
an investment portfolio is constructed. The portfolio consists of thirty-two global assets, classified according to
their investment type as follows:

1. Eighteen equities — “US Stock Market”, “US Large Cap Value”, “US Large Cap Growth”, “US Mid Cap”,
“US Mid Cap Value”, “US Mid Cap Growth”, “US Small Cap Value”, “US Small Cap Growth”, “US Large
Cap”, “US Small Cap”, “US Micro Cap”, “Global ex-US Stock Market”, “European Stocks”, “Pacific Stocks”,
“Emerging Markets”, “Intl Developed ex-US Market”, “International ex-US Small Cap”, “International ex-
US Value”

PO ENA4 by N1

2. Nine bonds — “Short Term Treasury”, “Intermediate Term Treasury”, “10-year Treasury”, “Long Term
Treasury”, “Total US Bond Market”, “Global Bonds (USD Hedged)”, “Short-Term Investment Grade”,
“TTIPS (Treasury Inflation-Protected Securities)”, “Corporate Bonds”;

3. Four alternative investments — “REIT (Real Estate Investment Trusts)”, “Gold”, “Precious Metals”,
“Commodities”;

4. One cash asset & equivalents — “Cash”.

The financial data used to construct the correlation matrix of dimension n = 490 in Chapter [3| consist of
the returns of 490 companies from the S&P500 (Standard& Poor’s 500), an index measuring the performance
of the U.S. stock market, over 5 years from 2021 to 2025. The return data were downloaded from Yahoo
Finance (https://finance.yahoo.com/) using the yFinance library, available via the PyPI repository (https:
//pypi.org/project/yfinance/)). This library enables automated retrieval of historical price series and market
indicators through an interface to the Yahoo Finance website, allowing programmatic data extraction for specific
financial instruments over a given time interval and their subsequent processing in an analytical environment.

1. The generated symmetric matrices of sizes 100 and 500 used in Chapter [I] are published on the GitHub
platform and are available at:

e https://github.com/smgurova/Symmetric-matrices_chapter-1.git
2. The financial report provided by Portfolio Visualizer is available on GitHub at:
e https://github.com/smgurova/AssetAllocation.git

3. The correlation matrix of the thirty-two global assets used in the numerical experiments in Chapter [3|is
available on GitHub at:

e https://github.com/smgurova/correlation-matrix_chapter-4.git

4. The return data of 490 companies from the S&P500 (Standard& Poor's 500) for the period 2021-2025,
along with the resulting correlation matrix used in the numerical experiments in Chapter [3| are available
on GitHub at:

e https://github.com/smgurova/Data-S-P500.git
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Oo01ma xapakTepucTuKa Ha ANCEPTAINOHHUS TPY/I,

AxTyasaHocT Ha TemMarta

3ajiadaTa 3a HAMUPaHE U OIEHSIBAHE HA, €KCTPEMAJIHUTE COOCTBEHU CTONHOCTH Ha KBAJIPATHU, B YACTHOCT CH-
METPUYHU MATPUIN, 3aeMa IEHTPAJHO MSCTO B JIMHEHHATa ajredpa MOpaju KJYOBATA CH POJIS B IIHPOK
KpbI HAYYHU W IPWIOKHHU OOsacTu. TakwBa 3a/a9M BL3HUKBAT B KBAHTOBATA MEXAHUKA, [IPU yPABHEHHETO
ua Illpromuarep [65], coberBennTe croitHOocTH Ha XAMUITOHOBHS ONMEPATOD ONPEIETAT €HEPIUHHUS CIEKTHD
HA CHUCTeMAaTa, KaTO eKCTPEMAJIHUTE CTONHOCTH JaBaT WH(POPMAIMS 33 OCHOBHOTO W Bb30YIEHHUTE CbCTOSTHUSI
[64, [73]. Bbe dbunaHCOBaTA MaTEMATHKA AHAJU3BLT HA €KCTPEMAJIHUTE COOCTBEHH CTONHOCTH Ha KOBAPHAIMOH-
HHATE MaTPUIIA € ChIIECTBEH 338 MOJETUPAHE HA PUCKA W ONTUMU3ANNS Ha TOPTMENIN, BKIIOUNTETHO 38 OIEHKA
HA CUCTEMATUYHM [a3apeH PUCK U Bb3MoxKHocTHTe 3a pusepcuduraus [51] [72]. B cuekrpanmara reopus Ha
rpaduTe T€3U CTOWHOCTU Ca CBBP3AHU ChC CTPYKTYPHHUTE CBOWCTBA KATO CBbP3AHOCT, PA3IINPEHNE U YCTOWIN-
BOCT, KOUTO Ca OIpeJessdmy 3a eeKTUBHOCTTa Ha AJTOPUTMU B MAINIUHHOTO OOyYeHHE U MPEXKOBHS AHAJIU3
[8, 12, 26]. B o6paborkara Ha n300parkeHusi 1 KOMIIIOTbPHOTO 3peHNe COBCTBEHNTE CTORHOCTH UIPAsIT KIFOIOBA
pOJisl IpY aHAJIM3a Ha TJIABHUTE KOMIIOHEHTH, PEIyKIUATa Ha PA3MEPHOCTTA, IMOTHCKAHETO HA IIIyMa U CIIEK-
rpannara cermenrtarus [34, 47]. B remsopaus amaius u o6paboTKaTa HA MHOTOMEDHH JIAHHU, MAKCHMAJIHATA
cobOCTBEHA CTOMHOCT M CIHEKTPAJHATE HOPMHU OIIPE/IESIAT IOBEIEHNETO HA UTEPATUBHATE METOAM U TEXHUKUTE 34
peryJsipusanus, ¢ IPUJIOXKeHHsI B 00paboTKaTa Ha CUTHAIM U u3KycTsenus: uatesexkt [49, B0, [80].
CblnecTBYBAT PA3IMIHA YUCIIEHN TIOAXO/M 38 U3UUCIISIBaHe Ha COOCTBEHH CTOHHOCTH U BEKTOPH - TOYHU (JUPeK-
THH), UTEPAIMOHHU U CTOXaCTUIHU. KbM AupekTHUTE MeToan cnagar QR JeKoMIo3unusara u pemaBaHeTo Ha
XapaKTEPUCTUIHUSI TIOJIMHOM DU MATPUIH C MaJIKa Pa3MepHOCT. Te HAMUPAT PENeHneTo 3a KpaeH Opoil CThIKI
T IMAaT U39YHCTUTETHA CI0KHOCT oT opsaabk O(n?), KbaeTo n e pasMepHOCTTa Ha MaTpuara. OCHOBEH HeI0C-
TaTbK HA TOYHUTE METOU €, Ue IIPU MATPUIU C FOJIEMH PA3MEPHOCTHU, U3YHUCJIEHUATA ¢ KPAiHA TOYHOCT BOISAT
JI0 3aKpbIJisiBaHe W HATPYIIBAHE Ha I'PEIIKH, KOETO MOXKe J[a HAPYIIU TOYHOCTTA HA COOCTBEHUTE CTOWHOCTH.
[87, [90].

Urepanmonaure meromu, karo Hanpumep Crenennmsi meron, ObOpartuus CremeHeH merom, meTon Ha fkobwm,
meron na Apuonam u meron ma Jlammom [33, 43], muat mo-manka mzamcmresma ciaoxuoct O(n?k), kbaero
7N € pa3MepHOCTTa Ha Marpurara, a k e OposaT Ha ureparuure. To3M TUII METOMHM YECTO Ce XapaKTepU3UpaT
¢ 6aBHA CXOIMMOCT, CHJIHA 3aBACHMOCT OT HAYAJIHOTO NPUOJIMKEHNEe, 3HAYNTEHI U3UCKBAaHUS KbM I1aMeTTa U
orpaHnveHa e(eKTUBHOCT IIPU APAJIEJTA3AIIM.

CroxacTHYHUTE YUCJEHW METO[N MpeiaraT e(peKTUBHA AJTEPHATHBA, KATO OCUTYPSBAT JIMHEHHA 3aBUCHMOCT
MeXK/y Pa3MepHOCTTa Ha 3aJadaTa W HeOOXOIMMATA IIaMeT, KAKTO M €CTECTBEH Mapajen3bM U OTHOCHTEJTHA
JiekoTa Ha peasm3arus. Makap u ¢ mo-6aBHA CXOAUMOCT M IO-MAJIKa IPEIM3HOCT B CPABHEHUE C JIETEPMITHIIC-
TUYHUTE METO/IM, T€ TIO3BOJISBAT PEIaBaHEeTO HA 3aJaYU C MHOI'O FOJIEMH PA3MEPHOCTH U Ca OCOOEHO TOIXOIANIN
3a OIleHsIBAHE Ha eKCTpeMaJjiHU COOCTBEHM CTONHOCTHM HA CUMETPUYHH MaTPHUIIA.

B ycnoBusgTa Ha 6bp30TO pa3BUTHE HA BUCOKOIIPOU3BOAUTEIHATE u3uucauTeau cucremu (anri. High-Performance
Computing, HPC) u naBau3aHero Ha HOBU XapyepPHU apXUTEKTyPU HAPACTBA HEOOXOIUMOCTTA OT pa3paboTBaHe
U BHeApsiBaHE HA COPTYEPHU pellenus, ba3upann Ha e(EKTUBHUA CTOXACTUIHH AJTOPUTME 3a 3aa49d C BHCOKA
Pa3MepHOCT, BKIIIOYUTENHO 34 OIEHsIBAHE Ha ekcTpeMasau cobctsenn croiinocrn [I8, 24 [59]. Tosa obycnass 3a-
CUJIEH U3CJIe0BaTE/ICKU NHTEPEC K'bM IIOBUIIABAHE HA TOYHOCTTA, YCKOPsIBAHE Ha CXOIMMOCTTA U Pa3IINpsiBaHe
Ha, [IPUWIOXKUMOCTTa Ha, CTOXaCTUYHUTE METOJM B KOHTEKCTA HA HAYIHHUTE U3UNCJICHUSI, MAIIMHHOTO O0yJYeHre U
aHaJn3a Ha JAHHU, ChOOPA3HO CbBPEMEHHUTE M3YMC/IUTETHN Bb3MOXKHOCTH.

O630p Ha OCHOBHUTE pe3yJITaTH B 00JIACTTa

Ibpsure mybaukanuu, cebp3anu ¢ Moure Kapio (MK) meromure B smueiinara anrebpa, garupar or 50-re
u 60-re romuan Ha XX BEK, KATO II'bPBOHAYAJIHO HE € PA3IJIEXKAH IIPAKO IPOOIEMBT 33 MPUOIMAKEHO H3UIC-
JisiBaHe Ha COOCTBEHM CTOMHOCTH. 3ajiadara 3a HAMUDaHe Ha COOCTBEHUTE CTOMHOCTH M COOCTBEHHWTE BEKTOPU
HA MATPUIU OOMKHOBEHO BbL3HUKBA IIPU PEIIaBaHe Ha CUCTEMU OT JjuHelnu ajrebpudnu ypasuenus (CJIAY)
u croxactuunu audepennuannu ypasuenus (CY). B npakTukara, 3a MATPUIU C TOJEMU PA3MEPHOCTH OOUK-
HOBEHO € HEOOXOIMMO J1a Ce OIEHSAT CaMO €KCTPEMAJHUTE COOCTBEHU CTOWHOCTH, KOUTO OMPEAEIAT YUCIOTO HA
06yCITOBEHOCT W KJIIOMOBHU CBoOMcTBa Ha cucremarta [63, 87, [90]. Takusa 3amaum Bb3HUKBAT B 00paboTKaTa Ha
n300pakeHuss U CUTHAJIM, CHCTEMUTE 33 yIpPaBJIeHHe, MAIINHHOTO OOydYeHHEe U KBAHTOBATa MEXaHUKA, KbJETO
HaIpUMeEpP eHepruitHNTe HUBA Ha KBAHTOBUTE CHUCTEMH Ce 33J[aBaT OT COOCTBEHUTE CTOWHOCTU Ha XaMUJITOHOBUSI
oneparop [64, [73]. Hapes ¢ ToBa ca MMPOKO U3MOJI3BAHHU JIETEPMUHUCTUUHE MeToau KaTo CTeneHHUs METOoJ,
urepaiuara Ha koeburmenta na Peneit, Pesonsenraus Crenenen meron u asropurbma na Jlannom [33), 43].
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Monte Kapio meToabr 3a OlleHKa Ha JOMHHHMPAIIaTa COOCTBEHA CTOMHOCT € Ipemjioxked or Cobou mpe3 1973
r. [92], a 3a maii-mankara cobcTBeHA CTOWHOCT - oT Muxaitnos npes 1987 r. [55]. 3HaumMm npuHOC B pasBuTHETO
na Crenennust Monre Kapiso (CMK) meron nmar Jumos u Kapansanosa B nepuoga 1996-2000 r. [15] [I8, 2T,
23, 241, 25]. IIpes caeppamure necermierust ca paspaborenu ureparnsan MK u Ksasu-Monre Kapno (KMK)
AJITOPUTMU 338 HAMHUPAHE HA eKCTpeMaJsiHu coOCTBeHW croiinocTu, Oaszupanu na Crenennus u PezosiBenTHUS
Crenenen meroz [3, 19, 211, 25] [60]. V3noasBanero Ha pe3osBeHTHATa MATPHUIIA 3a OIEHKA Ha Hail-Majkara
cobcTBEeHA CTOWHOCT € BhBeneno ot Jnmos u Kapamsanosa npes 1998 r. [24].

[IbpBute KBazu-Monte Kapsio MmeTrosn 3a HaMupaHe Ha eKCTPEMAJJTHU COOCTBEHM CTOWHOCTH Ca TPEJJIOKEHU OT
Kapaunsanosa nu Mackanu B nepuosa 2001-2003 r. [58], [59] [60, 61]. B peauna uscaensanus ca usnonssann KMK
MeTonu, 6a3UpaHy Ha PEIUIU ¢ MAIbK JUCKPEIaHc, BKounTeano peauu va Cobout [74, [75 [76], Xonrba [39] 40]
u ®op [28,29] B0], kouro ocurypsiBar mo-paBHOMEPHO U JETEPMUHUCTUIHO IIOKPUTHE HA IPOOHOTO IIPOCTPAHCTBO
[2, 13, 10, 111, [44) [48]. B cpaBrenme cbe cranmapranre MK nonxomn, KMK metomuTe ce oTmaasar ¢ mo-moopa
I'bBKABOCT, [IPUJIO2KMMOCT K'bM MATPHUIM C TOJIEMH PA3MEPHOCTHU, OTHOCUTEJIHA IIPOCTOTA M BUCOKA IIapaJiesiHa
edexrusnoct [16], 22] 61].

[Ipe3 mocnemgauTe nBe JeceTuseThs: ca pa3pabOTEHU W aHAJU3UPAHU PA3IUIHU CTPATErdU 3a Mapasiern3aIius
una Moure Kapno anropurvu [4, 5 [0, [78, [79], [83]. Tapanesnn MK meronu 3a pemmasane na CJIAY, 6asupanu
Ha urepanuara zHa Ikobu, ca upencrasenu or Jumos [16], kakTo u nogxonu ¢ MunuMaaHu Bepuru Ha Mapkos
n muHUManHn kKomyHukanuu [27, [82]. OcHoBHa umest B Te3u pa3paboTKu e GAJAHCHPAHETO Ha CTOXACTHIHATA
u cucremarnvHara rpemika [16]. Paspatorenu ca u xubpuman Monre Kapio ajaroputymu 3a MATPUYHE IIPECMsi-
rarus [I, 84], BrarounTesHO mapasesHu peasM3alMK 3a OIEHKA Ha Hafi-rojsMaTa M Hafi-MaJjkara cobCTBEHA
croiinocT Ha Marpuny, npeajoxenu or Jumos, Mackanu u Kapausanosa [20] 24], [59].

Llenan 1 3agaum HA aucepTausd

OcHoBHATA 1€ HA JUCEPTAIMOHHUS TPY/L € Jia Ce IPEUIOYKAT M U3CJIEIBAT CTOXACTUYHU YUCJICHU METOIH 3a
OIleHsIBaHE HA COOCTBEHU CTOMHOCTH, KATO ce pa3pabdboraT u anayusupar Moure Kapso u pasgomusupanu Ksasu-
Monte Kapsio amropurmu 3a mpubJimKeHO MpecMsTaHe HA €eKCTPEMHUTE COOCTBEHU CTOMHOCTHA HA CHUMETPUIHHU
KBaJ[paTHU MATPUIH. 34 MOCTUTaHe HA OCHOBHATA TIeJT ca (POPMYJIMPAHU CJIETHUTE 3aJIa4N:

1. Ha ce pasrienar u usydar Crenenen (Pesossenren) Monre Kapio meron u panpomusupan Crenenexn
(Pezoneenren) Kpasu-Monre Kapsio mMeTon 3a oleHsiBaHe Ha eKCTpeMAaJHUTE COOCTBEHH CTOWHOCTH Ha
CUMETPUYIHHA MATPHIM, KAKTO U JIa Ce aHAJU3MPa DajaHCca MeXK/ly Bb3HUKBAIIUTE IPEIIKU - CTOXACTHIHA
U CHCTEMATHYIHA.

2. Jla ce paszpaborar u uzcaeasar epexktusau Mounre Kapimo n pammomusupanu Ksasu-Monre Kapio aj-
ropuTMu, Oa3upaHyd Ha TE3W CTOXACTHIHN METOIM 38 UHNCJIEHO IMpecMsATaHe Ha eKCTPEMAaHUTE COOCTBEHU
CTOWHOCTH Ha CUMETPUYIHN KBaIPATHN MATPUIH, KATO Ce U3IMOI3BAT T€HEPATOPH Ha TICEBIOCTY YAHN T1C-
Jla U TeHepaTOPH Ha PEIUIU C MaJbK JUCKPEIIAHC.

3. Ha ce nmpoBesaT 4MCIEHN €KCIIEPUMEHTH C Pa3pabOTEeHNTEe aJIrOPUTMU, KATO ce 000CHOBE M300PDHT HA CIIe-
nuaJm3upaH copTyep 3a reHepupaHe Ha PeJUIH C MAJ'bK JUCKperaHc, B dacTHOCT pejaunu Ha Cobos u
XO0IThH, ¥ YUCJIEHO JIa Ce M3CJIe/IBa OAJAHCHT MEXKJy CTOXACTUYHATA U CUCTEMATHIHATA I'DEIIKa B 3aBU-
CHMOCT OT OIPEIEJISIIIUTE TH APaAMETPH.

4. Ia ce dpopmysnupa u u3cienBa 3ajada OT 001acTTa Ha (DUHAHCOBATA MATEMATHKA, CBbP3aHa C yIIPABJICHH-
€TO Ha Ta3apHUA PUCK Ha MOPTQEIS OT aKTUBH, IIPU KOWTO OIEHKATa HA PUCKA Ce OCHOBAaBA HA OIPEIeIs-
HETO Ha MaKCHMaJHaTa COOCTBEHA CTOWHOCT Ha KOpesalroHHa Marpura. Ja ce mpusoxar pazpaboreHuTe
B I'nasa [I] Crenenen Monte Kapio u pangomusnpan Crenenen Ksasu-Monre Kapiio asropuryu 3a wmc-
JIEHO OIeHsIBaHEe Ha Ha-rojsMaTra COOCTBEHA CTOMHOCT M Jla Ce aHAJM3Upa TAXHATA e(DEKTHUBHOCT IIPH
OIleHsIBAHE HA TA3aPHUS PUCK.

MeTtonoJsiorus Ha U3CJeIBAHETO

Meromoorusita Ha M3CJIEIBAHETO B JIUCEPTAIMOHHUS TPYI, C€ OCHOBaBa HA (DYHIAMEHTAJHU HAYIHU PE3YITATH
OT CJIeIHUTE ODJIACTH:

e Teopus Ha BEPOATHOCTUATE U MATEMATUIECKA CTATUCTUKA - BEPOATHOCTHU IIPOCTPAHCTBA; CAIYIANHN BEJIU-
YUHU U TEXHU XaPaKTEPUCTUKY KaTo (DYHKIUN HA pasnpeaesienne, QyHKIN HA IHTHOCT, MATEMATHIECKO
o4yakKBaHe, JIUCIePCUsl; 3aKOH 3a I'oJIeMUTe 4YMCia; IleHTpaJHa I'PDaHuYHa TeopeMa; BepOATHOCTHA I'DEIIKa,
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JOBepUTEeJIeH UHTEPBAJ, Bepura na MapKkoB; U3BaJKH Ha CJIyYallHd BEJUYUHN; CTATUCTUIECKH TECTOBE 34
u3cjae/iBaHe Ha I'eHepaTOpU Ha IICEeB/IOC/IyYaiiHi BeJINYUHNA.

e MaremaTrnydeckn aHaJIN3 - PEIUIN U PEJOBE, CXOINMOCT Ha PEJIOBE, KPUTEPHUH 32 CXOIUMOCT, CUCTEMATUIHA
rperika, HOpMUA U METPUYHHU IIPOCTPAHCTBA.

o UYicnenu MeTonu, JUHENHHa U U3UUCINTENHA ajarebpa - nreparuonnn Meroan 3a CJIAY u coberBenu croit-
HOCTH; MATPUYHU HOPMHU; ONTHMHU3AIINOHHN METOM; JICOPUTMU 3a FeHeprUpaHe Ha IICEBOCTY YailHN IHUCIa,
croxacTiaan yucsenn merogu (Monte Kapio n Ksasu-Monre Kapio meromnn).

e Teopusa Ha 4mciIaTa U MO-TOYHO pa3fesa 3a JUCKPETHA W AHAJUTUIHA TEOPHUs HA YHCJIATa - PABHOMEDPHO
pasmupejiesienu peauiy, pasdbpkpane (anril. discrepancy), PaIUKaIHO-MHBEPCHUA (DYHKIUH, PA3jiarage 1o
IIPOCTU OCHOBH.

e udopmarnka/KOMIIOTbPHA HAYKU - JTOPUTMU M CTPYKTYPH OT JAHHH; IPOIPAMHHU KOJIOBE, HAIIMCAHU
Ha MATLAB, C++ ¢ usno/3BaHe Ha 'eHepaTOPH Ha IceBiocaydaiiau uuciaa karo MT u MS; 6ubsmnoreku
3a papgoMusupann peaur Ha Cobos u XOoaThH.

YacT oT Ync/IeHnTe eKCIEPUMEHTH €A U3BbPIIEHN HA BUCOKONPOU3BOJAUTETHUS KIIbCTHP, KOUTO ce ¢beTor OT 12
cbpebpa Fujitsu Primergy RX 2540 M4. Bceku cbpebp e kKoudurypupan ¢ GPU kapra or Buga NVIDIA Tesla
V100 32GB u CPU 2 x Intel Xeon Gold 5118 2.30GHz 24 cores, Bcexu ¢ 128 GB RAM. Pegunure na Cobour ca
nosydenn 1pe3 BRODA’s Sobol Randomized Sequence Generator (RSG) [7].

B creppamnure cexium cme (hOpMyIUpaI OCHOBHATA 33Jlada 3a OlEHsIBaHe Ha COOCTBEHU CTOIHOCTH Ha CH-
MerpuuHa Marpuria u cme ormcaan MK u KMK moaxoaure 3a umciieHo pemnaBaHe Ha MHOTOMEPHHU 3aJ[a4d U
IPEIKUTE, ¢ KOUTO CE XapPaKTEPU3UPAT TE3U METOIIH.

®opmynanpaHe Ha 33ajadaTa

Heka pasriename marpunara A = {al-j}ﬁjzl € R"™™, a;; = aj;, 4,j = 1,...,n. 3ama4yara 3a HaMUPaHe Ha,
cobersenn croitnoctu A(A) ce dbopMmynupa O CleHNsT HAYMH:

Ax = x,  €R" e npousBoJicH HEHYJIEB BEKTOP. (1)

BCI/I‘{KI/I CO6CTB€HI/I CTOMHOCTU Ha CUMETPpUYIHUTE MaTpUlu Ca peaiHu YHhCJia. BGS OorpaHn4eHne Ha O6IHHOCTT&
[IperojaraMe cjennaTa Hapeada Ha cOOCTBEHUTe CTORHOCTU Ha, A:

>\min = |>\n| < |)\n71| <...< |)\2| < |>\1| = )\maa:- (2)

Marpurnara A MoOXKe Jia ce IpeJICTaBU BEKTOPHO U 10 CJICHUST HAUWH:

n T -
A={ai}i i1 = (@1,..,@4,...,a,)", KBAETO @ = (A1, .-+, Qin)y 1= 1,...,m.
CumBosrbT T O3Ha4YaBa ONEPAIMATA MPAHCNOHUPAHe. 3a HyXKIUTEe Ha U3CJIeIBAHETO Ce U3IOJ3BAT CJICTHHUTE

BEKTOPHU U MaTPpUYIHU HOPMM:

n n n
Bl = (1Bl = 1hil, llaill = laillh = lai;|, 1Al = A1 = m§XZ|azj|a i=1....n
i—1 J=1 i=1

1=

[IpumarameTo Ha CTOXACTHYIHN UUCIEHN METOIM 38 OIEHKA, HA €KCTPEMAJTHUTE COOCTBEHN CTOWHOCTH Apmin M Amaz
Ha Taka JedbuHupaHaTa 3a/a4a, BKII0YBa pa3paborsanero u uscseasanero Ha Crenennn (Peszossentnu) Monte
Kapuio u paangomusupanu Crenennu (Pesosnsentan) Ksasu-MonTe Kapio agropurmu 3a TSXHOTO NPUOINIKEHO
npecMmsitae. [loj1 croxacTUIHN YUCIEHN METO/IM II0-HATaThK Iie paszbupame Monte Kapsio Mmerogure u TsixaaTa
pasHoBUIHOCT, paHnoMmusupanuTe Kpasu-Monre Kapiio meTomu.

Monte KapJiio meTomu

Monre Kapao (MK) merozure ce ocHOBaBaT Ha KOHCTPYUPaHE HA CjydaiiHa BeaMYUHA 0, KOATO BCBHIIHOCT
npezcTaBaaBa n3aMepnMa Gyuxus § = 0(w), nedurNpana BbE BeposiTHOCTHOTO TpocTpancTso (2,2, P) [88],
¢ neduaMIOnHA 06macT ) u ¢ obsact Ha croitHOocTHTE R (MHOXKECTBOTO Ha PEAIHUTE YHMCJIA). YCJIOBHETO MDA
KOHCTPYHMPAHETO Ha CaydaiiHaTa BeJndrnHa f € CBbP3aHO C MATEMAaTHIECKOTO i OYaKBaHe, KATO M3MCKBAHETO €
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MaTeMaTH4eCKOTO O4YaKBale Jia ChIIECTBYBa U Jla € paBHO Ha TbPCEHOTO pelleHue Ha JaJeHa 3a/iada UId Ha
bYHKIIMOHAJ OT PEIIEeHNeTO Ha U3XO/IHATA 33/1a4a.

El) =1, (3)

KbeTo I e ThpceHOTO perenue (Mo cTofHOCTTa Ha (DyHKIMOHAN oT pemennero). Ilo onpenenenne E[f] c¢b-
HIECTBYB& TOTAaBa M CAMO TOraBa, KOraro cbinecTByBa F|6)|.

B zaBECEMOCT OT KOHKpeTHATa 3a/a4a, CJydaiiHaTa BeaundnHa 6 Moxe J1a ObJie IUCKPETHA WIH HEIPEKbCHATA.
B auckpernus ciaydail MATeMATHIECKOTO OYaKBAHE CE 3a/1aBa IPe3:

Elf(w)] = ZP{Q(W) =) }x; = Zpixi = I, KbaeTo Zpi =1,

a B HEIIPpEKbCHATUA cnyqaﬁ:

Elf] = /OO xzp(z) dz, xbIETO /00 p(z) de =1,

— 00 — 00

kbaeTo p(x) > 0 e BeposSTHOCTHA IIBTHOCT Ha pasnupenenenne. OyHkimsiTa Ha pasupeaenenne Fy(x) = P{0 < =}
OIMCBA HATPYIIAHATA BEPOSITHOCT U € CBbp3aHa ¢ p(2) upes crangaprauTe qudepennmanan sapucumoctn [88) 9T].
IIpu peamuzanusa na MK anropursbm ce remepupa uspaika 01,0s,...,0y, ... OT HE3ABUCUMHI U €JHAKBO pa3Ipe-
JIeJIeHU peau3aluy Ha CIyJaiiHaTa BeIuanHa 6, KaTo mpuOInKeHaTa CTOMHOCT Ha, I ce ompeiesist Ipe3 cpeHaTa
CTOIHOCT:

_ 1 &
GN:N;Gi' (4)

CxonmMocT u omneHKa Ha rpemikara nmpu MK meroaute

Teopermanara obocHoBka Ha MK Merogure ce 6asupa Ha 3akona 3a rojemure dncia (3['H). Koraro marema-
THYECKOTO OvaKBaHe e KpaifHo, pejumarta oT cpeun croitnoctn Oy (pn N — 00) e CXOJISITa 10 BEePOSTHOCT
kbM I (caab 3akoH Ha rosemute uncia, reopema Ha Xununt) [14) 88]. HeoGxomuMoTo M JOCTATHIHO YCIOBHE,
3a Jia ObJie CXOJUMOCTTa IOYTH CHIYpHA (YyCHJEH 3aKOH Ha IOJIEMHTE JHCJa, TeopeMa Ha KosMoOropos), e nia
IMa MATeMATHIECKO OTAKBAHE.

ITpennonarame, de ciayvaitHara BeaundnHa § nma KpaiiHa JUCIEDCUsT:

Var[d] = E[0 — E6)* = E[6*] — (E[6])? < .

ToraBa HeHTpaJIHaTa 'paHUYHa TeopeMa (HFT) ocurypsiBa aCUMIITOTUYIHO HOPMAJIHO Pa3IIpe/IeJICHEC Ha I'PEII-
kara [31) [88]. B pesysnrar ce mosyuasa BepOSITHOCTHATA OIEHKA:

N
. 1 ~1/2
Jim P~ ;(9" —I)| <xoN = &(x),
1=
2 r 2
kbaero o = \/Var[f], a &(z) = Wors / e~ 2 dt ce HapUIa BEPOSITHOCTEH WHTETPAJ M Ce OIpeess OT PyHK-
m™Jo

[USTa HA PA3NpeJie/ieHne Ha CTaHJapTHa HOpMaJiHa ciaydaiina seswuanHa B naTepBasa (0, 1) [92].
Benuuunara
_1
TNy =xgoN 2 (5)

ce HapW4a BEPOSTHOCTHA TPEIIKa, KATO MapaMeThbpbT [ ompejesis HUBOTO Ha josepue. [Ipu 5 = 0.5 ce mosy-
JaBa T.HAp. BEPOsATHA I'PEIIKa, KOSITO XapaKTepU3upa TUIIMYHATA CKOPOCT Ha cxomumocT Ha MK mMeromure or
nopsiibka O(N~1/2),

Jucniepcusita Ha ciiydaiiHATa BeJIMYUHA 6 B MPAKTUYECKUTE MPUJIOKEHUST OOUKHOBEHO CE OIEHSABA eMIIMPUIHO
qape3 dopmyaara:

1 < _
Varlf] = 5 3 (6:) = On)*, (6)

[Ipu merossiMa pasMepHOCT Ha m3BaaKaTa [N OT CTONHOCTH Ha CIydaifHATa BeJIMYnHA, OOMKHOBEHO CE M3I0JI3Ba
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no-rounara dopmymna [92]:

N
Varld) ~ e 2 (00 = 5 (O )™ @

Pasrpannvasar ce apa Tuna MK merosm, kouTo ce nsnosssar 3a HamasssaHe Ha rpemkata [22] [89] [92]:

o Edextusnun MK meronu, mpu KOUTO ce MeIH Ja e MUHUMU3UPA JUCIEPCUATa Ipe3 TeXHUKU 33 PeyIn-
pane (OTjesisiHE Ha TJIaBHA YaCT, CHMETPU3AIMsl Ha IIOJUHTerpasjHaTa (DyHKIMsI, METOI Ha ChIleCTBEHATA
U3BaJIKa, METOJ HA Pa3fie/idHe [0 BasKHOCT U JIPYTH), 0e3 Ja ce IPOMeHsl aCUMITOTHYHUSIT IIOPAIbK Ha
rperikara.

e Cymepcxogamu MK Meromm, Ipu KOUTO Upe3 CHMYyJIHpPAaHE Ha CTOWNHOCTHTE Ha, CIydaiiHa BeJIMYWHA B PAB-
HOMEPHHU HEHNOKPUBAIIU ce MoJ00/JaCTU U IPU AOI'bIHUTEIHNA YCIOBHUS 3a IVIaJAKOCT Ha HOAMHTEIPAJIHATA,
(MYHKIMSA ce IMOCTUTA TO-BUCOK MOPSAIIbK Ha CXOIUMOCT I'y = (’)(N‘VQ—E(”“))7 kbaero (k) > 0 3aBucu or
Pa3sMepHOCTTa Ha 3aJa49aTa.

3a CuMyJiipaHe Ha CTOMHOCTUTE Ha CﬂyqaﬁHI/ITe BeJIMYMHU CE U3II0JI3BAT I'eHepaTopu Ha HCGB,ZLOCJIy‘{afIHH qucJIa.

T'enepaTopm Ha MCEBJOCIIYYaHU YHCJIA

IIpakTnaeckara peammsanus va MK MeTomuTe n3MCKBa M3MOI3BAHETO HA TEHEPATOPH HA TICEBIOCTY YaiHI TUCIIa
(PRNGs), kouTo renepupat pasHOMepHO pasnpesenenu croitaoctn B (0, 1) [53][81]. OcHoBHNTE M3MCKBAHWS KbHM
noopure PRNGs BKJIIOUBAT CTATHCTHYECKA CJIYUYANHOCT, JbJIbI [IEPUOJL HA IOBTOPSIEMOCT, B'b3IIPOU3BOIUMOCT,
edeKTUBHOCT U Bb3MOXKHOCT 3a HapaJsesiHo renepupane [50) H3].

CpeJ Hafi-4ecTO U3MOI3BAHATE TEHEPATOPU Ca JUHEeHHNTe 1 KOMOMHUPaHUTe KOHIpyeHTHH reneparopu [32, (54
71, reneparopure ¢ usmecrenu perucrpu (Hanpumep, Mersenne Twister [62]), kakTo u remeparopu na 6azara
Ha Jpyru MareMmarndecku KoHcrpykiuu (aanpumep, Middle Square PRNG [70]). B mucepranuonnure uscien-
BaHUsI 38 Peajn3aIaATa Ha CTOXaCTUIHUTE AJTOPUTMHU 3a OIEHsIBAHE HA €KCTPEMAJIHU COOCTBEHHM CTOMHOCTHU Ca
nsnonssann Mersenne Twister (MT) u Middle Square (MS) remeparopu Ha IICEBIOCIIyIaiiHU YUCITIA.

KBazu-Monte Kapiio meTomu

Ksazu-Monte Kapsio (KMK) meronure ca nerepmununcrudna ajprepaarusa Ha MK Meroaure u u3no/38aT peiy-
11 C MaJIbK JIMCKPEIIaHc BMeCTO nceBpocaydaiinu rouku [39] 66 [74]. Te ocurypsiBar no-paBHOMEPHO HOKPUTHE
Ha equEmanns xunepky6 [0, 1]¥ n BogaT g0 mo-mo6pu ckopoctn ma cxommmoct oT mopaabk O(N ~!(log N)F)
[IPU JTOCTATHIHA TJIAJKOCT Ha nomuHTerpanaara dbyukuus |9, (2], Tlpu onensiBane Ha MHOrOMEPHU WHTErPAJIH
HpI/I6JII/I)KeHOTO penienue nMa Bu/ia:

1
flz)de =~ — f(xi), (8)
/[0,1]k N Z '
KbJEeTO I; Ca €JIEMEHTHU Ha peJulla C MaJI'bK JUCKPEIIaHC.

Peaunu ¢ maabK JUCKPENMaHC W OIEHKA Ha rpenrkara

KimouoBara xapaKTepHCTHKA Ha Te3H PEJIUNH € JUCKpenaHnc-3sesaaTa Dy (S), KoATo u3MepBa OTKIIOHEHHETO OT
PaBHOMEDPHO pa3IpejiesieHue:

N k
1
Dy(S)= sup | > 1z(x)— [[ =l (9)
N Ze0,1)k |N ; ]1:[1 J’
Penuniara e ¢ MaabK JUCKpEITaHc, ako
logN)*
D (S) = O(N~(logN)*) umr D3 (S) < Ck%, (10)

kbaero koucranrara Cy B (L0)) 3aBucu camo or pasmepnocrra k.
Ipemkara npu KMK meromure ce onensiBa upe3 nepasencrsoro Ha Kokema-Xiaska [9) [72]:

N

I(f) = 5 D Tx)| < V()DA(S), (11)

i=1
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kbiero D3 (S) e muckpenamc-3sesia na peammata ot Touku S = {x;}%°, € [0,1)F. V(f) e apmamumara na
dbyuKIMATa B cMECH HAa Xapau-Kpayc. ToBa HepaBeHCTBO MOKa3Ba, e T'PEIIKaTa 3aBUCH KAKTO OT TJIaIKOCTTa
Ha IOJUHTerpaJiHaTa (PYHKIMS, TaKa U OT PABHOMEPHOCTTA Ha M3II0JI3BaHATa TOYKOBa peauna. [Ipu qocrarbaHo
rIaJKn (bYHKIUE ce JOCTHIa acHMITOTHYeH mopaabk Ha rpemkaTa O(N ! (log N)*), koiito e Teopermdmno mo-
no6bp or To3n Ha Kiaacumdeckure MK meromm.

ITbpBuTe KOHCTPYKIMU Ha PEIUIHU C MaJbK JUCKPENAaHC npousiu3ar or peaunara xa Bam gep Kopuyr [85].
XoaTbH pa3mMpsiBa Ta3u Hjesd KbM MHOIOMEDHHUs CIIydail dpe3 M3IMOJI3BaHe HA PAJUKAJIHA MHBEPCHS B Pas3-
JIMIHU TIPOCTH OCHOBU 110 KoopauHaTt [39)]. Penunnre Ha X0oNIThH ca KOHIENTYAIHO MIPOCTH, HO IIPU MO-BUCOKH
Pa3MEpPHOCTH MOIaT JIa IPOsIBSAT KOPEJIAIMU, KOeTO HaJara usnosssanero Ha moxudukanuu [41] 86]. Pexunure
ua Cobou, BbBesenn npe3 1976 r. [76], npeacrasngasar mudposu (¢, k)-peauiu npu ocaosa 2. Te ce KOHCTpyHUpaT
Ype3 HAPABJISIBAILU YUCJIA, HOJIy9eHH OT IPUMHUTHUBHU [OJUMHOME HaJ Kpaiinoro noje Fo = {0,1} (cbbupane
0 MOJYJT 2), KOETO OCHUTYDSIBA BUCOK& PABHOMEDHOCT W J06pu Tpoeknmonnu croiictsa [74) [89]. Iopamn Tesn
cBoiicTBa peaunure Ha Coboi ca cpej Hali-mupoko usnoJsBanuTre B KMK npuiioxkenust.

®Durypa [IpEeJICTaBs CPABHEHNE MeXK/1y JIByMepHa IICEeBIOoCTydaiiHa peaura, redepupana ¢ Mersenne Twister
(MT) u aBymepuu npoeknuu Ha 16-mepuu pemuim na Cobon u Xonrba. Habimogasa ce siCHO 0-paBHOMEPHO
MMOKPUTHE HA eIMHIIHIS KBAIPAT P PEIUIUTE C MATbK JTUCKPEIAHC B CPABHEHNUE C TICEBIOCTY YaiiHATA PEIUIIA.

Pseudorandom (Mersenne Twister) Sobol Sequence s ., Halton Sequence
. e . . r B

. . . . .
o o . . . .

oo® o ° . : ¢ ° : 0,‘ o o T . ? . . Y e s coc Lt e,
cosfe * o v s 08 P » c post oo R .
N ° ° ‘% . . * . . c . . N ., . ° . .
.. . o o - o, ., -~ ¢ . .. < o, . . . ° L <,
osl : . osfe e L.t . oab L. coeT .
0l * e ® . . L. o L. . ‘- .. .‘ . .~ .- s ol ...o - <. .
. L. . e e “ ., - .. . . . .. . . ..t o . Kk
ol ¢ . R oale Tt e . . T 02- PRI
*. . . o T ® . ’ o M . o . . L .
. . PYa—— . . .. ., . . . o . . ", ., . .
01 . . ¢ . . 0.1 C . . « o o . . 01 e ° o o°, . . .
. o . s N . . . . . . . . . LIS .
° . . . . . ? . . . . .
R .* S . L) o ¢ A Y L 0e . LIy TR ke )
00 0.1 02 03 0.4 05 0.6 07 0.8 09 1 o 0.1 0.2 03 04 0.5 0.6 07 0.8 09 1 o 0.1 0.2 0.3 04 05 0.6 0.7 08 09 1
X, X i
(a) MT reneparop Ha HNCEBIOCILyYailHn (6) penuna na CoGos (B) penuna Ha XonTbH

qucIa

Q®urypa 1: CpaBHenue Ha JByMepHa IceBjocaydaiina peauna, noaydera ¢ MT PRNG, ¢ nBymepHu mpoexiun
Ha 16-mepuu peaunu Ha Cobost u XorbH. [eHepupanuTe Toukn ca 256, a IPOEKIUsITa € HallpaBeHa 10 I'bPBUTE
JIBeé KOODJIUHATH.

PaH,U,OMI/IBI/IpaHI/I peaunu C MaJI'bK JUCKpPeIlaHC

JleTepMUHUCTUYIHUSAT XapaKTep Ha KJIACHYECKUTE PEJIUIN C MaJbK IUCKPEIaHC BOJIU JI0 JIUIICA HA eCTECTBEHA
BEPOSITHOCTHA PaMKa 3a OIEHKA Ha IPEIKaTa W 0 PUCK OT KOPEJAIWMH IPU BUCOKU Pa3MEpPHOCTH. le3u He-
IOCTATHIM Ce MPEMAXBAT UpPe3 BbBEXK/IAHE HA PAHJIOMU3UPAHU PEIUIN C MAIBK JUCKPEIAHC, TP KOUTO IPe3
KOHTPOJINPAHA CTOXaCTUIHOCT Ce 3aIa3Ba PABHOMEPHOTO OKPUTHUE HA eIUHUIHUS XUIEPKYD, KATO eHOBPEMEH-
HO C TOBa Ce TIPeoIoJIsIBAT OrpaHnveHnsITa Ha pukcupanara reomerpust [13]. JombaHuTeHO KbM pastbpKaHUTE
PeIuIy ¢ MaJIbK JUCKPEIaHC MOTAT JIa Ce MpujiaraT TeXHUKH 3a MPOIyCKaHe Ha HavaJHU YJIEHOBE Ha PE/INIaTa,
upe3 M3MOJI3BAHE Ha OIepaTop 3a npeckadane (aHriI. skipping operator) u onepaTop 3a IpecKavaHe IIpe3 CTbIIKa
(anru. leaping operator) na pemunara. Taka ce 3ana3Bar cBoACTBaTAa HA PEAUIUTE C MAIBK JIUCKPEIIAHC, KATO
€/IHOBPEMEHHO Ce BbBEXK /14 KOHTPOJIMPAHA CTOXACTUIHOCT, TIO3BOJISBAINA CTATUCTAYECKA OIEHKA HA I'PENIKATa.
Qurypa u Qurypa [I0Ka3BaT HAJUYIUETO Ha KOpeJaluu I1pu Hepa3bbpkaHa peauna Ha Cobos u XoaTbH
B [I0-BUCOKH KOOPJMHATH U edeKTa OT IPUIATaHEeTO Ha MeToja Ha pasbbpksaHe (aHri1. scrambling). Pasobpk-
BaHETO BOJIM JI0 3HAYNTEIHO 110/[00PsiBaHE HA PABHOMEPHOCTTA Ha TOYKOBOTO Pa3IpejiesieHue, KAKTO € IOKa3aHO
"a Durypa u Ourypa . Ha Q@urypa u Qurypa € TIOKa3aH U JOIIbJIHUTEJHUAAT ePEeKT OT KOM-
OuHmpame Ha MeTOJa Ha pa3dbpkBaHe upe3 mapamerpure skip u leap. Te3nm TeXHUKN peaynupaT KOpeTaIllunTe
U TI0JIO0PSIBAT MIPAKTUYECKUTE CBOMCTBA HA PEIUIIUTE IIPU 33JAYHU C II0-BUCOKA Pa3MEPHOCT.

CbBpeMeHHUTE MOIU(UKAIMY Ha peauiuTe Ha XoyTbH 1 Cob0J1 BKIIFOUBA PAHJIOMU3UPAHE, IEJISII0 HaMaJIsiBaHe
Ha KopeJialuuTe 1 11o700psisane Ha cxogumoctra [52) [66] 3a konkperHu 3aa4m. PangoMmusanusra ce peajnsupa
Ype3 Npuiarane Ha CIEIUATHO KOHCTpyupanu TpancdopMaimn (pa3dbpKBaHusl) BbPXY Beue U3TPAJEHN PEIUN
¢ MarbK juckpenanc. ChInecTByBaT JBa OCHOBHU IOAXOJA 3a pas0dbpksane (anrit. scrambling). IIbpsusar ce
OCHOBaBa Ha nobumoso (yudposo) cayualino nepmymupane, IpU KOeTo IudpuTe HA KOOPAUHATUTE B OCHOBA b
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Scrambled Sobol (Skip=1024, Leap=128)
Py - .,

1 Unscrambled Sobol . 1 . . .
© ) M [ . 09p® ®e © . 09 ° LY M .
09 o o, . . . .. L. o . . K
. . ¢ e .o 0 . .o oo . . P .
K . N K oo K . 3 .. . ., . o e
o8f e, KRS B LA . S P R
M o0 o M . Cee .. . . . o .
e K 5 K o7 .. . . .. S .« e L e . .
. oe . . . “er . . . . . ¢ e o .
. . . o c e e . Sey e °. °
06 o o . ‘e 08 % . Jee oo o8 . . Lt Te e . .
. . L . e . . . ., © L. s .« o ee 2 . ..
. . . o ¢ i . . ~ .o . . I
e . e - . . . . L . o P . ., . . o e
04 W o -, N 04 EARA JON . .. 04 3 .-. et c..
os3f e LY . s * e ° osfe o0 . Od 03¢ - . e e,
. S . o el . o* . . ° N . A
o .t ‘e o LA 01 *e * . * e : . 01 e Y . A
X - L XA .. . L L e . . .
0 0.1 0.2 03 0.4 05 06 0.7 08 0.9 1 0 0.1 02 03 0.4 05 06 07 08 09 1 0 01 0.2 03 04 0.5 0.6 07 0.8 09 1
X4 Xy X1
(a) nepas6bpkana penuna Ha Cobost (6) pasbbpkana penuna Ha Cobou (B) pasbbpkana peguna zHa Co6oi c ma-

pamerpu skip, leap

Qurypa 2: CpaBHeHHe MeEXJy JIBYMEpPHA IIPOEKIUsl C HaJu4due Ha Kopejanusi npu 11-ta u 12—Ta KoopauHarta
na pexunara Ha Co0OJI U CHOTBETHUTE JBYMEPHH IPOEKIMK Ha panjoMmusunpanurte peguiy Ha Cobosn 6e3 u ¢
JOI'bJIHUTETHO BKJIIOUeHn napamerpu skip = 1024 u leap = 128.

| Unscrambled Halton 1 . sﬂamhled Halton . . Sgrambled Halton (Skip=1024, Leap=128) |
09 e " e’ P . . 02 . ° . L N IS oor ® i . o c e o ¢ ¢
oo . . . . . ., o % Y . . .
. .o . . . . . PR . %o o e . . ., e .
.o . . . . . ., . . . .. v, ..
.o . . . .o . . . L. AL . e < . .
. . . . . * . . . U S c ., . Lo e, .
. . . .o .o . . .o . . . . . . .
. . . .o .o . . R S e . . DRI . ° .
Fos? . . ot [ . <05 S o8 PR c LS ot
. . .o .o . % . c . . . LI .o . .« °
. . .o .o . e . LY LI P . o .
oal o . . . . ol t . AR .. . waf o % e . . s e,
. . .o .o . o e e . . . K o *e .
r o* o o o’ . o . R . L . o .
03 . .o .o . . 03t e, PN . . 03| ® e 4 . “ o
. . .o . . .. . .« . . ° . . . . .
. .o .o . . . . et A . - R ..
02y * [ [P P . o2k % ee 4t e . . " ° 02 ., t e Lt o e LI
.o .o . . . ° . ce o . L s . . . L
.o .o . . . . . A ., o . . . KIS « o, i
LI [ o o o L ete o N, ol . o Tt e . Lt s
.o .o . . . . e o . . © . * e . . ° .
se .o . . . ., o e . . . R . . . .
o . . . . A . . . -
S o1 02 s 04 s 6 o1 s oo 1 5 o1 02 05 o4 o5 o5 a7 o8 o5 1 o o1 02 03 o4 o0s o5 o7 o8 o5 1
*11 X1 X1
(a) mepasbbpkana penuna Ha XOJTHH (6) pasbbpkana penuna Ha XOJTHH (B) pasbbpkana penuna Ha XOJITHH C IIa-

pamerpu skip, leap

Qurypa 3: CpaBHeHHe MeX/Iy JByMEpHA IPOEKIUs ¢ HaJu4due Ha kKopejarus npu 11-ta u 12—-ra Koopaunara
Ha peJuIiaTa Ha XOJIThH U ChbOTBETHUTE JIBYMEPHHU IIPOEKINH HA PAH/IOMU3UPAHUATE PEIUIM HAa XOJITHH 0e3 1 ¢
JIOI'bJTHUTEJIHO BKJIIOUeHN napamerpu skip = 1024 u leap = 128.

(B 4acTHOCT HIpPM OCHOBA 2 IPU JBOUYHO LPEICTABsIHE) Ce IoJJarar Ha ciaydaitau nepmyranuu [67]. Bropusr
[IOJIXOJT Ce OCHOBaBa Ha csbupane no modys 1 CbC CIAyYaHO YUCJIO WA CJIyYaeH BEKTOD, PeHEPUPAHU UIpe3
[ICEBJIOCITyYaeH reHepaTop. To3u MeTof| e M3BEeCTEH OIle KATO CAYualiHo usmecmsare (aHrI. shift) 1o Moy
1 m ce xapakrepusupa ¢ mnpocra u edexkrupHa peasnusanust [45, [46]. Ha npakrtuka jpaTa moaxoja UecTo ce
KOMOMHUPAT, KOETO BOJM JI0 MHOYKECTBO TeXHU BapuaHTu u Kombuuanuu [68) [69].

CroxacTuyHu mMeTojiu ¢ Bepuru Ha Mapkos

Mounre Kapso (MK) u Ksazu-Monre Kapio (KMK) meroaure ycjioBHO ce KiIacudUIUPAT B JiBe OCHOBHY I'DYIIU:
JUPEKTHU U UTEPAIMOHHNA.

Hupextaure MK/KMK meTonn ce XapaKTepU3UpPAT ¢ TOBA, Ue MOJIYIEHOTO NPHUOJIMIKEHO DEIleHne e MOBJIH-
SIHO €JIMHCTBEHO OT CTOXacTHYHATa (cTaTucThdecka) rpemka. [Ipu xiuacuueckus MK momxon Tasu rpemka e
or nopsaabk O(N -1/ 2) U ce OIEeHABa Ype3 HEPABEHCTBO , nokaro nipu KMK merosmure s ce onuca dpes
HepaBeHCTBOTO Ha Kokcma-XiraBka W UMa, aCUMIITOTAYEH TOPSTbK O(N ~!(log N )k) IIPU U3II0JI3BaHE HA
PeJIIM ¢ MAJIbK JINCKPEIanc, Karo peaurmre Ha Cobost u XosnrbH. B ucepranuonnnst Tpys ce MpuaaraT paH-
JOMUBUPAHN PEJUIN C MAJIBK JUCKPENaHC, KOUTO CHYeTABAT [IO-PABHOMEDHO IIOKPUTHE HA €IMHUYHUS KyO C
KOHTPOJINpaHa CTOXacCTUIHOCT. [lopaju ToBa rpelkuTe, OIEHSBAHU Upe3 u ([11)), ce maTepmperupar KaTo
CTOXaCTHYHA I'PEIKa, 3aBHUCeIla OT pa3Mepa Ha m3BajkaTa V.

Urepaimonnure MK/KMK Meroau, ocBeH CTOXaCTHYHA, ChIbPKAT U CUCTEMATHIHA TDEIIKa, Thil KaTo ole-
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HsIBAT HE JIMPEKTHO TOYHOTO PeIleHre, a KpaiiHa WTepalys Ha CXOJSI UTepaIMoHeH mporec. AHAJOIMIHO Ha
KJIACHYIECKUTE YHUCJICHH METOJM B JUHeHHaTa ajrebpa, KaTo MeTo/a Ha IpOocTaTa WTepalys U MeToja Ha la-
yc-3aidigen [90], cucremarnuHaTa rpeiika 3aBUCH OT CBOHCTBATA HA UTEPAIMOHHATA CXEMa M OT HOpMATa Ha
MaTpHIATa, YIacTBAIA B IIPOIECA.

B croxacTuuHuTe MTEpAIMOHHN METOIHU 3a 3aJa9M OT JIMHEHHATa ajredpa ce KOHCTPyHWpa C/IydaiiHa BeJnduHa
0%) ypes Bepura na Mapkos ¢ k mpexoza [16], 221, 92]. Bposit Ha npexoauTe MoxKe Jia Gbjie (hUKCHPAH WU CIIyIaeH
¢ MATeMATHYECKO OYaKBaHe, paBHO Ha k. MareMaTnaeckoTo odakBaHe Ha ciydaiinara esmmanna 0%) ampokcn-
MUpa ThPCEHOTO pellleHne Ype3 (PYHKIMOHAJ, BKIOYBAI MATPUIHO-BEKTOPHU ITPOU3BEIEHNs. B TO31 KOHTEKCT
CHUCTEMATUYIHATA T'DEIlKa Ce ONpelesis OT Oposi Ha ureparuuTe k, JOKATO CTOXACTUYHATA I'PEIIKA 3aBUCH OT
pa3mepa Ha m3Bankarta N. CrenoBaresiHo, 6aJaHCHPAHETO MEXK]Iy CHCTEMATHIHATA U CTOXACTHIHATA T'PEIIKa,
KaKTO U PEeIyKINATa Ha JUCIEPCUSITA, IPECTABISBAT OCHOBHU M3CJIEJOBATEJICKA 33Ia91 IIPU PAa3pabOTBAHETO
Ha e(PeKTUBHU CTOXACTUIHN UTEPAIMOHHN METOJM U AJITOPUTMHU 3a JInHEelHa ajaredpa.

CTpyKTypa Ha AuCEpTAAATA

HucepTannOHHUAT TPY, C€ ChCTOW OT YBOJ, TPHU IVIABH, 3aK/IOUEHHUE, MPUIoKenne n bubanorpadus. ducepra-
nusaTa chabpxka 118 crpamunu, BkaodBa 15 durypu u 16 tabaumnm, 6ubauorpadus ot 121 3arigaBus, KAKTO U
CIUCBHK C MaTeMaTUYeCKU O3HAUYEHUs U U3IOJI3BaHN abpeBUaTypu.

e B VBoga e mpejicraBeHa aKTyaJHOCTTa HAa TEMATHKATA, HAIPABEH € 0030p HAa OCHOBHHUTE HAyYHHU pe-
3yJITaT B 00JIACTTa, IIOCTABEHH Ca IEJIUTe U 33/Ja9iTe Ha JIUCEPTAIMOHHUS TPV U IOJAPOOHO € OIHCaHa
METOJIOJIOTHATA Ha M3CJIEIBAHETO.

e T'nasa [1],Croxactuaen Crenenen Mero: paspaboTBaHe W M3C/IeBaHe Ha epeKTUBHNA aJrOPUTMU 34, OIle-
HsIBaHe Ha MaKCUMAaJIHa cOOCTBEHa CTOMHOCT € TIocBeTeHa Ha pa3paboTBaHeTo Ha e(PEeKTUBHU CTOXACTHIHH
CTEIEHHN AJITOPATMHE 32 HAMHpAHE Ha MAKCHMAJHATA COOCTBEHA CTOMHOCT HA INIHTHA CHMETPHYHN MaT-
punu. Jedunupana e 3aja4dara 1 ca pasrileJaHd MeTOJUTe, KOUTO ce M3M0/I3BaT 3a HeflHOTO pellaBaHne, a
uMenHo, jgerepmunuctuanus Crerenen meTos u croxacruunus CTeleHeH MeTo/l, B HerOBUTE /1Ba BAPUAHTA,
- Crenenen Monre Kapso (CMK) u Crenenen Kpasu-Monrte Kapio (CKMK) meroz. IToxpo6ro e orm-
caHa KOHCTPYKIMATA Ha CIydaiiHaTa BeJIMYUHA C M3NOJI3BaHe Ha Bepura Ha MapKoB, KaTo ce aKIEeHTHPA
HA U3IOJI3BAHETO HA IIOYTHU ONTUMAJHHI BEPOATHOCTH. IlpencraBeH e IMceBIOKOo Ha paspabOTEeHUTE MOYTH
onrumaaan CMK u CKMK ajropurMu u ca onpesiesieHu yeaoBusiTa 3a OaJancupaHe Ha CTOXaCTUIHATA U
cucTeMaTHYHATa Ipelika. lJlaBaTa 3aBbpIIBa C JIUCKYCUs BbPXY HallpaBeHUTe UMCICHU eKCIePUMEHTHU 33
MaTPUIM C Pa3JInIHa Pa3MepHOCT.

e I'masa [2] ,,Croxactuuen PesosBenTeH MeTos: paspaGoTBaHe n H3C/eiBaHe Ha eDEKTUBHU AJITOPHTMH 33
OlleHsIBAHE HA MUHHMAJIHA COOCTBEHA CTOMHOCT' pasriiexkia 3ajadaTa 3a OleHsSBaHe MUHIMAJIHATA COOC-
TBEHA CTOIHOCT HA CUMETPUYHU KBaIPATHN MATPUIH, UpE3 UIOI3BAHE HA HeHATA PE30JIBEHTHA MATPUIA.
IIpencrasen e Pezonsenthust CreneHeH MeTON U HETOBUTE CTOXACTUYHU peasu3anun upe3 PeszosBenten
Momntre Kapno (PMK) u Pesonenten Kpazu-Monte Kapno (PKMK) moaxon. B rmaBara ce m3sciessa
poJIsiTa Ha IIapaMeTpuTe, BIIUSIENN BbPXY CXOJMMOCTTa Ha Oe3KpailHUs pejl, upe3 KOITO ce IpescTaBs
pesosiBerTHaTa MaTpura. Koncrpynpanu ca nouru ontumaian PMK nu PKMK anroputvu u ce uscien-
Ba 6aJIaHCHT HA CTOXACTHYHATA M CUCTEMATHYHA TpeIIKa. 1031 OajlaHc 3aBUCH OT OPOsl PeaM3aliuu Ha
CaydafiHUTe BEJIMYUHH, Jb/DKUHATA Ha Bepurara Ha MapKoB, CTelleHTa Ha DPE30JBEHTHATA MATPUNA U
YCKOpSIBAIIUS IIapaMeTbp, BKJIIOUYEH B IIPEJICTABsIHETO HA PE30JIBEHTHATA MaTpUIA KaTo cTeleHeH pex. B
IIoCJIeJHATA CEKIINSI Ca IIPEJICTABEHN IIPOBEJIEHUTE YNCIEHN €KCIIEPIMEHTH, ITOJIyYeHH IIPU OII€HSIBAHETO Ha
MUHUMAaJIHATA COOCTBEHA CTOMHOCT Ha TECTOBU CHUMETPUYHU MaTPUIIH.

e I'nasa [3],CroxacTuann MeTOAN 3a OLEHsIBaHe HA NA3apHUS PHCK HA MHBECTHIHOHHH NOPTQEeHn® € cBbp-
3aHa C IpUJIaraHeTo Ha pazpaborenute ajropurmu oT [J1aBa 1 KbM peasHa 3ajada or objacrra Ha (u-
HaHCOBaTa MATeMaTHKa, CBbp3aHa C OleHsIBaHe Ha Ia3apHUs PUCK Ha WHBeCcTHIMOHEH moprdeiin. Ote-
HIBAHETO My C€ H3BBPIIBA Upe3 MaKCHMaJHaTa COOCTBEHA CTOWHOCT Ha KOPEJAIIMOHHATA MATPUIA Ha
noprdeita. Hamupanero Ha Hali-rojsmara cobCTBEHA CTOWHOCT Ce M3BBPINBA UPe3 MOYTH ONTHUMATHUTE
CMK u CKMK asropurmu. ITpu npuiaranero na nouru onrumanaaus CKMEK amropurbwm ca pasrienanu
nBa BapuanTa: (1) ¢ pasobpkanu pemunu Ha CoGos m XonTbH ¢ HacTpoiika no ,moxpasbupane; (2) c
pasobpkanu peauru Ha Cobost n XosrThH ¢ u3nos3Bane Ha mapamerpu skip u leap. Ilposeenn ca ancienn
€KCIIePUMEHTH C peajiHu (PUHAHCOBU JTaHHU, KOUTO JIEMOHCTPUPAT MPUJIOKUMOCTTa U e(DEeKTUBHOCTTa, HA
MPEJJIOXKEHUTE AJITOPUTMH.

B saksrounTeiHaTa 9aCcT ca BKJIIOYEHH: CIIUCHK Ha MyOJUKaInuTe, arpodalus, Hay THIUTE U Hay THO-IIPUJIOXKHUTE
MIPUHOCH U OJIATOMAPHOCTH.
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1. CroxactuueHn CrerleHeH MeTOJ: pa3paboTBaHe M HU3CJeIBaHe Ha
edbeKTUBHI aJrOpuUTMH 33 OIleHABaHe Ha MaKCHUMAaJIHa cOOCTBEHA
CTOMHOCT

1.1 IlocraHoBKa Ha 3ajiavaTa

Hexa A = {ai;}7 ;- € R"*" e nazena necunrynapra cuvmerprmana Marpuna. CoGCTBeHHTe CTONHOCTH (CHEKTDb-
;
pbT) Ha MaTpunarta A ce meduHMpAT KaTo peasHHTe CTOHHOCTH Ha nmapamerbpa A(A), 3a KONTO ypaBHEHHETO:

Ax = AM(A)x, kbaero x € R", (1.1)

MMa HEHYJIEBO DEIIeHNe, KATO ChOTBETHUTE HEHYJIEBH BEKTOPHU X ce HapudaT cobcrenu Bektopu Ha A. Heobxo-
JIAMO W JIOCTATHIHO YCIOBUE 33 CHIIECTBYBAHETO HA HEHYJIEBO DElleHue e mapaMerbpbT A(A) na 6bae KopeH Ha
xapakrepuctuaaoro ypasrenue |A — A(A)I| = 0, kbuero I e eaunnunara n-mepua marpuna [90].
[Ipeamonara ce, We cobcrBenuTe croifHOCTH Ha A ca NoJpeseHr 1Mo abCOMIOTHA CTOMHOCT U YJIOBJIETBOPSABAT
HEPABEHCTBATA:

Amin = |/\n| < |>\n—1| < ‘/\n—Q‘ <0< |>\2‘ < |)\1| = Amaz- (12)

Pazryrexk jame 3aagara 3a pazpaboTBane u n3cjieBane Ha e(peKTUBHE aJropuTMu Ha 6azara Ha CTOXaCTHIHUS
CrelneHeH METO 3a OLEHABAHE HA Ay gy, KOATO cbryiacHo (1.2) e eauncTBEHA.

1.2 MeTO,Z[I/I 3a N3YHUCJIIBaHe Ha MaKCHUMAaJIHATA COOCTBEHA CTOMHOCT

1.2.1 CreneneHn meTo/,

CTeneHHUAT MeTO/I IPEJCTaBIABA KJIACHUCCKU UTEPATHBEH YUCICH aJrOPUTbM 32 allPOKCUMAIAA Ha MaKCUMAJI-
HaTa COOCTBEHA CTONHOCT Amax Ha KBajgpaTHu matpunu [33) 43, 6asupan Ha koedbunuenta ua Peiimm [43):

ASropuTbMbT ce peanusupa Upe3 MHUIHATAZAINS ¢ HOPMAJTU3UPAH HAYAJIEH BEKTOD, UTEPATHBHO OOHOBSIBAHE
Ha BEKTOPA U OIEHsABAHE HA COOCTBEHATA CTOMHOCT cjen k mTepanun upes:

)\mam ~ )\(k) = ’f’((llk)7

max

karo npu ycosue ([1.2]) momyaenoro npubimzkenne ChbOTBETCTBA HA JOMUHHPAIIATA COOCTBEHA CTONHOCT.

Cucmemamurna epewra: B ClIydad Ha CHUMETPpHUYHa MAaTPHUIa I'PEIIKaTa OT IPEKbCBaHE Ha Crenennust METO/,

IIpHU IIpeJiCTaBdHEe Ha BEKTOPpUTE iUT U & KaTo JIMHEHN KOM6I/IH&LLI/II/I Ha OPTOHOPMUDaH ba3uc e or IIopdabKa:

2k

‘)‘gjgx_)\maﬂ:O(’%' )7 (13)
1

KOETO II0Ka3Ba, CUJIHA 3aBHCUMOCT OT CIIEKTPAJHOTO PA3CTOsIHUE MEXKLY I'bpBUTE JBe cobcTBeHn croitnocTH [43)].

Cxodumocm: CKOPOCTTa Ha CXOAUMOCT Ha UTEPAIMOHHUHA IIPOIEC IPU CHMETPUYHU MATDPUIM Ce OIpenesd OT

KoeHUIIEHTA ‘:\\—f |2. IIpu 61M3KY 11O MOJLYJI JOMUHHUPAINU COOCTBEHU CTOIHOCTH, CXOIUMOCTTA, Ce 3a0aBs U MOXKe

Jla M3UCKBa IIpUJIaraHe Ha TEXHUKU 3a IpeIBapUTeIHa 00paboTKa.

Hswucaumenna_caosicnocm: Vzancrmrenmata caoxnoct ma Crenennust meton e O(kn?), kbaero k e 6posar ma

UTEPAINNTE, & N - PA3MEPHOCTTa HA MaTpuiara A, KOeTo ro IpaBH MOAXO/SIN 3a TOJIEMU, HO CTPYKTypPUPaHU

CHMETPHUYHU 334,

1.2.2 Croxactuuen CreneHeH MeTO

CroxacruaausaT CrerneHeH MeTOJI, U3CJIe/IBAaH B JUCEPTAIMOHHNS TPY/I, € pa3paboren or Kapausanosa u Jlumos
[21] 22]. Toit npencraBisiBa CTOXaCTUIHA peasn3alys Ha Kaacuieckus CTeleHeH MeTo/l 3a 33/1a49a 33 COOCTBEHN
croitrocru (1.1) mpn yeaosme (1.2). OcHoBaTa Ha METOA € IPEICTABAHETO HA HAN-TOIAMATA COGCTBEHA CTORHOCT
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KaTo rpannia Ha KoedunmenTa na Peitam:

k
Amaz = lim (h, A™f)

k—o0 (h,14k_1f)7 (14)

kbaero f u h ca npousBosiHO U36PAHU U HOPMUDAHU BEKTOPU. AKO k € TIPOU3BOJIHO TOJIIMO €CTECTBEHO YHUCIIO,
TOraBa

AR — M
max (h’Akflf)

€ TIPUOJIMIKEHUE HA \pq, C OIPEe/IeHa CUCTEMATAIHA TDEITKa.
Croxacruanust CrerneHeH MeTO] ce peajin3upa 9pe3 KOHCTPYUPAHe Ha CIyYaiiHd BEJIMYUHU, YAATO MATEMATH-

(1.5)

YECKU OYAKBaHMUsI ChBIIAJIAT ChC CKAJAPHUTE IIPOU3BE/IEHNS B YUCIUTESI U SHAMEHATE TSI HA TOPHOTO OTHOIIIEHHE.
Ba onensiBane ma (h, Af) ce nedunupa ciywaiina semmunna 0F)| Gasupana ma jucKpeTHa Kpaiina Bepura ma
MapKoB ¢hC CHCTOSTHUSA:

o= —=>li— =l <L <n, 0<t<k), (1.6)

¢ HayajleH BEKTOp Ha mIbTHOCTTa p = {p;}{_; € R" n marpura na npexonnara mrsrnoct P = {p;j;}i';_1 €
;
R"™*" KOHCTPYKIUATA BKJIIOYBA NTEPATUBHO M3YUCIABAHE Ha TErJ0To Wy:

a
Wo=1, Wy =W, —=t =1,k (1.7)
Pri_ql:
a cny‘laﬁHaTa BEJINYNHA 9(1“) Cce OolIpeaesisd 9pes:
h
o) = Akalk- (1.8)

lo
Cryaaitmara semranna 0F), redummpanara apes (1.8)), mva MaremaTniecko ouakBane PaBHO Ha CKATAPHOTO
mpomssenernue (h, A*f), r.e. B[] = (h, A*f) [17].

Hedunnnus 1.2.1. Hauwasnuam sexmop na nasmuocmma p = {p;}7_; € R™ ce napuua donycmum 3a sexmop
h={h;}l_, € R", m.e. p € Pp, axo p; > 0, woeamo h; #0 up; =0, koeamo h; =0 3ai=1,...,n.

Hedbunnmusa 1.2.2. Mampuyama wa npexodnama nasmuocm P = {p;; }?jzl € R™"™ ce napuwa donycmuma
30 CUMEMPUYHATNMG MAMPUYL A = {aij}?jzl € R™" m.e. P € Pa, axo p;j > 0, xoeamo a;; # 0 u p;; = 0,
rozamo a;; =0 3a 1,5 =1,...,n.

BbBeenure monaTHs 3a JOMYCTUM HAYaJIE€H BEKTOP HA IJILTHOCTTA P € P U JOMYCTUMA MATPUIIA HA ITPEXOI-
HaTa WIbTHOCT P € P4 rapaHTHpar KOPEKTHOTO KOHCTpyHWpaHe Ha Bepurarta Ha Mapkos. 3a msBajka or N
peayim3anuu Ha CIydaiiHaTa BeJIUIuHA 0F) | cpenmaTa CTOMHOCT Ce IPEeICTaBs Ypes:

N

—(k) 1

v =5 20 (19)
s=1

KbJIETO S-TAaTa PEAJTU3ANNA HaA CAyIaifHATa BETUTIHHA %) e oznauena ¢ (0(’“))S 3a 1 < s < N. Ta npeacrasisgBa
croxactuuHa anpokcumarys #a (h, Akf ). Ilpn usnos3sBane Ha reHepaToOpu HA HCEBAOCIYYAlHU YUCIA BEPOSIT-
HOocTHaTa rpemika 3a Monre Kapisio merosa e:

RE\];) _ |(h,Akf) 7?55” < 010-(9(79))_]\7*1/2, (1.10)

KbIeTo ¢, e komcranta, a o(0*)) e crammaprao orkmonenue [I7]. TIpu M3MOM3BAHETO HA PEIHIE C MATBK

—(k
nuckpenasc (Co6ost, XoaTbH), 95\,) e Ksazu-MonTe Kapjio anpokcnmariust ¢ rpemmkas

(log N)k+1

—(k
QRY = (b AR) — | < e =2

(1.11)

oJIy4yeHa upe3 HepaseHCTBOTO Ha Kokcema-XiaBka, Kbjero (k 4 1) e pasMepHOCTTa HA M3IOJI3BAHUTE PeJUIIN.

Teopema 1.2.1. [| Hexa ce paseaedam cayuatinume seauwurnu 0% w 05~ npu durcuparume emonku k u

1 oxazatencreoro na Teopema € Pa3IICaHo B JUCEPTAI[MOHHUS TPY/I.
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k — 1 na sepuzama 1a Mapxos @ Tozasa:

E™]

m — max* (]..].2)

Babemexka 1. Cmozacmuunusm Cmenenen memod ce napuua Cmenenen Mowme Kapao (CMK) memoo,
Kozamo useadkume 3a dseme cayuatinu seauuru 0% uw 0F—1 ce zenepupam upes zenepamopu na cayuatinu
YUCAG 34 KOHCMPYUpare Ha sepuzama ta Mapros @

ITo To3m Haumn croxacruanara rpemka xa CMK merona e dyHKIUS HA BEPOATHOCTHATA TPEIIKa, JedUHUpaHA
or (L-10).

Babenexkka 2. Kozamo 3a koncmpyupanemo na sepuzama na Mapkos npu zemepupare na uzsadxume ra 0F)
u 01 ce usnoazeam pasbspranu peduuu ¢ maask OUCKPENAHC, KAMO HANPUMEp pasbsprarume peouuy Ha
Coboa [T5], Cmozacmuunuam Cmenenern memod ce napuua Cmenenen Keasu-Morwme Kapao (CKMK) memod.

Croxacruanara rpemka Ha CKMK merona e dyHkius Ha rpemkara, qepuHIpaHa, 9pe3 .
[Ipedopmynupanero Ha 3a7adaTa B TEPMUHUTE HA WHTEIDAJHATE YPABHEHUS C MOAXOIAINN M3OpaHU sjapa U
006JTIACTH TTO3BOJISIBA, M3MOJ3BAHETO Ha HEPABEHCTBOTO Ha KokcMa-XitaBKa Mpu aHAJIM3UpPaHe Ha CXOIMMOCTTA Ha,
pasIyIeXKIaHuTe ajIrOpUT™MU. B oIy ciiydaii, M3I0/I3BAHeTO HA PEIUIU ¢ MaIbK JAUCKpeNnaHc (T. Hap. KBa3u-
penunu) noxobpsiBa ckopocTTa Ha cxoxumoct Ha cborBerHuTe KMK asropurvu, HO He JaBa BB3MOXKHOCT 3a
AIOCTEPUOPHA OIEHKA Ha rperikara. PastbpKBaHeTo (PAHJIOMU3UPAHETO) HA KBA3UPEIULATA [T03BOJIABA U30sIr-
BAHETO Ha TO3U HEIOCTATDHK.

Teoperuanoro cpasuenne #a rpemkara mpu CMK 1 CKMK meron nokassa, 4e u B aBarTa Ciiydas TDEIIKATA €
[IpOU3BEJEHNE OT JBa MHOXKUTEsA. EIMHUAT, 3aBUCEI OT PeJUIaTa, a APYTrUaT oT PYHKIUATA WU CIydaiHaTa,
BesimunHa. [Ipu ToBa, HepaBeHCTBOTO Ha KokcMma-XJiaBKa € rpaHUIla B Hail-JIOMIMS CJIydail, JIOKATO I'DelKara
npu CMK nogxos nma BEPOSITHOCTEH Xapakrep. VI3UnCInTe HUAT ONUT NOKa3Ba, de BapuanusaTa V(f) B He-
paBercTBoTO Ha Kokcma-XjaaBka OOMKHOBEHO € CBPBXOIEHKA, JOKATO BTOPUAT MHOMKHATE JUCKPEIaHCHT Ha
penunaTa moKa3Ba AeHCTBUTEHAS TOPSIIbK Ha TPEITKATA.

1.3 Iloutu ontmmasmu CMK nu CKMK meroam m ajsropurmu

1.3.1 IIpenusupane Ha koncrpyknuara Ha %) u 0*-D ¢ noumu onmumasru Be-
posiTHOCTHU 3a Bepurata Ha MapkoB: OajlaHCUpPaHe HA TPEHIKUTEe

Heka cumerpunanara marpuna A ce IpeJicTaBst Upe3 PeJIoBeTe CH G ;, KATO Ce BbBEXK/JAT CTAHJIApTHU Li-HOpMEU
338 BEKTOPH U MaTPUIIN:

n n n
Al = Ikl = > kil Naill = llail =) lail, I14] = AL = m}XZI%L j=1...,n
i=1 i=1

J=1

BepositHoctHaTa rpermka ma MK ampokcmmarumre, ChrIacHO , 3aBUCH OT CTAHIAPTHOTO OTKJIOHEHWE
0(9(’“)) n 6post peanuzaruu N. [Ipu dpukcupano N Ts ce ompesesisi OCHOBHO OT JIMCIEPCHUATa Ha CIydaiiHa-
ta Bemmanaa 0F). Jncnepcusta 3aBmen or m360pa HA JIOIMYCTHMES HAYAJIEH BEKTOD Ha ILTTHOCT P € Pp u
MaTpUIaTa Ha MIPeXojHaTa IIBTHOCT P € PB4, KaTo BCUYKU TaKUBa U30OPU MOTAT Ja Ce M3I0JI3BAT 38 KOHCT-
pyupaHe Ha OIEHKH 34 )\gfl)w, [IpU yCJIOBUE U€ JUCIEPCUNUTE Ca KPAHMI.

Haii-gecto n3nos3BanusT 1MOAXOM 38 KOHCTpyHUpaHe Ha Bepura Ha MapkKoB 3a 3ajadm Ha JiMHEHHATa ajarebpa

ce OCHOBaBa Ha PaBHOMEPHOTO pasmupejeseHne. B To3m ciydail KoOpAMHATATE Ha BEKTOPa HA IIIBTHOCT P U
1

eJIeMEeHTUuTe Ha ManI/IL[aTa Ha IIJIBTHOCT Ha Hpexoga P ce 3aJaBaT paBHI/I Ha ;, T.€.:
. 1 . 1.
p={p}l, = ~mP= {pij}ijm = ~ hj=1..mn (1.13)

Koraro uz6opsr ce M3M0JI3Ba TP KOHCTpyupaHeTo Ha Bepurara Ha Mapkos, CrenennusatT MK n Crenen-
HuaT KMK mMeromu ce Hapuuar kaacuuecku. AJTepHATUBHU n300pu HA P U P I103BOJISIBAT KOHCTPpYUpaHe Ha
10-e(peKTUBHU aJIFOPUTMU, BOJIEIN JI0 PeAyIUpaHe Ha JIMCIIEPCUsITA, HaMaJlsiBaHe Ha W3YHUCIATEIHATA CJIOKHOCT
U [OBUIABAHE HA TOYHOCTTA CHPAMO KAacuveckus ciaydait. CblecTByBa noumu onmumaner n3dop, mpeacra-
BSIIIL, ce 9pe3 (DOpMyJIuTe:

hi .
p={pi}iq1, pi= | uP={p;}li_1, piy— ||| a”-|||’
1

iji=1,...,n. (1.14)
Rl
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KOMTO BOJU [0 3HAYUTEHO PELyIUPAHEe HA [UCIIEPCUSTA, KATO IPU TO3U M300D KOHCTPYKIUATA HA CIIydalnaTra
sesmmanna 0(F) ce pazimdaBa CHINECTBEHO OT KAGCUMECKUA METOL,

Teopema 1.3.1. ] Hexa p u P ca nowmu onmumainusm nauaien 6eKmop ma nAsmMHOCII U NOWMU ONm-
MAAHAMA MAMPUYE NG NABTIHOCTN, (UdHC ). Tozaéa cpednama cmotinocm (1.9) moorce da ce npedcmasu
Kamo:

N t=k
(k) .
¥ 3 sionihy N TT stantago, o lag 1 1 (1.15)

= t=1

Or Teopemu [1.2.1] n [I.37] cienpar caexaure ciencrsus:

C.TIe,HCTBI/Ie 1. Hexa pPu P ca noumu onmumasHusam HauaieH 6EKMOP HA NABIMHOCTN U no%mu onmumasHama

1)

MaAmpuua Ha NASIMHOCN. Tozasa Cmoxacmuyvnusm Cmenenen memood 3a O’U,G’HJLGCLHG Ha /\ am ce Oeunupa ramo
m.c.

5(k)
COOMHOWENRUE HA CPEIRUME CMOTHOCTNY HG CAYYATHUME BEAUNUHY O N 0 N no gopmyaa ,

N . t=k .
Zs:l SZgn(hl(()S)){ Ht:l SZgn(alis_)lliﬂ)H algs_)l H }fll(:)
N . k-1 .
> s=1 sign(h l(s)){ b szgn(aligll@)algwlll}flf)l

CaencrBue 2. /Jla npednoaootcum, we Li-nopmama na 6cuvky 8eKmMopu-pedose Ha CuMempuyHama Mampuya
A e pasna ma Koncmanwmama a, m.e.

AR

max

(1.16)

n

laills = laill =) layl =a, i=1,....n. (L.17)
j=1
Tozasa ouyenrama 3a AR mo dopmyaa MooKce 04 ce NPEHAnuUe No NO-NPOCM HAYUH:

N . =k .
D=1 Slgn(hl((f)){ | Swn(algsgll@)} afye
N . -1 .
Elhlﬂmﬂlm){nt1 Swnmylyﬁ}ﬂgl

Caencrsue 3. Hexa Li-nopmama na cunku 8ekmopu-pedose na cumempuyhama mampuya A y0o6.iemeopasa
YCA0BUEMO . Ipednonaza ce, we caednomo yciosue e 8aaudHo 3a BCUYKY eaemenmu Ha A:

(1.18)

t=k—1
sign(h l() H sign( lii)llis))zl’ s=1,...,N. (1.19)
t=1

Tozasa )\mam Modice 0a ce OUeHY Mo NO-NPOCMa POPMYAG, KAKMO CAIBA:

N .
NORS 2am sty o) a fi 1.20
~ N ~ (1.20)
251 fro

Upez Ciencrue u Cuencrsue (3) ce KOHCTPYHpAT ONPOCTEHH OLEHKH 33 UPUOIMIKEHO IIPECMSATAHE HA

k
,\5,12”0 3a OIpeJIeJIEHN KJIACOBE CHUMETPUIHY MATPHUIM, KATO ChIVIACHO 3abesierkka |3| Te3u KJIacoBe He ca MPa3HO
MHO2KECTBO.

3abesiexkka 3. Mnooicecmgomo om CuMEMPUwHY MAMPUYL, Koumo ydossemeopasam ycrosuama na Caedc-
meue [3, e nenpasno. Hanpumep, nexa ce paseneda cumempuuna mampuya A ¢ noaodtcumennu esemenmu, 3a
KOAMO BCUMKU EAEMEHMU NO 2AUBHUA QUGZOHAA €4 PABHU, M.e. a; = b > 0, i = 1,...,n, u 8cuuku u36sH
JUALOHANHY EAEMENMU COWO €A PABHU, M.e. aij =d >0, 1 # j, 4,7 =1,...,n.

Tbit KaTo cucTeMaTHYIHATA T'PEIIKa €1 3aBUCH OT Opost k Ha IpexoauTe BbB BepuraTa Ha Mapkos, a cToxacThd-
HaTa I'PEIKa £9 3aBUCU OT OpOost Ha peasm3anuuTe [N, ce MOIydaBa ONEHKA 33 ChOTBETHUTE T'DEITKH:

Q(k) H(k) g(k)
[Amaz — = 1 | = [Amaz — /\1(7539; )‘grl;)m = -1 | < [Amaz — )‘%ft)nl + |)\’$T]fl)1$ T oD | <e1+e2, (1.21)
Z(k—1) Z(k—1) Z(k—1)
On On On

2 ITokazarencrBoro Ha Teopema € Pa3IUCaHo B JUCEPTAI[MOHHUS TPY/I.
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KATO ONTHMAJIEH GAJAHC MEXKIY JBaTa BHIA IPEIIKH (CHCTeMATHYHATA U CTOXACTUIHATA I'PEINKA) Ce IIOCTHUra
IIPU YCJIOBUE €] = €3 = €.

Heduuurmsa 1.3.1. CMK u CKMK memodu 36 ouenkxa Ha MAKCUMAAHAMA COOCMEEHA CMOTHOCT, HaA CUMEN-
PUMHA MAMPUYA NPU U3OOP HA HAAAEH BEKMOD HA NABMHOCTL P U MAMPUUL Ha NasmHocm Ha npexoda P
cB2AacHO popmyaa ce napuuam noumyu onmumarty, CMK u CKMK memodu.

1.3.2 Ilouru ontumajien CMK u nmourn ontumasieH CKMK ajsropurMu: n34ucin-
TEJIHA CJIO2KHOCT

[TceBnokoabr B AsiroputsbM (1] ommcea mporieypa 3a OlieHsiBaHE Ha MAaKCUMAJHATA COOCTBEHA CTOHHOCT Ha
CUMETPUYHA ILUITHTHA MATPHUIA Bb3 OCHOBA HA (POPMYJIa u Cruencraue |1} AJropuTbMbT ce ONpeess KaTo
noumu onmumaser, CKMK anropurbm npu usnosssane Ha peaunu ¢ Maabk guckpernanc (Co6our niu Xourrbh)
B CThIKa 4, a PN UpUJIaraHe Ha INeHepATOPH Ha ICEBJOCIYYalHN YUCiIa - Karo nowmu onmumarer CMK
aJIrOpUThM, O3Ha4YaBaH ¢ AJjgropurbM la. IIpu usnbianenue na yciosusita or Chexcrsue [2| u Crencrsue
dopmysinTe B cThIKa 6 Morar j1a ObIaT 3aMEHEHU C MO-OIMPOCTEHUTE U3Pa3h i .

Algorithm 1 Pseudocode for computing the Almost Optimal PQMC algorithm
1: INPUT: matrix A = {a;;} € R™*"; vectors h, f € R" and positive integers n, N, k
2: COMPUTE: |ail| =327_, |ai;|, 1<i<n and |[h| =317, |hi
3: COMPUTE: The coordinates of a permissible density vector p and the elements of a permissible density matrix P
| _ Jagy]

g = and pij; = —F, §,7=1,...,n.
Di ||h|| Dij Ha'L” ) ’ ’

4: GENERATE: N elements of the (k + 1) - dimensional Sobol (or Halton) sequence
5. CONSTRUCT: N realizations of the Markov chain with integer elements

) = =l s sl = 1, 1< <n, 0<t <k, 1<s<N

6: COMPUTE:
—k) 1 N t=k
On" = N;SZgn(hlgw)HhH{E sign(a,e y)llaye [1}He:
(k1) 1 N t=k—1
Oy = N;Swn(hléwwh”{ tl:[l sign(aye )llae 111
7. OUTPUT:
E(k)
AF . UN
On

N3zuucanrennara cIoXKHOCT Ha AJropuTsbM (1| ce ompesesns ot 6pos peau3anuu N Ha Bepurata na Mapkos,
CPEJIHOTO BpeMe 3a H3UHCIsSBAHE HA egHAa peammsanus Ha caydaitanre pemmaman %) u F~1) kakro u or
IIpe/IBAPUTETHOTO KOHCTPYHpaHe Ha MaTpHIaTa Ha mpexojgnata mrbTHocT P. Crbnku 2 u 3 msucksar O(n?)
OIIEpAINU U Ce PA3IVIEKJIAT KATO IpeIBapUTeIHa 06pabOTKa, JIOKATO OCHOBHATA M3YNCIUTEIHA TEXKECT € ChC-
penorouena B crbiku 4-6. 3a dukcupano k Bpemero 3a enna peanusanus e 7, = O(nk), nopaju koero obiara
U3YUCJIATEHA CJIOXKHOCT Ha aJTOPUTHMAa €:

Cost(Algl) = O(Nnk) + O(n?) = O(Nnk +n?),

kosaTo ipu N > n ce ceexzaa 10 O(Nnk). YuciieHnTe eKClIepUMEHTH TOKA3BAT, Ue 33 ILUILTHU CUMEeTPUIHU
MaTpUIU GAJaHCHT MEXKJLy CHCTEMATHYHATA M CTOXaCTHYHATa rpemika ce nocrura npu N = O(n), Karo npu
pa3pelleHn MaTPHUIU MOXKe [la ce OYaKBa JOII'b/IHUTEJIHO HaMaJlgBaHe Ha U3UUC/IUTEHUTE PA3XOIU.

1.4 Ywucnenu pe3yjaTaTu M JUCKYCHUS
B uwnciienure ekcriepuMenTtn AJropuTbM la e peasm3upaH C JBa FeHEpaTopa Ha ICEBIOCITyYallHU UUCIIA:

Mersenne Twister (MT) u Middle Square (MS), xato chorseTHHTE peanuzanuu ca osnauenn katro PMCiyry u
PM C'( ms)- IlomyvaennTe pesynTaTu ca CPABHEHU C TE3W Ha KAACUMECKUA CMK ajropurbM, peannsupaH dpes3
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cTangapTHUS U300p HA HAYAJIHMS BEKTOD U MaTpUIATa Ha IIpexoaHaTa IIbTHOCT 1o dopmyina (1.14]), osnauenn

kato PM C((XI)T u PM C((X/[) g)- Aaropurbm e peasin3upaH ¢ peJuiy ¢ MaIbK auckpernanc - Cobosr u XosrbH,
osnavenu karo PQMC(sy u PQMC gy, u e cpapnen ¢ xaacuneckus CKMK mosgxon u merosure BapuaHTH

PQM C((;L; u PQM C’((Z)). 3a HaMaJjIIBaHe HA KOPEJIAIMUTE IIPHU I'OJIEMH PA3MEPHOCTHU, PEIUIIATE Ca, IIOJIOKEHN
Ha pasObpkBane: "RR2” (reverse-radiz) 3a Xoarsbu u "MatousekAffineOwen” 3a Co6os. Benuku reneparopu u
penunu ca BHegpenn B MATLAB 9.10 (R2021a).

YucreHuTe eKCIEPUMEHTH Ca MTPOBEAECHN BbPXY JIBE CHMETPHYIHY ILTHTHA MATPUIM ¢ pasMepHocTH i = 100 mn =
500, ¢bC cIydailHO PeHepUpaHHU €JIEMEHTH M ChC COOCTBEHH CTOWHOCTH ¢HOTBETHO (A1, A2) = (50.0408,4.0522)
u (A, \2) = (250.2454,9.0721). Bekropure h u f ca uzbpauu ¢ Li-HopMma. 3a Ja ce OCUTYDU CXOIUMOCTTA,
MarpunaTa A e MamabupaHa ¢ mapaMeTbpa:

1

=——, 6,1 >0,
[A1] + 61 !

q
WA aJITePHATUBHO:

1

. §>0,i=1,...,n,
max; || a;|| + d

q =
KbJero ||a;|| e Li-aopmara Ha i-tus pex na A. [logbopsr Ha 106pe pasieinenu coGCTBEHU CTORHOCTU TapaHTHPa,
O'bp3a CXOAMMOCT U TIO3BOJISIBA €KCIIEPUMEHTAJIHO M3CJIe/IBaHe Ha DaJIaHCa MEXKJY CUCTEeMATHIHATA U CTOXACTH-
HaTa Ipelika. AHaJIM3UPaHO € BJIUSIHUETO Ha 6post mpexoiau k u 6post peajuzanuu N BbPXy TOYHOCTTA, KAKTO U
edekTbT OT pegyrupanara gucnepcus npu nowmu onmumasiume CMEK/CKMK anropurvu npu dbukcupana
U3YUCJIATEHA CIIOXKHOCT.

1.4.1 Cuayuaii (i): Paamep Ha marpunara n = 100

B Ta6mmna[I.1]ca npeacrasenn pesysiraTure 3a OLeHsIBAHE HA HAll-roJsiMaTa COOCTBEHA CTOMHOCT Ha CHMETPUIHA
marpuna (n = 100, Ay = 50.0408) ¢ nowmu onmumairus PMC vy n kaacuveckus PMC((]T/I)T) aJTOPUTHM.
OnruMaHuaT H6AJTaHC MEXKJLy CHCTEMATHYHATA U CTOXaCTUYHATA I'pelika ce jgocrtura npu k = 8 wim k = 9,
KaTo MUHUMaHaTa abcomoTHa rpemka 3a PMC oy e 5 X 1075 mpu k = 8, N = 512, 10KaTO 3a KAGCUMECKUA

PM C’((JT\Z)T) ce Habmomasa rpemka 1.5 x 1073 mpu k = 8, N = 2048, KoeTo MOKa3Ba 3HATHTEIHO IIPEBB3XOICTEO
HA NOYMU ONMUMAAHUS BAPUAHT.

Tabauma 1.1: Pesynraru or PMCyry m PMC((]TCI)N npu pasmuunu N u k 3a marpunia A ¢ pasmepnoct n = 100, 3a KodaTO

A2/A1 = 0.081, kbaero A1 = 50.0408 u Ao = 4.0522.

)\gk) using Absolute Error A(lk) using Absolute Error

N k PMC ) PMC (i) PMC{) PMC{3
8 50.039901 0.00090 50.019883 0.0209
128 9 50.040709 0.00009 50.037795 0.0030
10 50.045295 0.00450 50.066104 0.0253
7 50.023923 0.01688 50.012158 0.0286
256 8 50.040628 0.00017 50.039528 0.0013
9 50.044896 0.00410 50.050593 0.0098
7 50.035045 0,00576 49,996040 0,0448
512 8 50.040750 0.00005 50.039264 0.0015
9 50.052027 0.01123 50.050158 0.0094
7 50.029828 0.01097 50.019435 0.0214
1024 8 50.040720 0.00008 50.039735 0.0011
9 50.045403 0.00460 50.054351 0.0136
7 50.036291 0.00451 50.029563 0.0112
2048 8 50.041086 0.00029 50.041728 0.0009
9 50.043850 0.00305 50.057179 0.0164

*MapKkupaHuTe pejioBe MPEeJCTaBJIsIBAT ONTUMAJIHUTE Kk CTOMHOCTH 3a BCAKO N.

Tabsura nokassa anajorumunute pesynraru 3a PMC gy u PM C((X/[)S). Haii-manikaTa abCOMIOTHA T'PEITKA

3a noumu onmumarus PMC gy anropurbm cbino ce Habmogasa npu k = 8, N = 512 m e 1.8 X 104, IIpu

rxaacuveckus PM C((XI) ) QJITOPHTBHM T € 1.8 x 1073 mpu k = 8, N = 2048. ToBa MOTBBLPXKIABA TEHICHIUATA,
qe noumu ONMUMGAHUME AJTOPUTMHU PELYIUPAT UCIEPCUSITA U BOAAT /IO IMO-TOYHH OIEHKH B CPABHEHUE C
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KAGCUMECKUME, HE3ABIUCAMO OT U3IOI3BAHUS TeHEPATOP Ha IICEBJOCTYIaiiny IrucIIa.

n)

Tabaumna 1.2: Pesyrraru or PMC(pys) m PMC<(MS)
A2/A1 = 0.081, kbgero A1 = 50.0408 u A2 = 4.0522.

npu paznuuau N u k 3a marpunara A ¢ pasmeproct n = 100, 3a KoaTO

)\gk) using Absolute Error )\gk) using Absolute Error

N k PMCys) PMC(ys) PMCE“M>S) PMC&)S)
8 50.039440 0.00136 50.019388 0.0214
128 9 50.040595 0.00020 50.029883 0.0109
10 50.051262 0.01046 50.060923 0.0201
7 50.031044 0.00976 49.984883 0.0559
256 8 50.042490 0.00169 50.028211 0.0126
9 50.050490 0.00969 50.051251 0.0105
7 50.030518 0.01028 49.997989 0.0428
512 8 50.040617 0.00018 50.033570 0.0072
9 50.058913 0.01811 50.053570 0.0128
10 50.061048 0.02025 50.091035 0.0502
7 50.031472 0.00933 50.009835 0.0310
1024 8 50.041209 0.00041 50.038850 0.0020
9 50.044938 0.00414 50.056396 0.0156
7 50.038998 0.00180 50.022658 0.0181
2048 8 50.041243 0.00044 50.038951 0.0018
9 50.043045 0.00225 50.063537 0.0227

*MapKkupaHuTe pejioBe MPEeJCTaBJISIBAT ONTUMAJIHUTE Kk CTOMHOCTH 3a BCSAKO V.

, m J(m)
—+—exact value +PMC(MT; — PM((MS) - PM(i’MT) - PM({MS)

50,0420 /‘\
-

r >

50,0390 —— —n
- /
= /,/’
:_;j 50,0360 -
- e

50,0330 /,/'

-
Vg
50,0300 — e
—
50,0270
128 156 512 1024 2048

NUMBER OF REALIZATIONS (N)

)

(I)I/H‘ypa 1.1: I'pacduuso cpaBHsIBaHe Ha NPHUOINKEHUTE PE3YJITATH 33 )\fﬁaz C Amaz = 50.0408 npu GaslaHcHpaHusl Caydail 3a
(n)

rpemkure, T.e. koraro (k = 9, N = 128) u (k = 8, N > 128). Ilpunoxenu anropurmu: PMCyry, PMC(yrgy, PMC(MT) u
(n)

PMC{y)s,-

Ha ®urypa e 1mokaszano, de nowmu onmumanrume sepeun (PMCyry m PMCiyrg)) cieasar paBHoMep-

HU TPAEKTOPUHU OJIN30 70 TOYHATA CTONHOCT Ajyqp JOPH HPH HMO-MAJKU N, JIOKATO KAGCU4ECKUME BapUAHTH,

ocoberno PM C((;\l/[) )7 AEMOHCTPHPAT TO-TOJIEM KojiebaHust u 1mo-ciaba crabmianHoct. OcHOBHATA MPUYMHA € Ha-

MaJleHaTa, [UCIIePCHs P KOHCTpyupaHeTo Ha ciaydaiinnre semmanan %) u §(F—1) upes ontumanmara MaTpuia
Ha [PEXOJHATA ITHTHOCT, KOETO IMOTBBHPK/IaBa HO-BUCOKATA TOUYHOCT U U3UUCIATEIHA e(DEKTUBHOCT HA NOYMU
onmumananume CMK amropurmu.

B Ta6muna [1.3] ca npeacrasenn pesyirrarute 3a nowmu onmumasnume u xaacusweckume CKMK anropurvm,
bazmpanu Ha peauIuTe Ha XOJTHH, pu oneHsBane Ha A\; = 50.0408 3a marpura ¢ pasmep n = 100. Habmogasa
ce MOHOTOHHO HaMaJIsiBaHe Ha abCOJIIOTHATA IPEIIKa C yBeJaudaBaHe Ha Opos mpexoand k, KaTO ONTAMAIHATA
cxoyumocT ce noctura npu k = 11-12. Ilpu N = 2048 anropurbmbr PQM () noctura abCosltoTHa Tperika

8.2 x 107*, nokaro xaacuveckusm PQM C((;LI)) ocTaBa 3HAUUTETHO IO-HeTodeH ¢ rpemka 0.0707, KkoeTo sICHO
JEMOHCTPUPA MIPEJNMCTBOTO HA NOYMU ONMUMAEAHAMA KOHCTPYKIIUS.

Tabsura Ch/IbPXKaA AHAJOTUIHHUTE PE3YJITAaTH 3a aJropurMmurte, bazupanu Ha pegurure Ha Cobomn. [Houmu
onmumannuam anroputbMm PQMC(g) cucTeMaTuvHO MPEBb3XO0XK/Ia KAKTO CBOS KAACUYECKU AHAJIOT, TaKa U
Bapuanrta ¢ pequru Ha Xoarbu. Hampumep, npu N = 2048 u ontumasnen 6poit npexomu, PQMC(sy nocrura
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—e—exact value +PQMC{H) +PQMC(S) +PQMC(('I; +PQMC{Z;)

50,2100
50,1600

50,1100

VALUE

50,0600

50,0100
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

Qurypa 1.2: Tpaduuno cpasusBaHe Ha TPUOIMKEHUTE PE3YJITATH 32 Aﬁ,’igz ¢ Amaz = 50.0408 npu GajmaHcupaHus Ciydail 3a

rpemikure, T.e. koraro (k = 12, N = 128) u (k = 11, N > 128). Ilpunoxenu amropurmum: PQMC gy, PQMC/yy, PQMC(n) u

(9)
(n)
PQMCy).
—e—exact value +PMC(M1) +PMC(MS) —-—PQMC(H) —-—PQMC(S)
50,0430
50,0420
50,0410 — — é

50,0400 :

50,0390

VALUE

50,0380

50,0370
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

)

Qurypa 1.3: Tpaduuno cpasreHue Ha Amaqys Ha cuMmerpuunaTa MaTpuna A (n = 100) c )\51,:,” B Gastancuparure ciaydan. M3mos-
3Banu ca noumu onmumasrume CMK n CKMK anropurmu.

Tabnuma 1.3: Pesynraru or PQM Ciay u PQM C((Z)> npu pazaumunau N u k 3a marpuna A ¢ pasmepuoct n = 100, 3a KOSTO

A2/A1 & 0.081, kbaero A1 = 50.0408 u A2 = 4.0522.

)\gk) using Absolute Error )\gk) using Absolute Error
N k PQMC () PQMC i) PQMC(})) PQMC{Y)
11 49.801798 0.23900 49.574856 0.4659
128 12 50.037989 0.00281 50.206208 0.1654
13 50.152986 0.11219 50.314121 0.2733
10 50.001834 0.03897 49.739820 0.3010
256 11 50.038996 0.00180 50.199525 0.1587
12 50.067986 0.02719 50.229280 0.1885
10 50.017989 0.02281 49.749688 0.2911
512 11 50.039899 0.00090 50.176724 0.1359
12 50.178512 0.13771 50.196566 0.1558
10 49.976987 0.06381 49.806135 0.2347
1024 11 50.039772 0.00103 50.172345 0.1315
12 50.107985 0.06719 50.295866 0.2551
10 49.973344 0.06746 49.907160 0.1336
2048 11 50.039982 0.00082 50.111519 0.0707
12 50.183245 0.14245 50.275169 0.2344

*MapKkupaHuTe pejioBe MPEeJCTABJISIBAT ONTUMAJHUTE k CTOMHOCTH 3a BCAKO V.
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abcosmoTHa rpemka 5 x 107°, nokaro PQM C’((gi noctura 0.0336. Hopu nipu mo-masnku croitHoctu Ha N, KaTo

N = 256 u k = 11, pasziukara e cbiectsena - 8.1 x 107% cpermy 0.1455 B moi3a Ha NOWMU ONMAUMANHUA
AJITOPUTHM.

Tabauna 1.4: Pesynraru or PQMCsy n PQMC((g; npu paszmmuau N u k 3a marpuna A ¢ pasmepnoct n = 100, 3a KodaTO

A2/A1 = 0.081, kbaero A1 = 50.0408 u Ay = 4.0522.

)\gk) using Absolute Error Agm using Absolute Error
N k PQMCg,) PQMCg) PQMC(Y) PQMC(Y)
11 49.679383 0.36142 49.624160 0.4166
128 12 50.040544 0.00026 50.200481 0.1597
13 50.091116 0.05032 50.299826 0.2590
10 49.994318 0.04648 49.742961 0.2978
256 11 50.039989 0.00081 50.186264 0.1455
12 50.049407 0.00861 50.225854 0.1851
10 50.050000 0.00920 49.866152 0.1746
512 11 50.040585 0.00021 50.166400 0.1256
12 50.148019 0.10722 50.223877 0.1831
10 49.986946 0.05385 49.933245 0.1076
1024 11 50.040913 0.00011 50.132603 0.0918
12 50.087435 0.04664 50.167252 0.1265
10 49.972883 0.06792 49.957605 0.0832
2048 11 50.040854 0.00005 50.074364 0.0336
12 50.155992 0.11519 50.186986 0.1462

*MapKkupaHuTe pejioBe MPEeJCTaBJIsBAT ONTUMAJIHUTE Kk CTOMHOCTH 3a BCAKO V.

Buzyanmuzamnusra na Qurypa [1.2] moTBbpKIaBa IHCIEHUTE pe3yaratu orT Tabsuia n Tabmuna [1.4] kato
HOKa3Ba I0-IJIaJKa U cTabumHa cxoqumoct Ha ajropurmure PQMCigy u PQMC(y) KbM TOUHATA CTOHHOCT

Amaz 32 BCHUKH crofinoctu Ha N. 3a pasimka OT TsX, Kiacusweckume Bapuantu PQM C((;L; u PQM C((IZ)) ze-
MOHCTPUPAT TO-TOJIEMHU KOJIeOaHWsT U HAYAJHO HAJIIEHsIBAaHE Ha COOCTBEHATA CTOMHOCT, KATO CXOJAMMOCTTA UM €
3HAYNUTETHO 0-O0aBHA.

Ha ®urypa [1.3| ca nokazanu cpasuerusra Mexay nowmu onmumaarume CMK n CKMK anropurmu 3a 6a-
nancupanute ciydan. IIpu CMK meropure PMCpy JoCTUTa MUHUMATHA IPEIIKa 5 X 107°° npu N =512 u
k = 8, mokaro PMC)rg) TOKa3Ba Mo-TojisiMa, HO Bee Olle Majika rpemka 1.8 x 10~%. Ot crpana na CKMK
anropurmure, PQMC(5) e Hall-TOUYHUAT, C TpemKa 5 X 107° mpu N = 2048 u k = 11, moxaro PQMC'yy nocru-
ra 8.2 x 1074, Tesu pesyaTaTu £CHO MOKA3BAT, Ue M3IOJI3BAHETO Ha pasObpkamu pemunu na Cobor m nowmu
ONMUMGAHAMA TTPEXOTHA MATPHUIA BOIH /10 TO-MAJIKA [UCIIEPCUS ¥ ONTUMAJEH OAJIAHC MEXKJIy CTOXaCTHIHATA
U CHUCTEMATHYHATA I'PEIIKA CIPIMO KAUCUECKUME UM BapUAHTH.

1.4.2 Cuaywuaii (ii): Pazmep na marpuiara n = 500

B Tabsmmia ca IMPeJICTABEHN PEe3YJITATHTE 3a OIEeHsIBaHE Ha MaKCHMaJjHATa COOCTBEHA CTOMHOCT Ajgqp HA
CHMETPUYHA IUIBTHA MaTpuna ¢ pasMeproct n = 500, nomyuenu ¢ nowmu onmumaarus aaropurbm PMC )
U HETOBUs Kaacuvecky anajor PM C((]T/[)T). Yucnennute JaHHU TTOKA3BaT, Ye Npu (hUKCHUPaH Opoit peanmsanuu N
yBeJIUTIaBaHETO Ha OPOst TPeXoan k BOAU IO HAMAJISIBAHE Ha, aOCOJIOTHATA TPEITKa, KATO ONTHMATHUAT OaTaHC
MezK/ly CHCTEMATUIHATA U CTOXaCTHUYHATA Tpelika ce mocrura upu k = 9. B To3m Ganancupan ciaydait nowmu
ONMUMAAHUAM, AJITOPUTHM JOCTHIa abCOIOTHA I'DENIKa OT HopsabKa Ha 1074 (manpumep, mpu N = 512),
JIOKATO TIPU KAGCUMECKUA BapUAHT TPENIKaTa ocTaBa OT Topsaabka Ha 1072 (mpu chmuTe mapaMerpu), KOETo
SICHO JIEMOHCTPHPA 3HAMUTEJHO 10-BHCOKA TOYHOCT. AHanormann ussoqu caeasar or Tabmmua [I.6] xbaero ca
HpeJICTaBeHN Pe3YNTaTUTe 32 noumu onmumarrus anroputbm PMC s n kaacuveckus PM C((;\L}S). B ro3mu
caydail OmTUMATHATA CXOAMMOCT ce HabJaaBa nupu k = 9, KaTo MUHMMAJIHATA A0COJIOTHA TDEIIKA 33 NoYmu
ONMUMAAHUA AJTOPUTHM e TocturaaTa npu N = 128 u e or nopsaabka na 1074, 3a pasimka oT Hero, kaacu-
“eCKUAM BAPUAHT JEMOHCTPHPA 3HAYUTEIHO MO-TOJIEMH TDEIIKH OT Iopsaabka Ha 1072, KoeTo moTBLprKIaBa
[PEIUMCTBOTO Ha ONTUMU3UPAHATA KOHCTPYKIUS JIOPH IIPU M3II0JI3BaHe Ha M0-CJiab IICeBIOCIyYacH NeHEPaTOpP.
Busyammsanusara xa @urypa[I.4 norsbpxaasa pesynrarure or Tabmuna [1.5|n Tabmuua [T.6] IToumu onmuman-
nume CMK ajropuTmMu moKa3BaT MO-TJIaIKa U CTADMIHA CXOTUMOCT KBM Ay, q TIPU HAPACTBAII Opoil peaan3aun
N. ToBa ce IbJIKH Ha 3HAYATETHO HAMAJICHATA, UCIIEPCHsl P KOHCTPYUPAHETO Ha CIydaiinnre Bemaunmm §F)

u 0= Kaacuueckuam ajgroputbm PM C((;\L/[) g) JlCMOHCTpHD2 KoJIeOaHUs U JOPU HAJIECHsIBaHE Ha COOCTBEHATA,
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Tabsmia 1.5: Pesynrarn or PMC’(MT) " PMCéITI)T) npu passuyau N u k 3a marpuna A ¢ pasmepHoct n = 500, 3a KOATO

A2/A1 & 0.0363, kbaero A1 = 250.2454 u Ay = 9.0721.

)\gk) using Absolute Error )\gk) using Absolute Error
(n) (n)

N k PMCmT) PMC ) PMC(MT) PMC(MT)
8 250.222396 0.02300 249.492834 0.7526
128 9 250.232288 0.01311 250.032970 0.2124
10 250.295027 0.04963 250.149293 0.0961
8 250.228998 0.01640 250.124994 0.1204
256 9 250.250130 0.00473 250.222275 0.0231
10 250.283657 0.03826 250.311181 0.0658
8 250.235302 0.01011 250.115109 0.1303
512 9 250.245110 0.00029 250.192305 0.0531
10 250.268302 0.02290 250.328365 0.0830
8 250.235306 0.01009 250.164200 0.0812
1024 9 250.245015 0.00038 250.205542 0.0399
10 250.269913 0.02451 250.300328 0.0549
8 250.226172 0.01923 250.175939 0.0695
2048 9 250.246938 0.00154 250.224397 0.0210
10 250.251779 0.00638 250.295497 0.0501

*MapKupaHHUTe peJOBe IPEACTABIABAT ONTUMAJIHATE Kk CTOMHOCTH 38 BCAKO N.

CTOMHOCT TIpH TTO-roJieMu croitnoct Ha N, nokato PM C’((;\L/I)T) ce XapaKTepu3upa C Mo-CTabmIHA CXOUMOCT. ToBa
noka3Ba, ue M'T reneparopbr Ha ICEBAOCTYIANHN IUCIA € 38 IPEIIOINTAHE TP 33,149l C BUCOKHM PA3MEPHOCTH.

Tabaumna 1.6: Pesynraru or PMCysy n PMC((JTCI)S) npu pasmmuaun N u k 3a marpuna A c¢ pasmepnoct n = 500, 3a KoATO

A2/A1 & 0.0363, kbaero A1 = 250.2454 u Ay = 9.0721.

A(lk) using Absolute Error )\gk) using Absolute Error
(n) (n)

N k PMCus) PMCums) PMC(MS> PMC<MS)
8 250.211445 0.03395 249.462722 0.7827
128 9 250.245247 0.00015 250.003068 0.2423
10 250.279476 0.03408 250.120230 0.1252
8 250.203720 0.04168 250.015811 0.2296
256 9 250.252044 0.00664 250.221130 0.0243
10 250.290513 0.04511 250.363882 0.1185
8 250.206884 0.03852 250.058060 0.1873
512 9 250.244890 0.00051 250.183410 0.0620
10 250.283279 0.03788 250.356760 0.1114
8 250.238977 0.00642 250.143770 0.1016
1024 9 250.244751 0.00065 250.268955 0.0236
10 250.270855 0.02546 250.396782 0.1514
8 250.237612 0.00779 250.103221 0.1422
2048 9 250.247710 0.00231 250.320873 0.0755
10 250.275206 0.02981 250.347819 0.1024

*MapKupaHuTe pejioBe MPEeJCTaBJIsIBAT ONTUMAJIHUTE Kk CTOMHOCTH 3a BCsAKO N.

B Ta6mma ca MPEJICTABEHU PE3YJITATUTE 38 ONEHABAHE HA Apqq IPE3 NOUMU ONMUMGAHUME T KAGCUNECKU-
me CKMK anropurmu, 6aszupann Ha pasdbpKanu peauria Ha XoaTbH. [Ipn BeHIku aaroputMu abCcoIOTHATA
rpeliKa HaMaJ/lsiBa C yBeJIMuaBaHe Ha Opos mpexoan k, KaTo ONTUMAJIHUAT OajiaHc ce mocrtura npu k = 12. B
TO3M caydait nowmu onmumannusm anropurbm PQMC(py moctura abcoIOTHA TPENKa OT HOPs/IbKa Ha 1073
(nanpumep, 4.59 X 1073 mpu N = 2048), nokaro xaacuveckusm Bapuant PQM C((Z)) JEMOHCTPHUPA 3HATUTEJI-
HO mo-rojemu rpemiku, gocruramu 0.0726 mpu cbius 6poit peasm3amnuu. ToBa sICHO MOKa3Ba MPEIUMCTBOTO
Ha ONTHMHU3UPAHATa KOHCTPYKIMs Ha ajgropurbma. B Tadmauna ca IpeJICTaBEeHN AaHAJOTMYHHU DPE3YJITaTH
3a ajropurmure, usnosssaiu peguru #Ha Cobon. [Towmu onmumanrusm anroputrbm PQMC(sy nemoncrpu-
pa Hail-BHCOKa TOYHOCT, KaTO B OajlaHcupaHus ciydaii npu k = 12 abcoroTHaTa Tpelika e OT MOPsIbKa Ha
10~* (mampmmep, 5.4 x 1074 npu N = 2048). 3a pasimka oT Hero, kaacuueckusm sapuantT PQM C((;L; JIOCTUTA
3HAYUTETHO IO-TOJIEMH OTKJIOHeHusI, Karo mpu N = 256 rpemkara e 0.3172. Toa moTBbp:KaaBa mo-mobpara
paBHOMepHOCT Ha pemurure Ha CoDO M TAXHOTO IMPEAMMCTBO IIPU [O-BUCOKHU PA3MEPHOCTH.
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) )
—+—exact value —a—-PMC —+—PMC —=—PMC —=—-PMC
(MT) (MS) (MT) MS)

250,3000

250,2300 —_

250,1600

VALUE

250,0900
250,0200

249,9500
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

(I)Hrypa 1.4: Tpaduuno cpasusBane Ha Amaq 32 MaTpunata A (n = 500) ¢ IpUGIMMKEHUTE PE3YITATH 32 )\,(ﬁ()m, TIOJIyYeHU IIPU
GaslaHcupaHusl cirydail Ha rpemkure, T.e. Koraro (k =9, N > 128). IIpuiio>KeHn ajJropuTMu: PMC(MT), PMC(MS), PMC(n)

(MT)
(n)
PMC(}) g,

n

Tabauna 1.7: Pesyararu or PQM Ciay u PQM C((Z)) npu paznuunau N u k 3a marpuna A ¢ pasmepsoct n = 500. A6comornara,
rpemika e 3a ciay4das Az2/A1 &~ 0.0363.

)\gk) using Absolute Error )\gk) using Absolute Error

(n) (n)

N k PQMCn) PQMCg) PQMC(H) PQMC<H)
11 250.167707 0.07769 251.486594 1.2412
128 12 250.249391 0.00399 249.309133 0.9363
13 250.357823 0.11242 251.999063 1.7537
11 250.197841 0.04756 249.470953 0.7744
256 12 250.239655 0.00574 250.770441 0.5250
13 250.357573 0.11217 251.711421 1.4660
11 250.089218 0.15618 249.591525 0.6539
512 12 250.236033 0.00937 250.669970 0.4246
13 250.369509 0.12411 250.978674 0.7333
11 250.127756 0.11764 249.672942 0.5725
1024 12 250.250718 0.00532 250.090116 0.1553
13 250.387049 0.14165 250.829267 0.5839
11 250.166549 0.07885 249.987224 0.2582
2048 12 250.249986 0.00459 250.172833 0.0726
13 250.321274 0.07587 250.581459 0.3361

*MapKkupaHuTe pejioBe MpeJCTABISBAT ONTUMAJHUTE k CTOMHOCTH 3a BCAKO V.

®urypa [L.5] mmocrpupa cxoqumoctra Ha nowmu onmumannume u kaacuveckume CKMK anropurmu npu on-
TUMasHaTa croitnocT k = 12. Ilowmu onmumannume anropurvu PQMCgy m PQMC gy cneapaT MmIbTHO
TOYHATA CTONHOCT HA Ajpqz 38 BCUIKH CTOMHOCTH Ha N, JIEMOHCTPUPAMKH 110-0bP3a U IO-TJIaJIKa CXOIUMOCT. 38
pas3iinKa OT TAX, KAGCUMECKUME BADUAHTH CE XapaKTEPU3UPAT C HO-O0aBHA CXOJUMOCT U IIO-T'OJIEMHU KOJiebaHwUs,
0CcObEHO TIPH MO-MAaJIKU CTORHOCTH Ha V.

Ha @urypa [I.6] ca nokazanu cpaBrerusTa Mexay nowmu onmumasrume CMK n CKMK anropurwmu. IToumu
onmumanrume CMK anmropuryvn PMC(yry 1 PMC(1g) moCTHTAT MAHEMATHE IPEITIKA CHOTBETHO 3.8 X 10~*
1 6.5 x 1074 mpu N = 1024 u k = 9, nokaro noumu onmumasnusm CKMK aaropurbm PQMCsy ocurypsisa
C'bIIOCTABUMAa WJIU TI0-BUCOKA TOYHOCT Iipu k = 12.

B Tabsmma ca CpaBHEHH eMINPUYHHUTE ONEHKH 33 JNCIepcHuTe Ha ciydainara semmanna 0% npu xaa-
cuneckume u nowmu onmumasrume CMK amropurvu. OneHKUTE ca M3BBLPIIEHU 38 MATPUIU C PA3MEPHOCTH
n = 100 u n = 500. Pesynrarure nokassar, e npu noumu onmumasnume CMK ajropurmu nucnepcusra e ¢
OKOJIO J[Ba TOPsI/bKa [MO-MAJIKa B CDABHEHUE C KAGCUMECKUME UM BapHaHTH. Ta3u OIEHKA He 3aBHCH CbINECT-
BEHO OT U3II0JI3BaHUs T€HEPATOP WJIU OT Oposi peasm3anuu N, KOETO € B Cb3ByUYHe C TEOPETUYHUTE PE3YJITATH.
QakTbT, Ue JUCHEPCUITa IPU NOYMU ONMUMAAHUME BEPCUN € C JIBa MOPSbKa II0-MaJIKa OT KAGCUMECKUME
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Tabsmita 1.8: Pesynraru or PQMC(sy n PQMC’ég; npu pasnuyau N u k 3a marpuna A ¢ pasmepnoct n = 500. A6coroTHaTa
rpemka e 3a ciaydas Az2/A1 &~ 0.0363.

)\gk) using Absolute Error )\gk) using Absolute Error
(n) (n)
N k PQMCg) PQMC s PQMC(S) PQMC(S)
11 250.236415 0.00898 249.415659 0.8297
128 12 250.245037 0.00036 250.777310 0.5319
13 250.330000 0.08460 250.989461 0.7441
11 250.199189 0.04621 249.483392 0.7620
256 12 250.245119 0.00028 250.562622 0.3172
13 250.291367 0.04597 250.704555 0.4592
11 250.099484 0.14592 249.632500 0.6129
512 12 250.244872 0.00053 250.486175 0.2408
13 250.378047 0.13265 250.679597 0.4342
11 250.140000 0.10540 249.811533 0.4339
1024 12 250.244996 0.00040 250.148126 0.0973
13 250.351139 0.10574 250.651883 0.4065
11 250.193656 0.05174 249.937040 0.3084
2048 12 250.245937 0.00054 250.290864 0.0455
13 250.272562 0.02716 250.555662 0.3103
*MapKupaHHUTe peJOBe IPEACTABIABAT ONTUMAJIHATE Kk CTOMHOCTH 38 BCAKO N.
—e—exact value —=PQMC —+—PQMC +PQMC(") —.—PQMC(n)
(H) (L] (H) S)
251,5500
251,2500
250,9500
=
=)
z
> 250,6500
250,3500
— — |
250,0500 ﬁé”.
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

Qurypa 1.5: T'pacduuno cpasHsBaHe HA Amaqz 33 MaTpurata A (n = 500) ¢ IPUGITUKEHUTE PE3YITATH 32 )\5,]:‘)”, TIOJIyY€HH TIPU

GaslaHCUpaHus CJIydail Ha TpEemKuTe, T.e. Koraro (k = 12, N > 128). [Ipuioxkenu aaropurMu: PQMC(gy, PRMC gy, PQMC((;,L)) u
(n)
PQMC(H) .

Tabsmna 1.9: Tucnepcus na oreHkuTe Ha MaKCHMAJHATA COBCTBEHA CTONHOCT NIPH NO%MuU onmumashus 1 xaacuyeckus CMK
aJIrOpUTbM 32 Pa3jIMYHH Pa3MEPHOCTH Ha Marpunara, 6poil peanusaunu (N), 6poit npexoau (k) U M3NOI3BaHUTE MEHEPATOPH HA
ncesnociayvaiinu aucna (MT u MS)

matrix Nk Var(PMCyr) Var(PMC(y)p) Var(PMCs) Var(PMC()g)

size

100 512 8  1.169203e-06  1.720495e-04 1.236100e-06  1.781005e-04
2048 8  1.300635¢-06  1.772653¢-04 1.326996e-06  1.792424¢-04

500 512 9  1.186151e-08  1.229778¢-05 1.269925¢-08  1.285468e-05
2048 9  1.189763e-08  1.184918e-05 1.268721e-08  1.299595e-05

BepCHUH, TOTBbPK/IaBa OTHOBO HAllpaBEHUTE U3BOJIM, Y€ Te3U aJI'OPUTMU OCUI'YPABAT IIO-TOYHO OllcHABaHE Ha

MaKCHMaJIHaTa cOOCTBEHa CTOIHOCT Ha, CUMETPUYIHN MaTPpUIHU IIPpU HaMaJieHa U3YNC/IUTEe/IHa CJIO2KHOCT.
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—4—exact value -B-PMC —-— PQMC(

M) H) -‘-PQMC( —=—-PMC

S) (MS)
250,2550

250,2500

250,2450 ¢

VALUE

250,2400
250,2350

250,2300
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

)

(DI/II‘ypa 1.6: I'pacdbuuno cpasrenue Ha Amay Ha cumerpuunaTa MaTpuna A (n = 500) ¢ )\T(ﬁaz B OastaHcupamuTe ciaydau. V3mnos-
3paun ca nowmu onmumasnume CMK n CKMK amxropurvu.

1.5 O0606mieHue

B Tazu rnasa e mzciensana edexkrurocTTa Ha nouwmu onmumarnume CMK n CKMK amropurmu 3a onenka
Ha Haif-rojsiMara cOOCTBEHa CTOHHOCT Ha CHMETPUYHM ILUIbTHH Marpuii 3a n = 100 u n = 500. Yucaenure
€KCIIEPUMEHTH [1I0Ka3BaT, 4e ONTHMU3UPAHUTE AJITOPUTMU 3HAYUTETHO IIPEBB3IXOKIAT KAGCUYECKUME TIO TOTHOCT
7 U3YUCIUTENHA CJI02KHOCT Ipe3 IeJIeHACOYeH N300 Ha IIPEXO/IHATA MaTPHUIA 1 OaJlaHCHPAaHe HA CUCTEMATHIHATA,
u croxactuanata rpemka. [lpy CMK ajaropurmure ontumasausT 6poit npexomun e k =8 3an =100 u k =9 3a
n = 500, karo reaeparopbr Mersenne Twister (MT) ocurypsiBa mo-masika gucnepcust or Middle Square (MS).
[Tpu CKMK omrrumasausit 6poit ipexogu € k = 11 3an = 100 u k = 12 3a n = 500, kaTo pa3dbpKaHUTE PEIUIN
ura CoboJt BOJAT JI0 MO-TUIaJIKA CXOJMMOCT U ITO-MAJIKU TPEIIKKA OT Te3:u Ha XOJITbH. AGCOTIOTHUTE IPEINKU [IpU
nOWMU ONMUMAAHUME AJITOPUTME ca OT Topsaabka Ha 1074, moxaro nmpu xaacuueckume mocrurar go 1072,
MIOTBbPKIABANKN 3HAYNUTETHOTO HAMAJIsIBAHE HA JUCIEPCUSTA U IMOBUIIABAHE HA TOYHOCTTA.

B zakmouenune, noumu onmumasrume CMK nu CKMK ajropurMu ocurypsiBaT mo-BUCOKa TOYHOCT IIPU ChIATA,
M3YNCINTENHA CJIOXKHOCT, KOETO I'l IPABU IPEIIOYNTaH M300p 3a MPAKTUIeCKH NPUWIOXKeHus. 1Ipn TaxHOTO
KOHCTpyupaHe TpsOBa 1a ce chobpassaBame 1 ¢ m300pa Ha reHepaToOpuTe Ha MCEBAOCTYIaiiHN 9rcia U OT u300opa
Ha PeJIUIUTe ¢ MaTbK auckpenanc. Ouncanure pesynararu ca mybaukysanu B [30} B7].
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2. Croxactnuen Pe3osiBeHTeH MeTo/1: pa3paboTBaHe U M3CJieIBaHEe HA
edbeKTUBHI AJTrOpUTMHU 3a OIleHsIBaHe Ha MHWHUMAJHA COOCTBEHA
CTOMHOCT

2.1 IlocTtanoBKa Ha 3ajadara

Heka A = {a;;}}' j=1 € R"*" e necunrynsipna cumerpuina Marpuna. CobeTsenuTe cTofHOCTH Ha A ce onpe/iessT
KaTO BCUYKH DeaJIHU CTOHOCTH Ha HapaMerbpa A(A) ; 3a KOUTO ypaBHEHHETO:

Ax = AM(A)x, kbaero x € R", (2.1)

uMa HerHysieBo pertenue. [Ipuema ce, ge cobcTBeHUTE CTONHOCTH YIOBJIETBOPSIBAT HapeabaTa:
0< /\min = )\n < )\n—l < )\n—2 << >\2 < )\1 = Anfbaa:- (22)

KATO MUHAMAJIHATA COBCTBEHA CTOMHOCT Ay € IOJIOKHUTENHA U ChIVIacHO (2.2) e equHCcTBEHA.
Paszrnexk mame 3asauara 3a pa3zpaboTBaHe W YUCJIEHOTO U3C/IEIBaHE HA €(PEKTUBHU CTOXACTUIHHU AJTOPUTMU 34
HEeHOTO OleHsaBaHe.

2.2 Meroan 3a m34unucjasgaBaHe Ha MUHNMAaJIHATa COOCTBEHA CTOMHOCT

Hexa R = {r;;}};_; € R"*" e mecunrynsapna cuMeTpUIHA MATPHIA, THUTO COOCTBEHU CTOHHOCTH YJIOBJIETEO-
psiBaT HapegdaTa:

Mmin = |#n| < |#n71| < |,Un72| <. < |/~L2| < |/~Ll| = HUmazx, (23)

" 3a TdX ypaBHeHI/IeTOI
Ry = u(R)y (2.4)

nMa HeHysaeBo pernerne. OT TeopusTa Ha JUHEHHATa aaredpa € M3BECTHO, Y€ MPU OIMPE/IETECHU 3aBUCAMOCTH
MexK Iy MaTpurure R u A chbInecTByBaT BPb3KH MEXKLy TEXHUTE COOCTBEHU CTOWHOCTH W BeKTOpH. Pasriexmar
ce TPU OCHOBHHU CJIydYas:

e Ilpu obparna marpuna R = A~! cobcrsennre CTOMHOCTH ca CBbLDP3AHU UPe3 i = % Tosa mo3BOISIBA
usnonssare Ha O6pamnus Cmenenen metos (anri. Inverse Power method) 3a HaMupaHe HA MUHAMAJHATA
cobCTBEeHa, CTOMHOCT Ha A, HO U3MCKBa CK'bIIO U3YHUC/ISIBAHE HA 00paTHA MATPUIIA.

e IIpu ormecrena marpuna R, = A — ¢l e Bamuguo p = A — g. Toa Bomu 10 Omwmecmern Cmenenen
meron (amra. Shifted Power method), npu KoiiTo u360pbT Ha apaMeTbpa ¢ BJHUAE BbPXY OLEHKATA Ha
MUHUMAJTHATA COOCTBEHA CTOWHOCT.

e Ilpu pesonsentna marpuna R, = (I—gA)~! cobersenure cTofiHOCTH ca CBbP3aHU Upes j = a CbOT-

_1
1—g\?
BeTHHs MeTof ce Hapuda Pezoasenmen Cmenenen meton (auri. Resolvent Power method). Marpumara R,
MOKE Ja Ce IPEeJICTaBU KaTO MPAHUIA OT GE3KPACH CXOJAIN pell Ipu ycuosue |gA| < 1 uin eKBUBAJIEHTHO

lgl||A]| < 1, a umenno:

Ry=> ¢'A'=[T—qA]"". (2.5)
1=0

B zaBucumocT or 3HaKka Ha IIapaMeTbpa g Ce IIoJIydaBaT Pa3/IM9YHNU BPBb3KU 3a MaKCHUMaJIHaATa cobCTBEHa, CTOM-
HOCT:

1

Hmaz = m, mpu q < 0, (2.6)
_ 1 >0 (2.7)
/ffmax — 1 — q/\mamv HpH q . N

B pamkunTe Ha HACTOAIIOTO U3CJEABAHE OCHOBEH MHTEPEC MPEICTaBsABA ciaydadar ¢ < 0, KOHTO M03BOJIsIBA
YCKOpPEHO TpuOInKeHne n e(DeKTUBHO OIeHsIBAHe Ha eKCTPEMHHUTE COOCTBEHU CTOHOCTH.
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2.2.1 Pezsoasenren CremneHeH MeTO/

B xaacuveckus Crenenen meroj; Hafl-rossiMaTa COOCTBEHA CTOMHOCT A, HA CHMeTpHYHATa Marpuna A ce
IIpeJicTaBsl KaTO rpaHuIa Ha Koeduiumenta Ha Peitn (1.4)), koero no3sossiBa npakTuIecko IpHOIIHZKEHIE 1pes3
kpaiinu crenern. Ha Ta3u ocHoBa ce BbBexkJa PezonBenTHusT CreneHen Meroj, Mpu KoiTto Mmarpuriata A ce
3aMens ¢ pesosientHara Marpuna R, = (I—gA) ™!, xosro chmectsysa npu ycsosue |q|||A|| < 1. Pesonsentnara
marpuna uma passurue B Hofimanos pen, a Hefinata crenen Rj" Moxe Ja ce IpeJicTaBn upe3 00001ien OnHOMeH

pes:

i m+i—1)! |
Ry = (I-qA)” Zq itm-14 Ci+m—1((m_1)!i!)» i=0,1,2,.... (2.8)

Beskpaitauar pen za Ry (g ce Hapuua napaMerbp 3a YCKOPEHHe) MOXKe J[a Ce 3allulle KaTo:

m(m + 1)q2A2 N m(m+1)(m+2)

3A3 ... 2.
5 G A%+ (2.9)

Ry = (I —qA)™™ =1+ mgA+

HpI/IJIaFaHeTO na Crenennus METO/ K'bM PE€30JIBEHTHaTa MaTpHUIla (Rq) BOJU 10 PesonsenTnus Crenenen METO/:

(h, Ry f) . (h, I—qA)™™F) !

li T el e = Umax = 7T >
mgnoo (h7 Rgnfl'f) mgnoo (h7 (I — qA)*(mfl)f) H 1-— q)\

(2.10)

KOIITO 103BOJISIBA HAMUPAHETO HA MAKCHMAJHATA COOCTBEHA CTOMHOCT [iyqq; HA PE30JIBEHTHATA MATPHUIA U Chb-
OTBETHO OIleHKa Ha eKCcTpeMaJsiHuTe cobcrBeHm crojimocru Ha A. B saBucmMoct or 3HaKa Ha IapaMerbpa ¢,
METOIBT MOZKE Ja Ce U3II0JI3Ba 38 IPHUOIIZKEHO PECMATaHe KAKTO HA Apmqz, TAKA U HA Apin, CHIVIACHO (DOPMY-
mure [19, 20] 22]:

(h, AR™" f)
A= 773 ~ Amaz, axKo q >0, (2.11)
(h, R f)
(h, AR f) 1 1

T 2 - ) & Ains 0. 2.12
horpf) =gl ) o= (212

B npakTukara pe3osBeHTHATA MATPHUIA CE AIIPOKCHMHUPA Ipe3 MPEeKbCBaHe Ha Pea 10 KpaeH Opoil wieHoBe k:

q, k - Z CYz+rn 14 A (213)

i=0

KOETO BOJIM JI0 CUCTeMaTHYHa I'peIlKa, paBHa Ha "omamkara“ Ha peja:

AU (g) = (I — qA)™™ — R, = Z L1 A (2.14)
1=k+1

[TostyueHu ca OIEHKU 3a Ta3u TPEIIKa U yCJIOBUSA 3a n300p Ha mapameTpuTe m u k, Taka de T jia Objie mo-Majka
OT 3aJaJICHO €, T.C.:

A (q)] < e, (2.15)
B ClJla € cjie/[THaTa OIleHKaTa:
A ()] < Tkt Z Clpit', =gl Amaz| < 1. (2.16)
i=k+1

CbilecTByBa JInHeiHA Bpb3Ka MEXKLy lapamerpute m u k upu yciaosue t = |q||Amaz| < 1. Ciienaure onenku ca
HOJTy9eHH 38 BPb3KaTa MeKLy k U m:

e HepasencTBo 3a TOYHOCT:

m+k\ k41
br+1 (i)t ; m+k+1
Tk (t) < = , b= 1t = — t< 1 2.17
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o Jlumeiinn 3aBUCHMOCTHU MEXK/Iy IapaMeTPUTE:

1—-1t 1 1—-t)k+2
m < T<k+1)+¥ WA Mgy = Vt)—’_—lJ . (2.18)
e Acumnrornuna Bpb3Ka (ako m pacre, a t e dbukcupano):
t
kZ T3 3a roemu CTOWHOCTH HA M. (2.19)
o Munumasiaa croitHocT Ha k nipu bukcupaHo t ce onpejess oT (opmyaara;
tm—1
Fomin = [qlt_1W' (2.20)

[TonydyennTe 3aBUCHMOCTH [TO3BOJIABAT eeKTUBEH U300D HA IapaMeTPHU IIPHU YUCIEHA PEAU3aId U ca OCHOBA
3a nocrposiBane Ha CroxacTudeH Pe30sBeHTEH METO/T, KOraTo ce ThPCH OAJAHC MEXK/Ly CHCTEMATHIHA U CTOXAC-
TUYHA I'PENIKA.

2.2.2 CroxactuueH Pe3onBeHTeH MeTOs,

Croxacruunuar Pesossenren meron, Bbsesen or Kapausanosa u Jumos [20), 25], npencrasiassa obobienne
na PesosiBenrnust CreneHen MeToJs 3a OIEHSBAHE HA €KCTPEMaJjiHUTe COOCTBEHW CTOWHOCTH Ha Marpuna A.
OCHOBEH eJIeMEHT € KOHCTPYKIHSATA Ha ciydaiianTe sesmanan 01| nedunupany upes Bepura Ha MapKoB, 9uuTo
MaTeMATHIeCKN OYaKBaHUsl ChBIAJAT ChC CKaJapHutTe npoussejnenns (h, A'f), i =1,2,3,..., re.

E[0V] = (h,A'f), i=1,23,.... (2.21)

ITpu ycoBue 3a napamMerbpa ¢, YIAOBIETBOPIBAIL | Apmaz| < 1, € nokazano B [I7], ue ckasapHOTO IpOU3BeEEHIEe
C PE30JIBEHTHATA MATPHUIA MOXKE Ja Ce MPEJCTaBU KaTO OE3KpaeH e

(h, R}'f) = (h, (I—qA)"™"f) = > ¢'Cly,, 1 E0Y], (2.22)
1=0

KOETO TI03BOJIsIBA CTOXAaCTUYHO oleHsiBaHe upe3 Mourte Kapio meromu. Ha npakTtuka mareMaTndeckuTe Ovak-
BAHUSI CE AITPOKCUMUPAT IPe3 CpeJHaTa CTOHHOCT:

N
—(i 1 ;
0= S0, =123 (2:23)

KaTOo cTOXacTH4HaTa rpermka e ot nopsauxbk O(N~1/2). Tipu dbukcnparna TOIHOCT € e pelrtena 3a/1a9aTa 3a olpe-
JleJIsTHE HA, MUHUMAJIHUST Opoil peasmsarun N, HeOOXOMM 3a rapaHTHPaHe Ha PEINKa [0 33/1a/IeH IIpar U IpH
yCJIoBHe 3a orpaHuveHa jgucrepcnst u |[A|l < 1:

CrLO~2

N> { (2.24)

~
IMopaau npekbeBane Ha Ge3KpaiiHus pej| 10 KpaeH 6poii yjieHoBe k Bb3HUKBAT jaBe rpemku: (1) croxacTudna
(Monte Kapuio anpokcumarnus) u (2) cucremarndna (OT IpeKbcBaneTo Ha pena). 36opbr na napamerpure m, k
KOHTPOJIMPA CUCTEMATHYHATA IPemKa, a N - CTOXaCTUIHATA. BaJaHChT MEXKIy TAX € PENIaBall 38 TOIHOCTTA U
n3uucauTenHara edpekrusnoct. [Ipubamxkenara dpopmyra 3a cobcTBeHa CTONHOCT e:

_ B +qCLE0P] + ¢*Ch i E0) + . + ¢°Cfy,,  BOTHY]
1+ qCLEOD] + ¢?C2 L E0@] + .. + ¢*C},,,_ E[P]

(2.25)

KaTO 3HAK'bT Ha [IAPaMeThbPa ¢ OIPeelis AN Ce OIEeHsIBa MAKCUMAIHATA (Apqq, IPU ¢ > 0) WM MUHAMAJIHATA
coberBera cTOMHOCT (Apin 1pu ¢ < 0). Ilpu usnossBane Ha IICEBHOC/IyYaliHU YMC/IA Ce TI0JydaBa Pe30o/BeHTeH
Momnre Kapso (PMK) meroz, a npu peaunu ¢ Maibk auckpenanc - Pesossenren Ksazu-Monre Kapiso (PKMK).
KoncrpyknusaTa Ha CIydaifHATe BEeJIMYMHE ce Da3Mpa Ha MOAXOAAI] N300p Ha HavaJHa IUTBTHOCT U MATPHIA
Ha NIPEXOIHATE BEPOATHOCTH, KATO YHCJICHUTE PE3Y/ITATH MOKA3BAT II0-BUCOKA TOYHOCT CIIPAMO KAACUHMECKUINE
JIETEPMUHUCTUIHU AJITOPUTMHU.
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2.3 Ilourm ontumajieH PezonBenten Monate Kapio m Pe3onBeHTeH
KBazu-MonTte KapJjo ajgropurmum

Heka marpurara A ce mpejcraBst 9pe3 peJioBeTe @;, KATo ce BbBekKIaT L1-HOpMU 3a BEKTOPU M MaTPHUIH, KO-
HATO CJIy?KAT KATO OCHOBA IPHU KOHCTDYHPAHE HA NOYMU ONMUMAAHY CTOXACTUYHU PE30JIBEHTHU AJTOPUTMHU.
N36opbT Ha HaYaIEH BEKTOP HA IUIBTHOCTTA M MATPHUIA HA MPEXOJHUTE BEPOSATHOCTH CE PEATHM3NpPa Upe3 HOP-
MaJim3upaHe Ha abCOJIOTHUTE CTOWHOCTH HA KOMIIOHEHTHTE Ha h u penoBere Ha marpunara A, KOeTo BOJH JI0
NOYWMU ONMUMAAHG CTPYKTypa Ha Bepurata Ha Mapkos.

Ipencrasen e noumu onmumaser Pesonsenren Ksasn-Monte Kapsio (PKMK) anropurbMm 3a oneHsiBaHe Ha
MUHUMAJIHATA COOCTBEHA CTOWHOCT HA CHMMETPHYHA MATPHUIA. AJTOPUTHMBT U3MOI3BA PEIUIU C MATbK JHCK-
penanc (Hanpumep, pazdbprana peauna na Cobosi) 3a reHepupane Ha peaju3alud BbB Bepurara Ha Mapkos u
n3uncIsBane Ha caydaiinnre pemmanan 09 TIpu n3mon3Bane Ha IICEBIOCTYYARHN TeHEPATOPH METOIBT Ce HAPH-
4ga nowmu onmumaner Pesossernren Monre Kapsio (PMK) anropurbm. B crbika 4 Ha ajnropurbMa ce mpusara
pas6bpkana pejauia xa Cobour 3a H34NCIsIBaHE CTOMHOCTHTE Ha caydainnre Besmaman 0, i =1,2, ...k + 1,
gpe3 Bepura Ha MapKos.

AnroputsbMm 2| mpepcTaBeH Upe3 MCEBIOKOI, OUCBA noumu onmumaarusa Pezonmserren Keaszu-Monre Kapito
(PKMK) asnropursm (anri. almost optimal Resolvent Quasi-Monte Carlo (RQMC) algorithm) 3a onensisane Ha
MUHUMAJIHATA CODCTBEHA CTONHOCT Ha cuMmerpudHaTa Marpuia A. B ciay4ait, 4e B crbika 4 ce M3mosi3BaT rete-
paropu Ha 1cepaocaydaiinn ynciaa (PRNGs), aqropurbMbT ce Opeestst KaTo nowmuy onmumanet Pe3osBenTen
Monte Kapiso (PMK) anropursm (anri. almost optimal Resolvent Monte Carlo (RMC) algorithm). Tlcesaoko-
JUBT, IPEJICTABSII pean3anusara na noymu onmumasrus PMK anropurbm, me o3HadaBaMe ¢ AJIropuTbM 2a.
JBarta ajaropuTbMa OIPUHAIEKAT KbM KJaca HA UTEPAIMOHHATE CTOXACTUIHN METOIN U CE XapaKTePU3UPAT C
HAJIMYUETO HA JIBa BUJA TPEIIKN: CTOXacTHIHA u cucremarndHa. Croxacruanara rperika npu MK meronure e ot
nopsbk O(N~1/2), nokaro mpu KMK meronuTe (Gasupanu Ha peumu ¢ Mairbk quckpenarc) - O(N =1 (logN)F).
[Ipu m3non3Bane Ha PEJUIM C MAJTbBK JIMCKPEIAHC B IIPOCTPAHCTBA C BHCOKA Pa3MEPHOCT MOXKE JIa JIOBEJE JI0
KOpEJIAIIN MeK/Iy KOODJMHATATE Ha KBAa3UCIYUaillHUTE PEIUIN, KOETO Ce IIPEOI0sIBa IPe3 PAHIOMU3UPAHETO
(pa3bbpKBaHETO) UM.

Algorithm 2 Pseudocode for computing the almost optimal Resolvent QMC algorithm

1: INPUT: matrix A = {a;;} € R"*"; vectors h, f € R”, positive integers n, N, k, m and the real number g,
where (—1)/||4|| < ¢ <0
COMPUTE: p; = <l . = el 1 <i<n 1<j<n
2oiey [hil J j=1 lai;]
COMPUTE: a; = 3)_, |ay|, 1<i<n, ||hl|=37, |kl
GENERATE: N elements of the (k4 1) - dimensional Sobol sequence
CONSTRUCT: N realizations of the Markov chain with integer elements

1 =1 s s o ) 1< < 1<i<k41,1<s< N

6: COMPUTE:
—() 1 N k+1 k+1
0 = N I Al 2329"{}%55) 1:[1(%55)151)1)} 1:[1 o) flm; 1<i<k+1
7. COMPUTE: 0 y
i 1+ m— 1) .,
itm—1 — m,where 1 S 1 S k
8: OUTPUT: . , , -
N 0" 4 qcrd® + ez 09+ ek, gt Y
man ™~ (2) (k)

14 qeng"Y + 202,07 + . gbCE,, 0

CucremaTnuHaTa IPeIIKa MPOM3TUYa OT M3I0J3BAHETO Ha Kpaiina (IpekbcHaTa) Bepura Ha Mapkos u e ana-
JIOTMYHA Ha IpeKbcHaTa Bepura na Hoiiman mpu jgerepMuHuCTHIHUTE METOAHM. 1 3aBUCH OT mapaMeTrbpa Ha
NIpeK'bCBaHe k B IPEJCTABIHETO HA PE30JIBEHTHATA MAaTPHIIA R;’?k KaTO I'DaHUIa Ha 0e3KpaeH PeJi IIPU YCJIOBUE
lg]||A]| < 1. TIapamMeTbpbT m OIpeJesisl CTEIIEHTa Ha PE30JIBEHTHATA MATPUIA W BJIUSIE BbPXY CXOIMMOCTTA HA
MeTo/Ia:
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0) ( % m) , (2.26)

KBJETO (i1, (b2 Ca Hail-rojeMuTe COOCTBEHN CTOWHOCTHU Ha PE30JIBEHTHATA MaTpura. Vzpasemno uypes cobcrBeHUTE
croiiHocT Ha A : m
1-— qu 1-— q)\n
Of|——— ,apuqg>0n O |————
1-— q)\g

1- q)\nfl
N360pbT Ha yCKOPSBAIIUS MAPAMETBD ¢ ONPEIENs AT AJTOPATHMBT OlEeHsIBA MUHUMAJTHATA (¢ € (—ﬁ7 0))

) , mpu ¢ < 0. (2.27)

WM MaKCUMaJsHaTa cobeTBeHa croitHocT (¢ > 0). M3uucinTenHusT nporec BKIOUBA reHepupate Ha N peanusa-
nuu Ha BepuraTta Ha MapKoB, mpecMsiTaHe Ha CPEJIHUTE CTONHOCTH IIPU CAMYJIMPaHE Ha CJIydailHUTe BEJTUIUHU
¥ U3I0JI3BaHe Ha OMHOMHN KOe(DUIIMEHTH 3a OIEeHKa Ha cOOCTBEHATa CTOWHOCT.

BanancbhT Mexay croxacTWdHaTa W CHCTEMATHYHATA TDEIIKA € ChINECTBEH 3a IMOCTUTAHe Ha MPEIBAPUTETHO
3aJ1aJIeHa TOYHOCT € MU ONTHUMAJHA U3YUCJIUTETHA MeHa. 1031 bajlaHC ce KOHTpOJmMpa dpe3 napamerpure N
(6poit peasmmzanun), k (rbikuHA Ha Bepurara Ha Mapkos), m (CTeneHTa Ha PE30JBEHTATA MATPUIA) U ¢ (YCKO-
paBaI napaMeTbp). Juc/eHuTe eKCIIePUMEHTH [IOKA3BAT, 4€ € HeOOXOAUMO u300pbT Ha TE3U apaMerpu Ja Obie
CBIJIACYBaH C MOJIYIEHUTE TEOPETUIHU OIEHKH 3a CXOIUMOCT.

2.4 YwucjaeHUW pe3yJaTAaTH U JTUCKYCHUS

Yucnennre pe3yiTaTn ca HOCTUTHATU Upe3 MPUJIAraHeTO Ha nouwmu onmumasnus Pesosnsenren Kpasu-MonTe
Kapiio (PKMK) asnropurbm (AsropursM [2)) u noumu onmumasnus Pesonsenren Monte Kapmo (PMK) an-
ropurbM (AJIropurbM 2a) 3a OlEHABaHE HA MUHAMAJHATA COOCTBEHA CTOMHOCT HA CJlyYallHO TeHEepUpAHU
cumerpuaan marpunu ¢ pasmepuocta n = 500 u n = 1000. IHoumu onmumasnusm PKMK amropurbm e pea-
smzupan ¢ reaeparopa BRODA’s Sobol RSG, koiiTo mo3BosisiBa reHepupane Ha pa3dbpkanu peauiu Ha Cobout ¢
HeobXomMaTa pa3MepHOCT IIpU KOHCTpyupaHe Ha Bepurata Ha Mapkos. [Touwmu onmumannusm PMK anropu-
TbM (AJIropuTbMm 2a) e peaausupaH ¢ TeHepaTopa Ha Icepociayvaiinn uucia Mersenne Twister (MT). Ipata
ajropuTbMa ca uMiLieMeHTHpaHu Ha C++, KaTo IpeiBapUTeIHO ce M3I0JI3BA MO/IIPOrpaMa 3a MeHepupaHe Ha
CJIydaiiHa CUMETPUYHA MATPHUIA A ChC CHEKTHD B €IUHUIHATA OKPbHIKHOCT, YIOBJIETBOPSIBAIIL YCIOBAETO:

OD<e< A <A1 <...< <A <1,

K'bJIETO KOHCTAHTaTa C € n3bpana na 0bae ¢ = 0.15. ToBa rapanTupa moJg0KUTETHOCT U CIIEKTPAJIHA OT/IeJINMOCT,
HEODXOIUMU 3a cxoauMocTTa Ha PesosiBenTHust CrereHeH MeTo/I.
Pazriienanu ca jiBa TecToBU Ciytast:

(i) Marpuna A ¢ pazmepaoct n = 500, kKaTo JBeTe HAR-TOJIEMH U J(BETe HAl-MAJKU COOCTBEHH CTOMHOCTHU Ca:

A1 = 0.620713, Az = 0.335683, As99 = 0.15452 1 A500 = 0.152992.

(ii) Marpuna A ¢ pasmepaoct n = 1000, Karo aBere Hail-roJieMu U JIBETE HANR-MAJKU COOCTBEHM CTOMHOCTH
ca: A1 = 0.688181, Ay = 0.443078, Aggg9 = 0.154138 u A1g9gp = 0.151911.

Pazmmanero mex 1y aBere Hali-roJleMu U JBeTE HA-MaJKN COOCTBEHH CTOWHOCTH OCUTYDsiBa, HAJIEXKTHA CXOJIM-
MOCT Ha, METO/Ia IIPU OIEHSIBAHE HA Apin .-

YucsieHnTe eKCIEPUMEHTH Ca TPOBEJEHN BbpXy BHCOKonpoussogutened kKibcrbp (MUKT-BAH), cherosm ce
or 12 6posi cbpebpu Fujitsu Primergy RX 2540 M4 kato Bceku OT TsIX € C¢bC CliejHaTa KoHurypamms: 128
GB oneparupna namer; nBa 6post nporecopu - CPU 2x Intel Xeon Gold 5118 2.30 GHz ¢ 24 sinpa; 2 6post o
800 GB SSD; 36 TB HDD, I'paduuna xkapra - NVIDIA Tesla V100 ¢ 32 GB oneparusna namer. CbpBbpure
ca cebp3anu ¢ InfiniBand 3a 6bp3 obMen Ha jganHu ¢ Masika Jarenraoct. Onepanuonnara cucrema e Red Hat
Enterprise Linux 7.6 u NVIDIA GRID.

Peasmsanusta na AnropursbM [2]e xubpuina: renepupanero Ha pasobpkanure peauiy Ha CoGoJl ce n3BbpIIBA
Bbpxy GPU (NVIDIA Tesla V100, 5120 CUDA szpa), 10KaTo OCTAHAJIUTE U3YUCICHUS CE U3IILIHABAT BbPXY
CPU. Aaropursm 2a e peanusupan Bbpxy CPU c remeparopa Mersenne Twister.

[IpoussosauTe BekTopu h n f ca uzbpanu ¢ Li-HOpMA 110 CI€HUS HAUWH:

|
Rl = Ifll = Z - =1
=1

3a JIa Ce OCUTYPU KOPEKTHA HOPMUPOBKA MPU CTOXACTUIHUTE OIECHKU. UUCJIEHUTE eKCIIEPUMEHTH TOKAa3BaT, de
[IpY roJIeMu CTORHOCTHU Ha 6posi peanuzaruu N, Bpemero 3a usirbinenne na PKMK anropurbma (RQM C( 5)) e
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ChIIecTBeHo mo-maako or Tosa Ha PMK anropurbma (RMCprry), KOETO JeMOHCTPHPa HPeAnMCTBOTO Ha Kpasn-
Monte KapJio nogxona B kombunanus ¢ GPU yckopeHue 1ipu 3ajia4u ¢ rojieMu pa3MEPHOCTH 3a OlleHsIBaHE Ha
MUHUMAJIHATA, COOCTBEHA CTOWHOCT.

2.4.1 Cuayuaii (i): Pazmep na marpunara n=500

B Ta6mnna [2.1] ca upencraBeHn 9mc/ieHH pe3y/IraTd 3a OLEHsIBaHEe HA MUHHMAJHATA COOCTBEHA CTOHHOCT HA
CHMeTpHYHa MaTpuIa ¢ pasmeproct n = 500, momydenu upes nowmu onmumannume amaropurymu (RMC(
u RQMCgy) upn pasmaanu croiinoctn na mapamerpure N,k u m. B rabmunara ca BKIIOYEHH I CHOTBETHHTE
aOCOJIIOTHY T'DENIKN Ha IOJydeHHUTe oreHku. IlapamerspbT Ha yckopenme e dukcupan Ha ¢ = —0.157428; a
CHCTeMaTH4YHaTa I'PeIIKa € IpeIBapUTeIHO 3aJaleHa Ha HUBO £gy, = 0.001.

Tabmuma 2.1: Yucnenu pesyararu 3a marpunara A € R599%500 ppy pasiuanm croiimoctn ma, N,k u m ¢ mapa-

Merbpa Ha yckoperue ¢ = —(0.157428. Tounara MuHUMAIHATA COOCTBEHA CTOMHOCT Apin = As00 = 0.152992.

Amin Absolute error Amin Absolute error
N k m RMC(]WT) RMC(MT) RQMC(S) RQMC(S)
5 5 0.1585637 0.0055717 0.1561046 0.0031126
51229 5 | 10 | 0.1585163 0.0055243 0.1524884 | 0.0005036
10| 5 0.1556132 | 0.0026212 | 0.1560595 0.0030675
5 5 0.158395 0.005403 0.1596503 0.0066583
512%2' | 5 | 10 | 0.1585518 0.0055598 0.1595946 0.0066026
10| 5 0.1580794 0.0050874 0.1596616 0.0066696
5 5 0.1572588 0.0042668 0.1591139 0.0061219
512% 25| 5 | 10 | 0.1566524 0.0036604 0.1585388 0.0055468
10| 5 0.156875 0.003883 0.1591292 0.0061372
5 5 0.157129 0.004137 0.1589384 0.0059464
512%25 | 5 | 10 | 0.1565796 0.0035876 0.1584563 0.0054643
10| 5 0.1570216 0.0040296 0.158961 0.005969

Ananuzbr Ha pe3ysTaTUTe Ce OCHOBABA HA GATAHCHPAHETO HA JBATA OCHOBHU M3TOYHUKA HA IPEIIKA - CHCTEMa-
TuaHa U croxacTudHa. CucTeMaTHIHATA MPENIKa IPOU3THIa OT IpeKbeBaneTo Ha Hofimanosust pes ipu ¢ = k41,
KOETO ChOTBETCTBA Ha KpaeH Opoil mpexoau BbB Bepurara Ha MapKoB, KAKTO U OT M300pa Ha CTEHeHTa M Ha
pesosiBeHTHaTA MaTpuiia. Ilapamerpure m u k ce m36upaT Bb3 OCHOBA HA TEOPETHYHH OIEHKHU 3a OlallKaTa Ha
pexa Ty, (1), mpu t = |¢||\1] < 1, Taka de na e USMBIHEHO yCIOBHETO Iy, 1 (t) < £4ys = 0.001. Ilo To3u Hauun
CHCTeMATHYHATA IPEliKa ce KOHTPOJIMpPa TIPeIBAPUTEHO U ocTaBa oT nopsabk O(1073).

Graphic when k=5, m=10 for a matrix A with n=500
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S — ’ y
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> estimate
0,14
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0,12 T T T 1

512 1024 16384 32768
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Qurypa 2.1: CxoauMocT KbM TOYHATA MHUHUMAJIHA COOCTBEHA CTONHOCT Ha Marpuiiara A mpu u3noisBaHe Ha

PMK u PKMK upu k£ = 5,m = 10 3a pasnuunu Ha 6poit N

CroxacTUvHATa I'PENIKa Bb3HUKBA OT AIIPOKCHMAIUSATa HA MAaTeMATHIECKUTEe OYaKBaHUs Upe3 KpaeH Opoil pe-
ammzarmuu N. IIpn Monrte Kapio noaxona (RMC(yrr)) croxacTuarata rpemka e ot nopaabk O(N ~1/2) npm
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dbuxcupana gosepurenna sepoarnoct. Ilpu Ksasu-Monte Kapio noxxona (RQMC(g)) ce ouakxsa 1mo-6bp3a cxo-
JMMOCT. 3a OleHsIBaHe Ha TPEIIKaTa ce M3MOJ3BAT pangomusnpann peauru na Cobosr. CroxacTudHaTa rpEInKa
3aBUCH He camo oT N, HO ¥ OT napamMerbpa k, Tbil KATO IIPU HApacTBaHe Ha k ce yBeaudaBa OposiT Ha OIEHSIBa-
mure cayuaitan sesmanan 0, i =1,... k4 1. ToBa Boau 10 HATPYIBAHE HA JUCIEPCHHE KAKTO B YHCJIATE,
Taka U B 3HAMEHATE/IsI Ha JIPOOHO-pAIMOHAHATA (DOPMYJIa 32 OlEHsIBaHE HA COOCTBEHATA CTOIHOCT, KOETO BJIHSIE
BbpXy HeoOxomumus O6poit peasm3anun. OUTUMATHAST OAJAHC U3UCKBaA M300p Ha TakoBa [N, 4e CTOXacTHIHATA
rpemka Ja O6bJie OT ChIus HOPSIbK KATO MPEIBAPUTETHO 33/13JIeHATa, CHCTEMATHYIHA TPEITKA, € gy -
[Tonydenure pesysraru 3a n = 500 MOTBbPKIABAT TEOPETUYHUTE U3BOAU. 1Ipu moaxosin n3b0p Ha mapamMer-
pure (m, k), rapanTupar orpaHuYaBane Ha cucTeMaTHIHaTa rpemika nog O(1073), ce mocrura BuCOKa TOYHOCT
OIlle TIPU CPABHUTEIHO MaJIbK Opoii peasm3anuu N, ChIIOCTABUM C Pa3MEpPHOCTTa Ha Marpurara. Haii-mobpa
TouHOCT € mosrydeHa upu k = 5,m = 10 u N = 512, kbeTo abCOMIOTHATA TPEIIKa € OT CbIIUs MOPAIbK Ka-
TO [IPEJBAPUTEIIHO 3ajia/leHaTa CUCTeMaTHYHa rpelika. YBejndaBanero Ha N (Hanpumep, mo N = 16384 un
N = 32768, suxx Qurypa u Tabsuna He BOJHU JI0 MOHOTOHHO HaMaJIsgBaHe Ha abCOJIOTHATA T'PEIKA.
Habmronasa ce Hacuiane nian KoebO/IMBO MOBE/IEHIE, KOETO € XapaKTEePHO 38 CUTYAINH, B KOUTO CUCTEMATH HA-
Ta, I'PEIIKa Bede OIpeesisl TOTHATA IPAHUIA HA TOYHOCTTA. JlOMbIHUTE/THO BIIMsSHIE OKA3BaT YUC/IEHN eDeKTH,
CBbP3aHU C HAPACTBAHETO HA OMHOMHUTE KOEMPUIIMEHTH IIPU HO-TOJEMU CTONHOCTH HA M U Kk, KOUTO yBEJUIABAT
IyBCTBHTETHOCTTA Ha JPOOHO-parmonamaara GopMyna KbM Maiki duaykryarmun B onenknre Ha 0. Cremo-
BaTEeJIHO, yBeJnmdYaBaHeTO Ha /N He rapaHTHpa aBTOMATHUYHO IIOBHUINABAHE HA TOYHOCTTA B CJIyYauTe, KOraTo
CHUCTEMATUYIHATA KOMIIOHEHTa € OIPEIEJIsIIIa.

2.4.2 Cuayuaii (ii): Pasmep na marpunara n=1000

B Ta6mmna [2.2] ca upe/cTaBeHn YHC/ICeHH Pe3y/ITaTH 3a OlEHsIBaHe HA MHHHMAJHATa COOCTBEHA CTOHHOCT Ha
cuMerpuyHa Marputia ¢ pasmepnoct n = 1000, noxyuenn upes nowmu onmumannume aiaropurymu RMCyry u
RQMC(gy, 3ae1HO0 CbC CHOTBETHHTE aOCOTIOTHH I'PEITKA. B Tesu excrepuMenTH mapaMeTbpbT Ha yCKOPeHHue e
durcupan na ¢ = —0.2302458, karo abcoroTHATA MY CTOIHOCT € IO-roJIsIMa B CpaBHEHUE che ciydasa n = 500.
ToBa BoiM 110 yBeJMUaBaHe Ha mMapamerbpa t = |g||A\1| u Hamara, npu chbimre crofiHoctn Ha k U m, cucTeMa-
TUYHATA I'PeIKa Ja Obje GUKCHpaHa HA MO-BUCOKO HUBO £5ys = 0.01, 3a 1a 6T U3I'bIHEHN TEOPETHYHHUTE
YCJIOBHS 3a OIEHKA Ha OIAIKATa Ha PeJa.

Tabmuma 2.2: Yuciaenn pesyararu 3a marpunara A € R1000X1000 poy pasjypamm croitnoctn na N,k u m c

mapameTbp Ha yckopernue ¢ = —(0.2302458. Tounara MUHUMAJHA CTOWHOCT Amin = A1000 = 0.151911.
Amin Absolute error Amin Absolute error
N k m RMC(]V[T) RMC(MT) RQMC(S) RQMC(S)
5 5 0.1556059 0.0045949 0.1705751 0.0186641
512%2°| 5 | 10 0.168251 0.01634 0.1886959 | 0.0367849

10| 5 0.1593428 0.0074318 |0.1701307 | 0.0182197
5 5 0.1504153 | 0.0014957 |0.1533797| 0.0014687
5122 | 5 | 10 | 0.1417805 0.0101305 | 0.1499974 | 0.0019136
10| 5 0.156739 0.004828 0.1534383 | 0.0015273
5 5 0.1550015 0.0030905 | 0.1573842 | 0.0054732
512%2° | 5 | 10 | 0.1495483 0.0023627 | 0.1539357 | 0.0020247
10| 5 0.1559548 0.0040438 | 0.1575454 | 0.0056344
5 5 0.1557509 0.0038399 | 0.1576339| 0.0057229
512%2°| 5 | 10 | 0.1537008 0.0017898 | 0.1562911 | 0.0043801
10| 5 0.1562905 0.0043795 ]0.15764225| 0.0057312

IMonygenure pesynraru (Tabiuna n Qurypa TIOKa3BaT, Ue HAH-T0OBbPUAT OaJaHC MEXKIY CUCTEMa-
TUYHATA W CTOXACTHIHATA KOMIIOHEHTa Ha Tpelrkara ce moctura npu k = 5,;m = 5 u N = 1024. Ilpu Ta3u
KOMOUMHAIMST aDCOIOTHATA IPEIIKA € MUHIUMAJIHA U OT C'bIIUs HOPSIbK, KATO IIPEIBAPUTENHO Ce 3a]aBa CUCTe-
MaTUYHATA PeIiKa. 10Ba MOTBbPKIABA TEOPETUIHUS M3BOJ, e rmapaMerpure m u k, onpese/ieHn Bb3 OCHOBA
Ha (PUKCUPAHOTO HIUBO HA CHCTEMATHIHATA I'DEINKa, OCUTYPIBAT HEOOXOINMATA TOYHOCT HA AITPOKCUMAIIASATA HA
pe3osBeHTHATA MaTpuila. bpodar na peasusanunte N TpsaOBa jga Obae n3dpaH Taka, € CTOXaCTUIHATA TPEITKa,
Ja ObJie ChIIOCTABUMA, IO TTOPSIHK ChC CUCTeMaTHdIHaTa. [Ipu mo-rojgemu croitHocTu na m, k u N ce HabJomasa
M3BECTHO 110/100peHne Ha abCoJIIOTHATA TPElIKa 110 OTHOIIEHNe Ha KOHCTAHTHHS MHOYXKUTE]I, HO 6e3 IIPOMsiHa B
HEWHUsI TIOPAIbK, KATO ChIIEBPEMEHHO HAPACTBA U3UUCIATEHATA CJIOXKHOCT. ¥YBeandaBaneTo Ha N (HampuMmep,
a0 N = 16384 wm N = 32768, sk Durypa u Tabmma HEe BOJIW JI0 MOHOTOHHO HaMaJsBaHe Ha T'PeI-
kata. [Ipuannaara ce cBbp3Ba € MOBUINEHATA TyBCTBUTEIHOCT HA APOOHO-parmonaHara GopMysia KbM MaJKQ
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biykTyanun B oneHKuTe Ha ciaydaiinnre semmaman (), KAKTO 1 ¢ JOMEHEpAINATA POJIST HA CHCTEMATHIHATA
rpenika.

Graphic when k=5, m=5 for a matrix A with n=1000

0,19

0,18 =4=—MC estimate
0,17 l\
0,16

W =l=QMC estimate

0,15

value

0,14

d

0,13 Minimum

0,12 eigenvalue

0,11 T T T d
512, 1024 16384 32768

Number of realization

Qurypa 2.2: CxoauMoCT K'bM TOYHATA MHUHUMAJHA COOCTBEHA CTONHOCT Ha MaTpunara A npu usnossBamne Ha
PMK u PKMK upu k = 5, m = 5 3a pazauunu Ha 6poit NV

[IpakTrdeckn pe3yaTaTuTe OKa3BaT, Y€ 38 MATPHUIN C PA3MEPHOCT OT MOPS/IbKA Ha HIKOJIKO XUJISIIA €JIEMEHTA,
ONTUMAJHUST OAJIAHC Ce ITOCTUra, KOraTo m u k ce m30UpaT CIIOpe]] TEOPETUIHUTE ONEHKH IIPU IIPeIBAPUTETHO
dUKCHPAHO HUBO Ha CHUCTEMATHUYIHATA I'PEIlKa, a N e OT ChIlus MOPsIbK KATO Pa3MEPHOCTTa HA MATPHUIATA.
[Ipekaseno manko N Boau [0 HOMUHUpaHE Ha CTOXACTHYIHATA T'DEIIKA, a IMPEKOMePHO rojisMo N yBejImdaBa
M3YNCINTEHATA IeHa 0€3 ChbIINEeCTBEHO MOA00PEeHre Ha TOYHOCTTA.

2.5 (O6o61IeHne

OlrieHsIBaHETO Ha MUHUMAJIHATA COOCTBEHA CTOMHOCT A;pi; HA CUMETPUYHA MATPHUI UPE3 CTEIIEHHU CTOXACTHUY-
HU aJICOPUTMHE H3WUCKBA U3UMC/IsSBaHE Ha obparHaTa Marpuia A~!, KoeTo e M3UHCIUTEeSHO CKBIIO IIPH TOJIeMI
pasmeprocTu. Karo edekruBHa anrepuatusa e uscieasan Croxactuden Pe3osiBeHTeH METO, KONTO eJIMMIHIPA
HeOOXO/IMMOCTTa OT SIBHO HaMupane Ha A~ !, m3nonssaiikn BMecTo ToBa pesonBenTHaTa Marpuna R, = (I—gA4)™!
¥ HelfHUTe cTeneHn. 3HAKBT Ha IapaMeTbpa Ha YCKOPEHUE ¢ OIPeJIeIs JIaJI Ce OIeHsIBa MUHUMAJIHATA, M MaK-
CHMAJTHATA COOCTBEHA CTOWHOCT.

TeopernunusT aHaj U3 IOKa3Ba, 4e CXOAUMOCTTa Ha PesosBenTHusi CrerneHeH MeTOJ, 3aBUCU CbHIIECTBEHO OT
mapaMerbpa ¢ u crernenTa m. CucreMaTHYHATA I'DEIKA HAMAJISBA IPU yBeJUYaBaHE Ha 1M, 8 CKOPOCTTa Ha
CXOJIMOCT C€ OTIPEJIEJIsi OT OTHOIIEHUETO MK Iy KpaifHuTe cOOCTBEHN CTORHOCTH Ha MaTpuiaTa. [IpekbeBanero
Ha OMHOMHWS peJi Ipe3 mapaMerbpa k BbBEXKJA JOIbJIHUTENHA CHCTEMATHIHA TPEIIKA, 38 KOSITO Ca MOJIyIeHn
AHAJINTUYHN OIEHKW. YCTAHOBEHA € JIMHEWHa 3aBHCUMOCT MEXKJy m W k, 1o3BoJisiBamia n3bop HA MUHUMAJI-
HU CTOHHOCTH IIpu (PUKCUPAHO HUBO HA CUCTEMATHYHA I'PEIKA M CbOTBETHO HAMAJIIBAHE HA U3YUC/ITUTETHATA
CJIO?KHOCT.

B croxacTrunara peamsanust Bb3HUKBA U cToXacTU4Ha I'pemika. [Ipeamoxkenn ca Pesonsenten Monte Kapo
(PMK) u Pesossenten Ksasu-Monre Kapmo (PKMK) anropurvu, Ipy KOUTO MAaTeMATHIECKHTE OYAKBAHUS
ce alpOKCHMHUpAT 4Ype3 CPeJHHUTE CTOMHOCTH oT N peajn3alyuyd Ha CAyJaifHUTe BEJUIUHU Ype3 MPEeKbCHATA
Bepura Ha Mapkos ¢ k npexoma. ITpu MK noxxoma rpemkara e ot nopsiabk O(N G %), noxaro npu KMK ce
u3nos3Ba HepaseHeTBOTO Ha Kokema—XiiaBka U pesiuny ¢ MainbK JucKpernanc (Hampumep, pemuna za Cobou),
ocurypsiBaina mo-obp3a cxogumoct. OOIaTa TOYHOCT ce OIpeesis OT OajlaHCca MeXKy CUCTEMATHIHATA TPEIKa
(mopaji peKk’bCBaHE Ha Pefia) M CTOXAaCTHYHATA rpelika (Hopaau Kpaitaus 6poii peaju3anun), KOETO HAJIAra
bastancupan n3bop Ha mapamerpure m,k u N.

[TosnyuenuTe TeOpeTUHIHM ONEHKM JABAT MPAKTUYIECKN HACOKU 3a m3060p Ha m, k m N Taka, de JaBaTa BHUIA
IPeIIKY Ja ObJaT ChIIOCTABUMHE IO HOPSIAbK CIIPSIMO 3a/1a/IeHa TOYHOCT. UHUC/IEHUTE eKCIIEPUMEHTH 38 MAaTPUIIU
¢ pazmepuoctu n = 500 u n = 1000 moTBbpKIABAT Te3W M3BOaU. Haii-mobpara edpeKTUBHOCT ce IMOCTHUTa, pU
napamMeTpu, ChOTBETCTBAIIM HA TEOPETUIHO IPeICKa3aHus Oalanc, KaTo yBeJrndaBaneTo Ha N HaJl onpejeeHa
rparuia He Bomu j0 cbinectseno momobpernne. PKMK anropursm mokassa mo-6bp3a cxomumoctT crpsivo PMK
noaxona, a xubpuguara GPU/CPU peanusanus nosBossiBa eeKTHBHO HPUJIOXKEHHE IIPU 33Ja4u C IOJIsMa
pasMepHOCT. JacT oT IoJydeHnTe PE3yJITaTH, ONMCAHN B Ta3W IJ1aBa, ca NyOiuKysaHu B cratuute [35] [36].

AsTopedeparu Ha muceprarmu 2026 (1) 49-97



CToxacTUYHH YUCJIEHA METOIU 34 OIleHKA Ha COOCTBEHH CTOMHOCTH 78

3. CroxacTn9HM METOAMW 3a OIleHABaHe Ha IMa3apHUSA PUCK HA WHBEC-
TUIMOHHU TOpTdeitan

B Tasu rimaBa mpejacraBsive mpuiioxkeHne Ha pa3paborenust AaroputsM (1| KbM peasien mpobsem oT hUHAHCO-
BaTa MaTeMAaTHKa - OIEHSIBAHE Ha MAa3apHUs PUCK Ha mHBecTHimoHeH noprdeitn. lenra e na ce memoncrpupa
MPAKTUIeCKATa TPUJIOKIMOCT Ha, CTOXACTUIHUTE CTEIIEHHU AJITOPUTMU Ipe3 aHAJI3 HA CIIEKTPATHUTE XapaKTe-
PUCTHKHU Ha KOpEJAIMOHHATA MATpua Ha JoxoaHocture. ONeHsBaHETO Ha eKCTPEMaJsHi COOCTBEHN CTORHOCTU
MO3BOJIsIBA WJIEHTU(DUIINPaHe HA JOMUHUPAIN PUCKOBH (haKTOPHU U M3CJIeJBaHE HA TyBCTBUTETHOCTTA HA IIOPT-
deita KbM nazapHu Kosebanusi. [1o T03u HAYMH TEOpETUYHHUTE aJrOPUTMU Ce U3IOJI3BAT KATO MHCTPYMEHT 38
KOJIMYECTBEH aHAJIN3 HA PUCKA W 33 MOJIIOMAraHe Ha WHBECTUIIMOHHU PEIICHUS.

3.1 IlocTtanoBka Ha 3aja4dara

OcHoBHAaTa 33/1a9a, KOSITO CU IIOCTABsME, € JIa Ce OIEHN MAaKCHUMAJIHATAa COOCTBEHA CTOWHOCT HA KOPEJAIMOHHN
MATPUIM U JIa Ce aHAJIM3UPa TOYHOCTTA Ha IOJIyYEHUTE ONEHKHU Upe3 IPUJIATaHETO HA paspaboTeHuTe noumu
onmumasnu Crerener Monte Kapino (CMK) u Creneren Ksasu-Monte Kapiso (CKMK) anropurmu, npejcra-
Beru B Lnasa (I} B pamkure na CKMK anropurbma ce BbBEXKIAT JOIBIHATEHO JBa oneparopa: (1) omeparop
3a npoiryckane (auri. skipping operator) u (2) oneparop 3a mpeckadane mpe3 cTblka (aHri. leaping operator).
TAXHOTO M3MOI3BAHE € MOTHBAPAHO OT HEOOXOJMMOCTTA JIa Ce HAMAJIU BJIUSHAETO HA HAYATHUTE HEPABHOMED-
HOCTH, XapaKTEPHU 38 PAHIOMU3UPAHUTE PEJUIN C MaJIbK JUCKPEIAHC.

3.2 Meroau u gaHHU

DuHAHCOBUTE JAaHHY, U3OI3BAHA 38 KOHCTPYUPAHETO HA KOPEJTAIMOHHUTE MATPUIIM, Ca U3BJICUYEHH OT ILJIAT(Op-
vure Portfolio Visualizer u Yahoo Finance, KaTo IOCTBIILT JI0 TOCJEIHATA € OCBHIIECTBEH Upe3 OuOImoTeKara
yFinance. OuensiBanero Ha Hafi-rojssMaTa COOCTBEHA CTONHOCT HA KOPEJIAIMOHHUTE MATPHUIH C€ U3BBLPIIBA C TI0-
couennte anropurmu B ['asa[lju ce anammsupa 6a1ancbT MezK/y CHCTEMATHIHATA M CTOXAaCTUIHATA PEIIKA. 3a
WHTEpIpeTaIys Ha PE3yJITATUTE B KOHTEKCTa Ha (DUHAHCOBHS AHAJIN3 Ce U3I0JI3BA TOKA3ATEISIT, HApEUIeH JAL Ha
obscrenama sapuayua (aura. Fraction of Variance Explained, FVE). Toii n3amepsa 9acTTa Ha BapHAIUSITA, Cb-
OTBETCTBAINA HA MAKCUMAJIHATA COOCTBEHA CTOWHOCT M XapaKTepU3upa CTEIeHTa HA BIUSHUE HA JOMUHUPAIIHS
mazapeH (HaxTop.

3.3 Oo6ima dhopMy/JInpoBKa Ha KOBAapHMAIlMOHHA U KOPeJallMOHHAa MaT-
puiia

Kopapunanusra n koed@unueHTHT HA KOPEJAIMSA Ca OCHOBHU XapaKTEPUCTHKM 33 OIMCBAaHE Ha JIMHEHHATa 3a-
BUCHUMOCT MEXK/JIy CJIydailHu BeaumduHu. KoBapmamusra Mexy JBe ciaydaitnn Besuuaunu X u Y ce jeduHupa
upes:

Cov(X,Y) = E[(X — px)(Y — py )], (3.1)

kbaero pux = E[X]| nu puy = E[Y] [(7, 91]. Ta usmepsa mocokara Ha CbBMECTHATA M3MEHUUBOCT, KATO MOXKE

Jla TIpHEMa KaKTO TIOJIOKUTETHH, TaKa U OTPUIATEHH CTOWHOCTH, HO 3aBHCH OT Mamaba Ha IPOMEHJIMBHTE.

KoedbunmenrbT Ha Kopesanus NpeJIcTaBIsBa HopMaIu3upata (popMa Ha KOBAPUAIMSTA U CE 33/]aBa 9pe3:
Cou(X,Y)

OXx0y

Corr(X,Y) = pxy (3.2)

KBJETO 0x U Oy ca cranmaprauTe otkiaonenus |77, [91]. Toit mpuema croitaoctn B naTepBata [—1, 1] n mo3soassa
cpaBHEHHe Ha JIMHE[IHUTe 3aBUCUMOCTHU, HE3aBUCUMO OT MEPHHUTE eIUHUIIN.

3a ciryuaen sekTop X = (X1,..., X, )’ kosapmanmonnara marpuna ce geduHIpPa KaTo:
T
D =Cov(X)=E[X-p)(X-p'], (3.3)
kbgero exemenrure L;; = Cov(X;, X;) ce npecmsrar no dhopmyna (3.1), a anaronanaure enementu ¥;; = o?

npeacTraB/IdBaT JUCIIEPCUUTE Ha CbOTBETHUTE KOMIIOHCHTH Ha C.Hy‘IafIHHH BEKTOD. (_j’bOTBeTHO7 KopeslanuoHHaTa
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MaTpHUIa e:

R = [pijlij=1,  pij = Corr(Xi, Xj), i,j=1,...,n, (3.4)
karo py; = 1 [42] [657].
B koHTeKcTa Ha TOPTQEIHIA aHAIN3, KOPEJIAINOHHATA MATPHILA, OIIACEA, 3aBUCUMOCTHTE MEKTy JOXOIHOCTHTE
Ha aKTHBUTE, a Haif-ToJIsMaTa i cOOCTBEHa CTOMHOCT CJIy’KH KaTO MHIMKATOD 33 JOMUHHpAIN MasapeH (ak-
Top [42]. Bucoku cTOWHOCTH Ha Ta3nm XapakKTePUCTHKA CA CBbDP3aHU ChC 3aCHUJICHA MA3apHa CHHXPOHU3AIWS W
OIPaHUYEHN Bb3MOKHOCTH 3a quBepcudukanus. KopapualuoHHATa MATPUIA IIPEJIOCTABS IIbJIHA HHDOPMAIUS
33 B3aMMO3ABHCUMOCTUTE MEKJy AaKTHBUTE U € (byHJaMeHTaJeH MHCTPYMEHT B 33Ja4uTe II0 ONTHUMU3AIUS 1
yIIpaBJIeHUe Ha IMOPTQeiIn.

3.3.1 KoHcTpynpaHe Ha KOBapual[MOHHA M KOpeJIAIIMOHHA MAaTPUIIA OT €eMITUPUTHU
JaHHU OT (PMHAHCOBHU IIa3apu

B emmupuunuTe m3cieasanus Ha (pUHAHCOBUTE MA3apH JTaHHUTE OOMKHOBEHO CE IMPEICTABSIT UPe3 MaTPHUIIATA
B € R™*"™ KbJeTo peloBeTe ' ChbOTBETCTBAT Ha HAO/IIOAEHUATA Ha, JOXOJHOCTUTE BbB BPEMETO, & KOJOHUTE 7 -
Ha Opos Ha pas/IMYHKM aKTUBU. Beceku pen b; onucBa CbBMECTHOTO ChCTOSIHUE Ha Ia3apa B JaJeH MOMEHT, KOETO
[I03BOJIsiBa aHAJIN3 Ha B3aMMO3aBHCHUMOCTHTE MexK 1y akrtuBure. Marpurara B ce 3ajaBa 4pes:
_ n _ T

B= [bij]i,jzl = (by,...,bs....b)", (3.5)
kbaero b; = (bi1,...,b;y) UPEICTABAABA N-MEPEH BEKTOP OT HAOJIOMABAHU JOXOJHOCTH 33 BCUYKH AKTHUBU B
MomenTa i (1 =1,...,7).

IlenTpupaHe HAa JaHHUTE U N3BaKOBA KOBAapHAIlMOHHA W KOpeJIAIIMOHHA MaTpHIia

Heka b e n-mMepHuUSAT BEKTOp Ha M3BAJKOBUTE CPEIHU CTONHOCTH HA KOJIOHUTE Ha Mmarpurnarta B. Ilearpupanara
MaTpuiia ce AeddUHUPA M0 CIACTHUS HATMH:

—T
B.=B—eb , (3.6)
KbsieTo € € R e BekTop OT equuunu. V3BagkoBaTa KOBApUAIIMOHHA MATPHUIIA CE€ OMPEIEsIst Ipe3:

1

r

T
Y B; B.. (3.7)
Ilpu masku croifHocTH Ha 1 BbB dopmyna (3.7) nemenuero ce uspbpmsa ¢ © — 1. Ejementure ¥;; usMepnar
CbBMECTHATA U3MEHUYMBOCT MEXKJIY JIOXOJTHOCTUTE HA AKTUBHUTE, a JIMATOHAJHUTE €JIEMEHTH Y.;; ChOTBETCTBAT HA
Texuure Bapuanun. Pucksr Ha moprdeiin Il ¢ Tersta w ce 3amaBa ape3 kBagpaTnanaTa GopMa:

Var(ll) = w' Tw, (3.8)

KOETO IIoJ[YepTaBa POJidTa KaKTO Ha HMHAUBUAYAJIHUTE PUCKOBE, TaKa W Ha B3aUMHUTE 3aBUCHUMOCTHU MEXKIY
AKTUBUTE. KOpeJIaL[I/IOHHaTa MaTpulla ce IIoJIydaBa 9pe3 HOPpMaJIM3MPpaHe Ha KOBapUallUOHHaTa MaTpUIla CbhbC
CTaHJapTHUTE OTKJIOHCHU:

A —1/25p-1/2 Xy

R=D,/"ED, "%, py= (3.9)

i
003

KaTo p;; € [—1,1] u p;; = 1. Tasu marpuna npeocTass MamabHO He3aBUCHMA MsIPKa 33 JITHEHHITE 3aBICUMOCTH
MeXK/[y aKTHBUTE U € KJII0U0Ba 3a aHajn3a Ha nuBepcudukanmsra [42].

3.3.2 Isi1 Ha obsicHeHaTa Bapuaius

b Ha obscaenara Bapuanus (FVE) e Baxkna xapakTepuCTHKA, CBbP3aHa CbC CIEKTPAJIHUTE CBOHCTBA HA
KOBapHAIMOHHATA WM KopesialnonHnara mMarpuia [47]. 3a cumerpuyna marpuna A ¢bc cOGCTBEHU CTORHOCTH
A1 > Ay >0 > A\, >0, narbr Ha obscuenara Bapuanus (FVE), cvorBercrBain Ha Haji-rossMara cobcTBeHA
CTOMHOCT A1, ce nedpuHUpa KaTo:

A1 A1
FVE, = = 1
VE; YA trace(A) (3.10)

a 3a II'bpBUTE k KOMIIOHEHTH:

Zkfl Ai
FVE, = ==—. A1
VEk trace(A) (3:.11)

AsTopedeparu Ha muceprarmu 2026 (1) 49-97



CToxacTUYHH YUCJIEHH METOIU 34 OIleHKAa Ha coOCcTBeHHU croiHocTr S0

B uactaus ciydaii Ha Kopesjarnuonua Marpuia R, 3a koaro trace(R) = n, ce mosydasa:

FVE = . (3.12)
n

Tasu BesimdnHa M3MEPBAa OTHOCUTEHUS IPUHOC HA JOMUHHPAIsS HaKTop B o0IaTa BapUalus Ha CHCTEMATA.
B xonTekcra Ha dhuHaHCcOBUTE TIa3apu rojgemMute croiinoctn na F'V E| moka3saT HaJudIne Ha CUJIEH OOII Ia3apeH
¢dakTOp U BUCOKO HUBO HA CHCTEMATHYEH PUCK, KOETO OI'PaHMYaBa e(PeKTUBHOCTTA Ha guBepcudukamusTa. O6-
paTHO, ITO-MAaJKUTe CTOWHOCTH IMPE/IITOIAraT Mo-T00pa Pa3peeIleHOCT Ha PUCKA MEXK/Ty He3aBUCHUMU (DaKTOpU
7 TO-OJIATOIPUSATHN YCJIOBHUA 3a onTuMu3anus Ha noprdeitta. Ciie0BaATEIHO, OIEHABAHETO HA HANW-TOJISIMATA
cobCTBEeHA CTOWHOCT Ha KOPEJIAIMOHHATA MATPUIA M CHOTBETHUS [Is171 HA ODSICHEHATA BAPUAIMS IIPE/ICTABIISIBA
KJIIOYOB €Tall IIPA KOJIMYECTBEHUs aHaJIu3 Ha I1a3apHUs PUCK.

3.3.3 CroxacTuuHu AJITOPUTMHA 3a OlleHdBaHe Ha MaKCHMaJTHaTa cobcTBeHa CTOili-
HOCT Ha KOpeJiIallMOHHa MaTpula

[Ipu onensiBaneTo Ha Hail-rosisiMaTa cCOOCTBEHA CTOMHOCT HA PA3IJIEXKIAHUTE KOPEJIAIMOHHN MATPUIH Ce ITPUJIa-
rar paspaborennre B I'nasa [l nowmu onmumannu Crenenen Monte Kapao (CMK) u Crenenen Kpasu-Monre
Kapsio (CKMK) asropurmu. 3a te3u ajropurmu Gelie moKa3aHo, Ye IPEBb3X0KIAT KAGCUMECKUIME UM aHaJI0-
3, Tl KATO MPU CHIOCTABUMU U3YUCIUTETHU PA3XOIU OCUTYPABAT MO-BUCOKA YUCJIEHA TOYHOCT U TO-CTaOUTHA
cxomumocT Ha oreakure. IToumu onmumasnusm CKMK amropurbm, o3naden kato Asropursbm [1] B [uasa 1,
U3M0JI3Ba Pa3bbpPKaHN PEJIHIN ¢ MAJIbK JIMCKPENaHC 3a KOHCTpYHUpaHe Ha Bepura Ha MapkoB. Ako B cTbiika 4 ce
rerepupar peaunu Ha XoarbH uiu Cobout, TO Te ce pealim3upaT CbOTBETHO YPe3 MCEBIOKOI0BeTe AJITOPUTHM

u AJropurbM

Algorithm 3 Pseudocode for generating a scrambled Halton Sequence with skip and leap parameters

CREATE FUNCTION: generateHaltonSequence (N, k+1)
GENERATE: p + haltonset(k, ’skip’ = s1, ’leap’ = 14)
GENERATE: p « scramble(p, 'RR2’)

GENERATE: points < net(p, N)

OUTPUT: Return points

Algorithm 4 Pseudocode for generating a scrambled Sobol Sequence with skip and leap parameters

CREATE FUNCTION: generateSobolSequence (N, k+1)
GENERATE: p < sobolset(k, ’skip’ = s1, ’leap’ = 1;)
GENERATE: p < scramble(p, 'MatousekAffineOwen’)
GENERATE: points < net(p, N)

OUTPUT: Return points

ITpu u3Gop s; = 0 u I3 = 0 ce nomyuasar crangapran (defeult) BepcuM Ha pejUIUTE CHOTBETHO O3HAUEHU

c PQM C’((;?) u PQM C((g)). IIpu HenyJsieBH CTOMHOCTH Ha MapaMeTpUTe ce mpujarar omeparuure skip u leap,

KOWUTO II03BOJIABAT KOHTPOJI BbPXY HAYAJHHUTE €JEMEHTU U JOI'bJIHUTETHO pa30bpKBaHE Ha PEIUIUTE, KATO
CBHOTBETHUTE AJITOPUTMU CE O3HAYABAT C PQMC((EZ)) u PQMC'((Z,’;).

3a peanmzanuara Ha noumu onmumaanus CMK amropurbm (AsropurbM 1a) ce usnosssar reHepaTopuTe
Ha ncepgociaydaiinu ancina Mersenne Twister (MT) n Middle Square (MS), KaTo CHOTBETHHTE BapHaHTH Ce
osnagasar ¢ PMCyry u PMC(ys). Benuxn anroputmun ca peanusupann B cpega MATLAB (sepcus 9.10,
R2021a), KaTO W3IOJI3BAHUAT CUHTAKCUC Ha pyHKIuuTe haltonset, sobolset u scramble B Anropursbwm (3| u

AgaropurbM (4| e cbobpaseH ¢ odunpannara gokyMeHTanyst Ha MATLAB [93] [94].

3.4 YwucjaeHuW pe3yJaTaTH U JJUCKYCHUS

B macrosmara ceknus ca mIpeICTABEHN YUCICHU PE3Y/ITATH 3a OIEHsIBaHE HA MAKCHMAJHATA COOCTBEHA CTOM-
HOCT Ha JiBe Kopejaruonau Marpurm ape3 noumu onmumasnume CMK 1 CKMK anropurmu. Uscnenanero e
[IPOBEJIEHO BBbPXY J1Ba MOPT(dEiia OT aKTUBH C PA3/IMYHA PA3MEPHOCT, KOETO II03BOJISIBA aHAJIN3 Ha IIOBEJIEHUETO
Ha aJIrOPUTMUTE IIPY PA3JIMYHA CTElleH Ha CJIOYKHOCT U WH(POPMAIMOHHA HACUTEHOCT Ha JTAHHUTE.

[IbpBaTa KopesannoHHa MaTpPUIA € KOHCTPpyupaHa Ha Oa3ara Ha MECEIHHTE JOXOJHOCTU Ha 1 = 32 1yiodajHu
akTuBa 3a rnepuoma ot suyapu 2007 r. 7o mapt 2024 r., cbe cboTBeTHU pasmeprnoctu r = 207 u n = 32. Bropara
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MaTpUIa € u3rpajeHa or goxognocrure Ha n = 490 komuanuu oT uuaekca S& P500 3a nepuoma 2021-2025 r., upu
r =>5 un = 490. Upes npunarane ua nearpupane (r.e. popmyia ), OIleHKa Ha KOBapHAIMOHHATA MATPHUIIA
U HOPMAJIU3AIUS ce MOoJIyYaBaT KOPEJAIMOHHU MaTPUIA ChC CbOTBETHH MAKCHMAJIHU COOCTBEHU
CTOMHOCTH U JISIJIOBE Ha 0OsICHEHA, BAPHUAIIMS:

e 321 = 32: A = 18.14714, FV E; = 56.71%;
e 3a 1 = 490: \par = 201.090512, FV E; = 41.04%.

Tesu croiiHoCcTH ca M3YHUC/IeHN Ype3 BrpajeruTe MyHKIuM Ha MATLAB U ciiy>Kar Karo pedpepeHTHU CTORHOCTH
[IpY OIEHKA HA TOYHOCTTA HA AJTOPUTMUTE.

B unciieHnTe €KCIEepHMEHTH BeKTopuTe h 1 f, M3I0I3BAHN [P KOHCTPYUPAHETO Ha CIydaiinnre Bemaumm 6F)
u 0= ca us6panu ¢ Li-HOpMa:

"1
Bl =f1=> - =1,
L
=1
KOETO OCHUT'YpsiBa, HOPMAJIM3AIUsS U CTAOMITHOCT HA CTOXACTUYHUTE OIEHKU. 3a OCUTypsBaHe HA CXOIUMOCT Ce
pasriiexa marpuriata A = ¢R, K'bJero napaMeTbpbT ¢ ce u3dupa Taka, 9e Ja e u3'bJHeHO ycaoBueto || Al < 1:

1

-
|A1| + 6’ >0,

q

WIN TIPU JIUIICA, Ha IIPEJIBAPUTEHA OIEHKA 38 A1:

1 ) n
qQ=—" R||; = max Pij u 4> 0.
s VR e e

Tosu 1moixos ocurypsiBa KOPeKTHA IPUJIOYKHUMOCT Ha CTOXACTHYHHATE METOJM U TapaHTUpa TSXHATa HYHUCIeHA
YCTOIYMBOCT IIPH OlIEHSIBAHETO HAa MAKCHMAaJIHATAa COOCTBEHA CTOMHOCT.

3.4.1 Cuayuaii (i): KopejarOHHA MaTPUIA C Pa3MEPHOCT N1 = 32

B Tabsmuia ca IpeJICTaBEeHN YHUCJIEHUTE Pe3yJITaTh 3a OleHsIBaHe Ha Hal-TOoJIsIMaTa COOCTBEHA CTOMHOCT Ha
KOpeJIalMOHHATA MaTpuIa R mpu pasmepHocT n = 32 . TlosryyennTe Yucienn pe3yaTaTu ca peaju3upaHd Ipes
noumu onmumasnus CMK anropurbm (AsiropursMm 1a). Msnonssar ce gBa reseparopa Ha IICEBIOCILYaii-
mn uncia - Mersenne Twister (MT) u Middle Square (MS), cvorserno osuauenn ¢ PMCypy 1 PMCyg).
OlneHsIBaHETO Ha MAKCHUMAJIHATA COOCTBEHA CTOMHOCT A1 = Apax € U3BBPIINEHO [PU PA3JIMYHK CTONHOCTH Ha
6post pexom k BbB Bepurara Ha Mapkos u 6post peasusamyn N Ha cayuaiianre sesmanan 0F) u §*—1D | garo
B Tabsmia ca MPEJICTABEHU W CHOTBETHUTE abCOJNIOTHU TPEIIKH. AHAJUZBT MOKA3Ba, Y€ MPU (DUKCUPAHO
N yBenmvuaBaHeTO Ha k BOIM 0 HaMaJdBaHE Ha TpelrKaTa, KOeTO ce CTabMIN3Upa OKOJIO k = 8 m ce JTOCTHTa
[IPAKTUYECKUST ONTUMAaJIeH OalaHC MeXKJy CHUCTEMAaTHYHATa M CTOXaCTUYHATa KOMIIOHeHTa Ha rpemkara. OT
Jpyra cTpaHa, ¢ yBejndaBaHe Ha N ce HAOJIO[aBa MOHOTOHHO HaMaJjisiBaHe Ha aDCOJIIOTHATA I'PEIIKa, KOETO € B
CbOTBETCTBIUE C Kjlacudeckure cBoiicrBa Ha Monte KapJjio merosure.

MunumajauTe abGCOFOTHU T'PEIIKU 32 JIBaTa aJIrOpuTbMa ca orbens3anu B Tadauia KaTO Pe3yJITaTUTe I0-
Ka3BaT CbIOCTABUM IIOPSIbK Ha TOYHOCT IIPU JABaTa reHeparopa. Busyammsamusara na ®urypa [3.1] mmocrpupa
CXOIMMOCTTa Ha OI[EHKNTE )\gk) K'bM TOYHATA CTOUHOCT A IpH pukcupano k = 8 u HapacTBall Opoii pean3aiuun
N. Habmonasa ce, 1e u JiBaTa aJropuThbMa ce CTpeMdAT KbM pedepenTHaTa croitnoct, Ho PMC(y 1) nemonc-
TpHUpa IM0-BUCOKA TOYHOCT U IO-YCTONIMBaA CXOAUMOCT, ocobeHo mpu no-mayiku N. [IpakTtudecku, 3a mocrurane
Ha TOYHOCT JO BTOPUS WU TPETUS 3HAK CJIEJ JleCeTUIHaTa 3amerasi ca goctarbdun N = 512 wmu N = 1024
CUMYJIAITIH, KOETO € HAII'bJIHO aJeKBATHO 3a MPUJIOKEHUsT B MOPTMERTHIA aHAII3.

Ypes usnosssane Ha (opmyiia 3a KOpeJaIMoOHHa MaTPHUIA C Pa3MEpPHOCT N = 32 W ONEHKHWTE IIph
N = 1024, ce nomyuasar croitnocrn FVE; ~ 56.70% 3a PMC(yry nu FVE; ~ 56.72% 3a PMC(yg). Tosa
HOTBbPKIaBa, e MPUOJMKEeHUsATa Ha A\] ¢ ToIHOCT oT mopsyrbka O(1073) mozBonsgpaT HajeKIHO U3UHCTS-
BaHe Ha Jsijla Ha ODsiICHEHATa Bapualus, KONTO e KJIOYOB IOKa3aTesl 3a OIEHKA Ha CHCTEMATUYHUsI PUCK U
KOJIeKTHBHATa AuHaMuKa Ha aktusure. CremoBaresnno, nowmu onmumasruam CMK amropurbm mpemcraBissa
edeKTUBEH IOAX0J 3a AHAJM3 Ha KOPEJAIMOHHA MATPULM C HErojeMd Pa3MEPHOCTHU IPU OTHOCHTEIHO MAaJIKU
U3YNCIUTEHA PA3XOIH.

B Tabaumna ca IpEeJICTABEHU Pe3yJiTaru OT npujiaranero Ha noumu onmumanrtus CKMK ajgropursm 3a

KOpesanuonHara Marpuna (n = 32), peajusupan upe3 derupu Bapuanta: PQM C’((I‘?), PQM C((gg, PQM C((Zl))
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l
u PQMC((;’ ). Bapuanrure ¢ nngexkc (d) cborBercrBar npu u3dop s; = 0 u I3 = 0 B AsropurbMm 1/1 Ag-
rOPUTHM
ITpu memyseBu croiinocru Ha mapamerpure skip u leap ce peasusupar BapuaHTuTe (S,l), KOUTO IIO3BOJISIBAT

KOTaTO Ca M3MOJI3BaHN pa30bpKaHu peaui Ha XoaThbH u CoboJI ¢ HACTPOUKHU 10 nodpadbupare.

110-UH KOHTPOJI BbPXY PABHOMEPHOCTTA Ha M€HEPUPAHNTE TOYKH U MOTEHIINAJHO IOJ00PABAT CXOIUMOCTTA HA
OIIEHKUTE.

Tabsmna 3.1: Pesysrarn 3a MakcHUMaJIHATE CTOWHOCTH Ha A u abeomornara rpemka 3a PMCyr) n
PMC sy npu pasnuaan N u k, KOrato Ape, = 18.14714

N k )\gk) using Absolute Error )\5’“) using Absolute Error
PMC ) PMCn) PMCrs) PMC(ars)
5 17.809541 0.3376 17.766635 0.3805
6 17.955782 0.1914 17.931153 0.2160
7 18.031908 0.1152 18.016774 0.1304
128 8 18.178382 0.0312 18.184488 0.0373
9 18.217756 0.0706 18.234182 0.0870
10 18.259830 0.1127 18.278015 0.1309
11 18.293246 0.1461 18.336586 0.1894
5 17.886432 0.2607 17.880110 0.2670
6 18.013889 0.1333 18.025125 0.1220
7 18.098671 0.0485 18.090287 0.0569
256 8 18.163375 0.0162 18.172589 0.0254
9 18.214595 0.0675 18.220052 0.0729
10 18.265757 0.1186 18.270934 0.1238
11 18.307841 0.1607 18.317397 0.1703
5 17.894326 0.2528 17.893265 0.2539
6 18.019977 0.1272 18.014737 0.1324
7 18.099165 0.0480 18.094732 0.0524
512 8 18.151116 0.0040 18.152321 0.0052
9 18.194868 0.0477 18.218433 0.0713
10 18.231143 0.0840 18.244924 0.0978
11 18.275571 0.1284 18.284115 0.1370
5 17.977295 0.1698 17.947696 0.1994
6 18.102537 0.0446 18.038992 0.1081
7 18.118865 0.0283 18.098850 0.0483
1024 8 18.145221 0.0019 18.150097 0.0030
9 18.176356 0.0292 18.214874 0.0677
10 18.202606 0.0555 18.276008 0.1289
11 18.250397 0.1033 18.294888 0.1477
5 18.007899 0.1392 17.981049 0.1661
6 18.106753 0.0404 18.056203 0.0909
7 18.126731 0.0204 18.104529 0.0426
2048 8 18.147226 0.0001 18.146851 0.0003
9 18.164272 0.0171 18.172111 0.0250
10 18.193708 0.0466 18.215959 0.0688
11 18.218186 0.0710 18.260127 0.1130

*MapKupaHnuTe peJoBe MpeICTaBaaBaT ONTHMAJIHATE k CTOHHOCTH 3a BCAKO IN.

Yucaenure pesyiraru 3a nouwmu onmumansrume CKMK anropurmu (PQM C’((Z;l)) u PQM C((g’)l)) ca T0JIydYeHn
npu u36bop Ha mapamerpu s; = 1024 u [y = 128 B AaropursM (3| u Asropursbm 4, KoeTo CHOTBETCTBA HA
npuwiarafe Ha ornepanunte skip u leap npu reHepupaHeTo Ha pa3dbpkanute pemuiy Ha XoarbH u Cobon. Mak-
CHUMAJTHATA COOCTBEHA CTOMHOCT A1 = Apax HA KOPEJIAIMOHHATA MATPHIA € OIEHEHA IPHU PA3JUIHU CTONHOCTH
Ha 6post pexoau k u 6pos peanusarnuu N, kato B Tabaumal3.2 ca mpeacraBenn u chbOTBETHUTE aOCOTIOTHN TPEITI-
ku. Ilosiyuenure pesysitaru mokaspar, 4ye mnapamerpure k u [N OKa3BaT CbIIECTBEHO BJIMSIHME BHbPXY OaJiaHca
MEKJIy CUCTEMATUIHATA U CTOXACTUIHATA I'PEIIKA, KAKTO U BbPXY U3YUCIUTE/THATA CJIOKHOCT Ha aJrOPUTMUTE.
[Ipu durcupano N ypesmdaBaHeTo HA k BOIU JI0 HaMAJIIBaHE Ha abCOJIIOTHATA IPEIIKA, KOETO Ce CTabuIm3npa

okosio k = 11 3a Bapmanrture 10 nodpaszbupane PQM C((;ll)) u PQM C((gl%, u okosio k = 13 3a BapumanTture c

napamerpu PQM C((;I’l)) u PQM C((g’)l), KOETO II0Ka3Ba JOCTUIaHe Ha IPAKTHUIECKU OINTHMAJIEH DAJIaHC MEXKILY
KOMIIOHEHTHUTE Ha rpemkara. [Ipu dpurcupano k u Hapactsamo N, ajgropurmure PQM C((;_ZI)) u PQM C((g% Je-
(s,0)

MOHCTPpUPpAT MOHOTOHHO HaMaJldBaHE Ha I'DEHIKaTa 1 cTabuIHa CXOJMMOCT. 3a pa3J/inKa OT TAX, IIPpU PQMC(H)

s,l
u PQM C'((S’)) ce HabJIIO/IaBa 3HAYNTENHO [0100peHne pu Majku u3Bajku (N = 128, 256), Ho npu no-rojaemu N
rperkaTa oCTaBa IOYTHU [IOCTOAHHA UJIA JIOPU HAPACTBA, KOETO ChOTBeTCTBa Ha HabioienusaTa B [62] orHOCHO
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qyBCTBUTETHOCTTA KbM ITapamerpure skip u leap.

——exact value +PMC( MT) +PMC(MS)
18,19
18,185
18,18
18,175
18,17
18,165
18,16
18,155
18,15
18,145 ~———
18,14

VALUE

128 256 512 1024 2048
NUMBER OF REALIZATIONS (N)

Qurypa 3.1: CpaBHeHHe MeXKJy TOYHATA MAKCUMAJIHA COOCTBEHA CTOMHOCT A1 M HPHOJIMAKEHA COOCTBEHA CTOM-

HOCT )\gk)

k=28

sa PMCyry, PMC()rs), oydenn B 6ajancupaliuTe Ciydan MpU pasjingHu croitnoctu na N u

. k .
Tabaumna 3.2: Pesysnrarn 3a MakcuMaJHE COOCTBEHHU CTOMHOCTH 3a )\sm)w 7 abCOJTIOTHA TPEIKA Ipe3 CIeHAPUit

1o noapa3bupane u cruenapuii, nsmosssai skip u leap npu paziuanu N u k, KOTaTo Ap,q, = 18.14714

(k) . Absolute (k) . Absolute (k) . Absolute k) . Absolute
N A HSI(I;% Error A USI(I;%: Error Al us(l?%) Error A us(l?gl) Error
PRMCu, — pouc)  PRMCs)  poumcly  PeMOm poucly,)  PRMC, peMC(y)
8 17.757547 0.3896 17.761379 0.3858 17.672733 0.4744 17.706637 0.4405
9 17.888100 0.2590 17.888185 0.2590 17.787523 0.3596 17.792723 0.3544
10 18.016669 0.1305 18.038214 0.1089 17.856741 0.2904 17.859089 0.2881
128 11 18.175307 0.0282 18.170859 0.0237 17.903166 0.2440 17.914975 0.2322
12 18.298811 0.1517 18.264832 0.1177 18.036970 0.1102 18.097564 0.0496
13 18.479146 0.3320 18.474626 0.3275 18.145462 0.0017 18.146253 0.0009
14 18.643362 0.4962 18.639031 0.4919 18.194240 0.0471 18.191902 0.0448
15 18.712889 0.5657 18.706247 0.5591 18.290732 0.1436 18.290924 0.1438
8 17.882593 0.2645 17.883812 0.2633 17.761315 0.3858 17.763949 0.3832
9 17.994408 0.1527 18.016913 0.1302 17.854804 0.2923 17.867712 0.2794
10 18.061271 0.0859 18.062487 0.0847 17.936785 0.2104 17.921160 0.2260
256 11 18.168944 0.0218 18.167556 0.0204 18.036010 0.1111 18.043959 0.1032
12 18.284126 0.1370 18.251619 0.1045 18.097978 0.0492 18.098070 0.0491
13 18.482373 0.3352 18.469322 0.3222 18.145462 0.0017 18.146253 0.0009
14 18.545036 0.3979 18.516617 0.3695 18.209384 0.0622 18.185109 0.0380
15 18.608838 0.4617 18.607262 0.4601 18.289967 0.1428 18.270105 0.1230
8 17.927397 0.2197 17.962654 0.1845 17.774098 0.3730 17.778972 0.3682
9 18.020330 0.1268 18.021557 0.1256 17.846070 0.3011 17.867473 0.2797
10 18.081105 0.0660 18.081198 0.0659 17.938077 0.2091 17.949995 0.1971
512 11 18.153831 0.0067 18.152703 0.0056 18.009669 0.1375 18.014807 0.1323
12 18.263301 0.1162 18.248667 0.1015 18.038078 0.1091 18.038550 0.1086
13 18.425061 0.2779 18.411903 0.2648 18.144697 0.0024 18.145602 0.0015
14 18.506259 0.3591 18.504204 0.3571 18.204814 0.0577 18.191490 0.0444
15 18.551586 0.4044 18.546687 0.3995 18.249184 0.1020 18.242947 0.0958
8 17.962214 0.1849 17.978111 0.1690 17.776881 0.3703 17.792702 0.3544
9 18.035437 0.1117 18.042592 0.1045 17.867701 0.2794 17.887652 0.2595
10 18.103422 0.0437 18.109582 0.0376 17.980078 0.1671 17.980502 0.1666
1024 11 18.150822 0.0037 18.150986 0.0038 18.010761 0.1364 18.037651 0.1095
12 18.294487 0.1473 18.284447 0.1373 18.098692 0.0484 18.098718 0.0484
13 18.385875 0.2387 18.384413 0.2373 18.144277 0.0029 18.144964 0.0022
14 18.446470 0.2993 18.443825 0.2967 18.202841 0.0557 18.203207 0.0561
15 18.530500 0.3834 18.521017 0.3739 18.236167 0.0890 18.235788 0.0886
8 18.000431 0.1467 18.000619 0.1465 17.787254 0.3599 17.788274 0.3589
9 18.061446 0.0857 18.064399 0.0827 17.879783 0.2674 17.887915 0.2592
10 18.108451 0.0387 18.110469 0.0367 17.980078 0.1671 17.980502 0.1666
2048 11 18.148212 0.0011 18.147480 0.0003 18.010923 0.1362 18.040106 0.1070
12 18.226453 0.0793 18.221684 0.0745 18.118819 0.0283 18.120939 0.0262
13 18.385443 0.2383 18.379872 0.2327 18.144277 0.0029 18.144964 0.0022
14 18.443228 0.2961 18.435573 0.2884 18.202381 0.0552 18.203555 0.0564
15 18.509033 0.3619 18.492101 0.3450 18.247648 0.1005 18.243565 0.0964

*MapKupaHuTe peloBe IPECTABIABAT ONTUMAJIHATE Kk CTOMHOCTH 3a BCAKO N.
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I'paduunoro cpasuenne ma Purypa [3.2] mOTBBpKIABA HAIPABEHUTE H3BOJU, KATO HJIIOCTPUPA CXOMAUMOCTTA

Ha OIIEHKUTE )\gk) K'bM TOYHATA CTOMHOCT A mpu HapacTBarl Opoit peanusanuu N. Ajropurmure PQM C((g))

u PQM C((Z[)) JIEMOHCTPUPAT YCTONYNBA, W TJIQJIKA CXOJMMOCT, JIOKaTo Bapuantutre PQM C'((Z;l)) u PQM C'((Z,’)l)
MOKA3BAT IO-/100pa TOYHOCT MpU MAJKU [N, HO OIpaHUYEHO T000peHre mpu mo-rojemu u3saaku. Ha Purypa
anropurmure PMC(yry n PQM C((g)) Cce OTKpOSIBAT C IMO-BUCOKA TOYHOCT M CTAOMJIHOCT IIpu rojemu IV,

nokaro upu Masiku u3Baiaku (N < 512) usnonssanero na CKMK anropurmu ¢ napamerpu skip u leap e 1o-
eeKTUBHO.

—s—exact value —I—PQMC(d) —t—PQMC(d) -a- PQMC(S’I)—I- PQMC(S’I)
(H) s) (H) (s)

18,18
18,175
18,17
18,165

18,16

VALUE

18,155

18,15

18,145

18,14
128 256 512 1024 2048

NUMBER OF REALIZATIONS (N)

Qurypa 3.2: (PQMC((Z)), PQMC((Zg) u (PQMC’((;I’Z)), PQMC((;’)I)). CpaBHeHne MexK1y MaKCUMaJHATa COOCTBEHA
(k)

CTOMHOCT Apmax Ha KOPEJAIMOHHATA MaTPHUIA U OIEHEHUTEe CTOMHOCTH A, moJjiydeHu npu k = 11 B ciydas 1o
nojpa3bupane u k = 13 B ciiyuas ¢ MpOIIyCKaHe U [IpecKayaHe W Pa3/IMIHu CTOHHOCTH Ha V.

(d) (s,1)
——exact value -=PMC (MT) +PQMC(S] — PQMCm

18,185
18,18
18,175
18,17

18,165

VALUE

18,16

18,155

18,15

18,145
18,14

128 256 512 1024 2048
NUMBER OF REALIZATIONS (N)

Qurypa 3.3: CpaBHeHUE MeXK /1y MAKCHMAaJIHa COOCTBEHA CTONHOCT Apax U NPUOJIMKEHUTE COOCTBEHU CTOMHOCTH
/\gk), nonydenn npu k = 8 3a PMC(yry, k=11 3a PQMC’((g; nk=133a PQMC’((;’)” P PA3JIMIHU CTORHOCTH

Ha N.

Ta6muna 3.3: Ipubamkenu croiinocTu 3a Jsia Ha obscHenara Bapuanus (FVE;), mosydenun npu k = 8 3a
PMC(MT), k=113a PQMC((Zg nk=133a PQMC((;’)I) 3a, KOpeTAIMOHHATA MATPUTIA Re pasmepHOCT N = 32.
Pedepentrata croitnoct ¢ FVE; = 56.71%.

N PMCoyr) PQMCLY) PQMCL)
256 56.76% 56.77% 56.70%
2048 56.71% 56.71% 56.70%

B Tabauna ca npejcrasenn otenku 3a FVE, nomyuenn upes PMC 7y, PQM C((g)) u PQM C((g’)l), pu
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Gasancupamu croitHoctn Ha k u N = 256, 2048, kato pedepentnara croiinoct € FVE; = 56.71%. Pesyararure
)

S
MOKa3BAaT, Ye Mpu Majku usBaaku PQM C((S) JaBa o-I00pH OIEHKHU, JOKATO mpu rojaeMu N mo-epeKTUBHH ca

d
PMC vy n PQM C'((S§, KOWUTO MOCTUTAT MO-BUCOKA TOYHOCT IPU MO-MAJIKA U3YUCUTETHA CJI0KHOCT. BucokaTta

croinoct Ha FVE; 3a n = 32 nmoka3Ba Hajandne Ha JOMUHHPAIL (HPAKTOP, KOETO O3HAYMABA MO-BUCOKA KOHIIEHT-
palus Ha CUCTEMATHYEH PUCK M OTPAHUYEHN Bb3MOXKHOCTH 3a JIUBepCUUKAIINS, Thil KATO aKTUBUTE Pearupar
CXOJTHO Ha Ma3apHU IIOKOBE.

3.4.2 Cuaywuaii (ii): kopesanmoHHa MaTpuIa ¢ pasMepHocT n = 490

B Ta6muna [3.4) ca npeacraBeHn 4umcieHnTe PE3ysITATH 3a OLEHSBAHE HAa MAKCHMAJHATA COOCTBEHA CTOHHOCT
A1 = Amax Ha KopesjamuoHHa Marpuria R ¢ pasmeproct n = 490, koHCTpyupaHa Ha 0a3arta Ha JTOXOTHOCTHTE
Ha Kommanuu or uuiekca S&P500 3a nepuoma 2021-2025 r. (Buk IIpunoxenue). [lopanu smica Ha rbiaHn
JIAHHU, JleceT KOMIIaAHUY Ca U3K/Iouenn oT anammusa. Orenssanero e nuapbpiieno upes ajaropuryure PMC iy,
(d) (d) "
PQM C( " PQM C( g)» TP PasJIH<HE CTORHOCTH Ha Opost tpexoan k u Opost peasmmsanuu N, KaTo ca aHa-
JIN3UPAHU W CbOTBeTHUTE abcoJoTHU rpemku. OneHsBaHeTO € U3BbPIIEeHO 4upe3 noumu onmumasrus CMEK
d d
anropurbm PMCyrry 1 nowmu onmumanrume CKMK anropurvu (PQMC((H)) u PQMC((S))), M3MOJI3BAIIA
pa3obpranu pegury Ha XoaTbH u Cobos ¢ HaCTpoiiKu 10 nodpadbupane. Pesynrarure moka3sar, de mapamer-
pure k u N oka3BaT CbHINECTBEHO BJIUSHUE BHPXY TOYHOCTTA HA OIEHKHUTE, KATO DAJAHCHUPAIIATE CTORHOCTH
d d

Ha Opos pexoqu ca k = 8 3a PMCyry u k = 11 3a PQMC((H)) u PQMC’((S))7 HE3aBUCHUMO OT 3HAYUTEJTHO
[IO-TOJIsIMATa PaA3MEPHOCT CHPSAMO ciydas n = 32.

" k
Tabsuma 3.4: Pe3gynraru 3a MaKCHUMAJHH COOCTBEHH CTOMHOCTH 33 )\gm)m “ abCOIIOTHA Tpelika Ipu

d d

PMC(y1y, PQMCY) u PQMO((S)) npu pasmmaHn N 1 k, KOraTo Amag = 201, 090512,

(H)
5 using Absolute Agk) using Absolute Aﬁ’” using Absolute
N k P}MC’ Error k PoMO® Errord e Error .
M) PMCpry @MCuy  pucly), @MCs)  peucly)
6 191.261222 9.8293 8 192.052259 9.0383 192.056796 9.0337
7 197.764391 3.3261 9 193.305250 7.7853 194.4876692 6.6028
8| 203.030089 1.9396 10| 196.545330 4.5452 196.561636 4.5289
512 9 206.001210 4.9107 11| 202.016871 0.9264 201.830255 0.7397
10 209.202619 8.1121 12| 207.216480 6.1260 206.994716 5.9042
6 194.244715 6.8458 8 191.604757 9.4858 191.662089 9.4284
7 199.671479 1.4190 9 194.355045 6.7355 194.443329 6.6472
8| 202.103664 1.0132 10| 198.362863 2.7276 196.623242 4.4673
1024 9 204.706063 3.6156 11| 201.526659 0.4361 201.467671 0.3772
10 211.940453 10.8499 12|  204.493635 3.4031 204.718275 3.6278
6 196.531375 4.5591 8 191.522259 9.5683 191.737033 9.3535
7 199.092487 1.9980 9 194.216871 6.8736 194.383618 6.7069
8| 201.462168 0.3717 10| 198.552479 2.5380 198.866204 2.2243
2048 9 204.787620 3.6971 11| 201.267671 0.1772 201.199260 0.1087
10 206.264686 5.1942 12| 207.590516 6.5000 206.670141 5.5796
6 195.762474 5.3280 8 194.293635 6.7969 195.846272 6.2442
7 197.402088 3.6884 9 198.498616 2.5919 198.498988 2.5915
8| 201.154640 0.0641 10| 199.459470 1.6310 199.802438 1.2881
4096 9 202.887637 1.7971 11| 201.083321 0.0072 201.091681 0.0012
10 207.343376 6.2529 12| 206.448996 5.3585 205.624451 4.5339

*MapKupaHuUTe pejioBe MPEeJCTaBJIsBAT ONTUMAJIHUTE k CTOMHOCTH 3a BCsiKO N.

IIpu durcupano k ce HaOIIOJaBA MOHOTOHHO HaMaJisBaHe HA a0OCOTIOTHATA T'PEITKa C yBeandaBaHe Ha Opos
peasmsaruun N, KaTO MUHUMAJHUTE IPEIIKY ca orbessizanu B Tabsmia Qurypa WIIOCTPUPA, I€ BCUY-
K{ aJrOPUTMU JEeMOHCTPHUPAT YCTOWYMBA CXOIUMOCT KbM pedepEeHTHATA CTOMHOCT Apyax, KATO BAPUAHTHTE HA
CKMK, PQM C((i[)) u PQM C((gg, ToKa3BaT 1o-0bp3a U mo-Tyiajika cxomumoct crpamo PMC ). TomyaennTe

omeHKHu 3a A1 upe3 PQM C’((Z)) u PQM C((g)) [I03BOJISIBAT IIO-IIPEIU3HO U3YUCIISIBAHE HA [isjia Ha OOsICHEHATa
papuarus FVE; upe3 dbopmyiia .

B Tabmuna [3.5 ca npexcrasenn ¢boTBeTHATE pe3yJaTaTH, HOLYYeHH HPH OaJlaHCHpamure CTofiHoctd k = 8 u
k = 11, xaro pedepentnara croiinoct e FVE; = 41.04%. [lannwre mokasear, 9e Nnpu yBeaudasane Ha N
uznonssanero Ha CKMK asropurmure (PQM C((;?) u PQM C((g))) ca 3a npejnountane npes PMC(y 1y nopaam
[IO-BUCOKATa TOYHOCT W IPU ChIIOCTABUMA, W3YKUCJIATEHA, CJIOXKHOCT.
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. (@ (d)
—PMCyrq, ~-PQMC,

——=PQMC

H) ) —=—exact value

203,4

202,9

202,4

VALUE

201,9

201,4

200,9
512 1024 2048 4096

NUMBER OF REALIZATIONS (N)

Qurypa 3.4: CpaBHeHne MeXKy TOYHATA MAKCHMAaJHA COOCTBEHA CTOMHOCT (Apax) U MaKCHMaJsHATa IPUOIIH-

JKeHa cOOCTBEeHa CTONHOCT ()\gk) ) 3a PMCyry, PQM C((;?y PQM C’((g)), HnoJIydeHH Korato k = 8 B ciayuas 3a

PMCyry u k =11 B ciyuas 3a PQMC((:I)) U pas3ju4yHu cToiHOoCTU Ha N

Tabmuna 3.5: Tpubmmkenn crofiHocTn 3a fsua Ha obsicHeHara Bapuanuss (FVE;), nomyuenn npn k& = 8 3a
PMCyry nnpu k = 11 za PQMC((E)) u PQMC((;) 3a KODeJIAIMOHHATa MaTpPHIlA Rec pasmeprOCcT N = 490.
Pedepentrata croitnoct ¢ FVE; = 41.04%.

N PMCyr) PQMCLy) PQMC(Y)
1024 41.25% 41.13% 41.12%
2048 A1.11% 41.08% 41.06%
4096 41.05% 41.04% 41.04%

Croitnocrra FVE; = 41% 3a kopenanuonnara maTpuia ¢ pasmeproct n = 490 mokassa, 4e BapualusaTa He €
KOHIIEHTPUPaHa B I'bpBaTa IJIaBHA KOMIIOHEHTa, a € paslipejieieHa MexK 1y MHOxKecTBo (akropu. Toea cBue-
TEJICTBA 38 I0-CJI0YXKHA CTPYKTYpa HA 3aBUCUMOCTHUTE MEXKJy aKTHUBUTE W IIPEJIIOJara Mo-BUCOK IIOTEHIMAN 38
nuBepcudukanus. B ¢bIoTo Bpeme, TO31 pe3ysaTar HaJiara U3MoJA3BaHETO Ha MHOTOMAKTOPHU MOIE/H 38 aIeK-
BATHO ONHUCAHUE HA MA3aPHUS PUCK, Thil KATO €1HOMAKTOPHATE MTOAXOAU OnXa OMIM HEIOCTATHIHU 38 YIaBsaHe
Ha HaOJIIO/IABAHATA JTUHAMUKA.

3.5 (O6o61eHne

[Tonydyennre pesysiTaT MOTBbPXKIABAT IIPAKTUYECKATa PUJIOKUMOCT M YHCJIeHATa e(PEeKTUBHOCT Ha NO%MU
ONMUMAAHUIME CTOXACTUIHY aJITOPUTME 32 OIleHIBaHE HA MAKCUMAaJTHATA COOCTBEHA CTOMHOCT Ha KOPEJIaIlnOHHN
MaTPUIIM TPU aHaJIu3 Ha Ma3apHus pucK. V3cieasanmre MaTpumu, ¢ pasmepHocTn n = 32 u n = 490, ca
KOHCTpyHupanu Ha 6azara Ha nanau ot Portfolio Visualizer u Yahoo Finance (Bux Ipuioxkenue). Ananusbr Ha
KODEJIAIIMOHHATE MATPUIH ¢ pa3MepHocTH 1 = 32 u n = 490 nokas3sa, ye MaKCUMAaJIHATa COOCTBEHA CTOMHOCT Aq
NMa fdCHa UHTepHIpeTalusd KaTOo NHIANKATOP 3a HAJIUIUETO U NHTEH3UTEeTa Ha JOMUHUPAII] O6IIL ITa3apeH (baKTOp.
Upes crorBeTHUS Js171 Ha obsicHeHaTa Bapualius FVE; ce mosydyaBa KOJMYecTBEHA OIEHKA KAKTO 32 HUBOTO Ha
CHUCTEMATUYIHUs PUCK, TaKa U 33 OIPAHUYEHUsITA ITpeJl epeKTUBHATA JuBepcuduKaus Ha nmoprdeitia.
Yucaenure ekcriepumentu (n = 32) nmokassat, 4e upu nowmu onmumasrume CMK anropurmu 6amancbT MexK Ly
CTOXaCTUYHATA U CHCTEMATHYHATa Tpemnka ce nmoctura npu k = 8. Ilpu noumu onmumasnume CKMK asro-
purMu ¢ pasdbpkanu peaunu Ha Cobost 1 X0oAThH ¢ HACTPORKHU 10 nodpadbupare To3u GAJIaHC ce JOCTHUra IIPU
k = 11, a nupu usnossBane Ha oneparopure skip u leap - npu k = 13. OcBeH TOBa, C yBejnuaBaHe Ha OPOsi pea-
smsaruu N ce HaOJIIOJ[aBa MOHOTOHHO HaMaJisiBaHe Ha abcosorHara rpermka npu CMK u CKMK ajgropurmure
C HACTPOMKU 110 Nodpa3bupare, KOETO MOTBbPKIABA TIXHATA CTAOUIHA CXOIUMOCT.

ITpu omensiBane Ha MaKCHMaJHaTa COOCTBEHA CTOWHOCT Ha MaTpuia ¢ pasmepuocT (n = 490) nowmu onmu-
maanume CKMK anropurmu ¢ HacTpoiiku 1o nodpasbupane JeMOHCTPUPAT MO-A00pa CXOJUMOCT U IIO-BHCOKA
TOYHOCT cupsaMo noumu onmumasrume CMEK aaropurvu. Msnoassanero na omneparopure skip u leap e edex-
TUBHO IIPEIMMHO IIPU MaJIbK Opoit cumysiaruu N, KaTo IIPH [MO-TOJIeMHU U3BAJKH TAXHOTO IIPEIAMCTBO HAMAJISBA
7 He TapPaHTHUPA JOIbJIHUTETHO MOJ00pEHNEe Ha TOYHOCTTA. JacT OT TPEICTABEHUTE PE3YJITATH Ca IIyOJINKYBaHU
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B [38].

B obobrimienne, pa3paboTeHNTE CTOXACTHIHN CTEIIEHHU aJITOPUTMU MOTAT Jga Ob/IaT Pa3ryIekKIaHn KaTo Ha e/ IeH
IIOXOJ, 38 YUCJICHO OIeHsIBaHEe Ha, CIEKTPAJHA XapaKTePUCTUKU Ha, KOPeJIalMOHHN MaTpuiu. Tosa oT cBos cTpa-
Ha, MMO3BOJISIBA 38, IbJIO0OYEH aHAJIN3 HA CUCTEMATHIHNAS PUCK, KOJEKTUBHATA, JUHAMUKA Ha aKTUBUTE U €(PEKTHUB-
HOCTTa Ha AUBepcHpUKaIusaTa. B Obaenu n3cieBanus Te3u aJrOPUTME MOTaT Ja ObIaT IpUIaraid B 3a1a9H,
CBbp3aHu ¢ (PUHAHCOBO MOJIEIUpPaHe, ylpaBjeHne Ha mopTdeiiin 1 MoAoMaraie Ha WHBECTUINOHHYN PEIIeHUs
B yCJIOBUsI Ha HAPACTBAILA Pa3MEPHOCT.
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3akJro4YeHmne

Hacrosimara gucepralins e mocBeTeHa Ha pa3paboTBAHETO, AHAJN3A U IIPUJIOKEHIETO HA CTOXACTUIHH IHCJIEHU
meromu ot tuna MK u pangommsupann KMK meromn 3a olneHsiBane Ha eKCTpeMaJHI COOCTBEHM CTORHOCTH Ha,
CUMETPUYHI MATPUIU U U3MOI3BAHETO UM IIPU TPAKTUIECKN 3aJ[a91, CBbP3aHN C OIEHKA Ha PUCKA HA WHBECTH-
nmonuu noprdeiisin. OCHOBHATA TIeJT € U3TPAXKIAHETO Ha CTAOUITHA U M3YUCTUTETHO e(DeKTUBHA METOOIOTUIHA
paMKa, KOsITO OCUTYPsIBa YIIPABJIsieM 0AJIaHC MEXK/Iy CUCTEMATUIHATA U CTOXACTUYHATA I'PEIIKA U € IPUJIOKIMA
IpH 33J@91 C BUCOKA PA3MEPHOCT.

B pamkure Ha m3ciezpaHero ca obocHoBaHu u udciensanun Crenennusar (Pesosnsentrusit) Monre Kapio me-
ron u pangomusupanuar Crenenen (Pesonsenren) Ksaszu-Monre Kapsio mMeros 3a oneHnsiBame Ha eKCTPEMAJTHA
cobcrBenn croifHocTr. ChINECTBEH PE3YATAT € MPEMU3UPAHETO HA KOHCTPYKIHMATA HA CIyJalHUTE BEJTHIHHU
[P U3MOJ3BAHETO HA IOYTH ONTUMAJIHA IPEXOHA IIHTHOCT BbB Bepurara Ha MapKoB, KAaKTO U HIAEHTUDU-
[IPAHETO Ha KJIACOBE CUMETPHYHHU MATPHIH, IPH KOUTO Ta3u KOHCTPYKIUs ce onpocrsasa. Ha Tasu ocHosa ca
paspaborenn nourn onrtumaiaan anropurmu (Crenenen n Pesonsenten MK 1 KMK), onncann apes nceBaokos,
3a KOUTO Ca JAJICHH OIEHKHU 3a U3UMCJIUTETHATA CJIOKHOCT U YCJIOBH: 3a OajaHCHpaHe HA CTATUCTHYECKATa U
CHUCTEMATUIHATA IPEIKa. TeOpeTHuIHNTE apIyMEHTH U €KCIIEPUMEHTAIHUTE PE3yJITATH TOTBbPKIABAT, Ue IIPEI-
JIO2KEHUTE TIOYTH OITUMAIHU KOHCTPYKIIUU BOISAT JI0 HAMAJISIBAHE Ha JUCIIEPCUALATA U IOBHUIIABAHE HA TOYHOCTTA
IIPU C'BIIUS WM [TO-MAJIbK U3YUCIUTESEH PA3XOJ CIPAMO KIACUIECKUTE CTOXACTHYHU aHAJIO3MU.
ExcnepnmMenTasinaTa BepuduKals € IpoBeJieHa KAKTO ¢ MeHepaTopy Ha ncesgocitydaitan unciaa (MT u MS),
TaKa U ¢ PeJUIM ¢ MaIbK auckpenadc (peauim Ha Cobos u XoaTbH) u Texnu pasdbpkany BapuanTu. Jucaenure
U3CJIEBAHNS TOKA3BAT M3MepuM edeKT 0T n3b0opa Ha TeHepaTop U THUIIA, PEINIA BbPXY TOYHOCTTA U CTAOUTHOCT-
Ta Ha OIEHKUTE, KATO IIPHU PA3IJIEXKIAHNTE TECTOBE MeHePATOPbT Ha rceBmocay4daiinn gucaa MT memoncrpupa
IPeJMMCTBO cpsiMo reHepaTopa MS, a pemunure na CoboJ1, CIpsMO peunuTe Ha XOJIThH. YCTAHOBEHO € ChITO,
e 3a MOCTHraHe Ha CpaBHUM GasaHc Ha rpemkute paspomusupanusar Crenenen (Pesossenten) KMK asro-
PUTBM MOXKe Ja M3MCKBa MaJKO ITO-roJjissM Opoil mpexoan BbB Bepurata Ha MapKoB, KOETO ce KOMIIEHCHPA OT
o-100paTa CXOAUMOCT MU OTPAHUYEHN U3YUUCIUTEHA PECYPCH.

Paszpaborenunre ajsropurMu ca TPUIOKEHN K'bM 33/1a9a OT (PUHAHCOBATA MATEMATHKA, CBbP3aHA C YIIPABJIEHAETO
Ha PHUCKa Ha MHBeCTUNINOHEeH rnoprdeisr. MakcnmaanaTa cobcTBEHA CTONHOCT Ha KOPEJIAIMOHHATA MAaTPUIA HA
aKTUBU € MU3II0JI3BaHa KATO MHIUKATOD 33 KOHIEHTPAIUs Ha PHUCKA, KATO OIEHSBAHETO II € PEeAIn3UPAHO Upe3
npetoxkennre CMK u CKMK anropurmu. Ipu peanusupane na CKMK ajropurmure ¢ pasdobpKaHu peuiu
¢ MasrbK guckpenadc (pemunu Ha Co6os u XOJThH) ca U3CIeBAHA BAPUAHTH U C U3IOJI3BAHE HA OIEPATOPUTE
skip u leap.

B o606r1mienne, aucepTanmOHHUAT TPY/I JEMOHCTPHPA, Y€ MPUIATaHeTO Ha pa3pabOTEeHNUTe aJITOPUTMU 34 TOJIY da-
BaHe Ha CIIEKTPAJIHU OIEHKH C IIeJIeHACOYEHO OaTaHCHPaHe Ha TPEITKUTE BOJIX J0 I0-BUCOKA TOYHOCT, CTaAOMUIHOCT
u u3uncanTeHa edpekTuBHOCT. OYepTaHu ca U IEePCIEKTUBH 3a O'bIEII0 PA3BUTHE, BKIIOYUTE/HO PA3IIUpsIBaHe
KbM ycToiunBK (pobacTHU) MOJE/U, TUHAMUIHU KOBAPUAIIMOHHU CTPYKTYPU U JOI'LIHUTEHU U3UUCIUTE/THA
ONTUMU3AINY 32 PA3PEIEHN CUMETPUIHN MATPHUIA C TOJEMU PA3MEPHOCTH OT MOPSIbKa HA MUIJINOHHU.
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MCQMC’22, 17-22.07.2022, Linz, Austria.
https://www.ricam.oeaw.ac.at/events/conferences/mcqmc2022/schedule/MCQMC2022_book_final |
version.pdf

3. Gurova, S.-M., Power Monte Carlo method using randomized low discrepancy sequences, the 17th Annual
Meeting of the Bulgarian Section of STAM, 20-22.12.2022, BGSIAM’22, Sofia, Bulgaria. http://www.
math.bas.bg/bgsiam/docs/bgsiam_2022_program.pdf

4. Gurova, S.-M., A Resolvent Quasi-Monte Carlo Method for Estimating the Minimum Eigenvalues Using
the Error Balancing, The 14th International Conference on Large-Scale Scientific Computations, LSSC’23,
05-09.06.2023, Sozopol, Bulgaria. https://parallel.bas.bg/~elilkova/lssc23.pdf#page=17

5. Gurova, S.-M., Quasi-Monte Carlo Algorithms for Eigenvalue Problems, Fourth International Conference
Numerical Methods for Scientific Computations and Advanced Applications, NMSCAA’24, 17-21.06.2024,
Sozopol, Bulgaria. https://parallel.bas.bg/Conferences/nmscaa24/program.html

CraTuure IpeACTaBsaT PE3YJITATH, IMOJyUYeHN B PAMKUTE Ha eIUH MEXKJIYHAPOIEH W TPU HAIMOHAJHU HAayJIHU
MIPOEKTa, KATO €INHUST OT TAX € Pa3JiesieH Ha JBe (Pa3u, a UMEHHO:

1. MexxayHapoaeH Hay4YeH MPOEKT

e Hosu ckammpyemu anropurmu ¢ usnonssane Ha Monrte Kapno n Ksasu-Monte Kapimo meronu u
TSIXHOTO TPUJIOXKEHNE B 00JACTTa Ha MaImMHHOTO obydenue, dpunancupan or CAF America, 2021-
2024, pbroBojuTest: nmpod. 1-p Emanynn Aranacos.

2. HanmmoHaJIHU HAY4YHU MPOEKTU

e "IlenTbp 3a BbpxOBHU HocTmKeHus Mo udopmaTnka n nHGOPMAIMOHHN U KOMYHUKAIIMOHHUA TEX-
nosorun” (dasa 1) o norosop BGO5M20P001-1.001-0003, dbunaHCHpaH OT olepaTHBHA IIPOrPaMa
"Hayka u obpasoBanue 3a nntenmrenten pacrexx’ 2014-2020, cbdbunancupan ot EBponeiickust ¢bio3
upe3 EBpponeiickure CIpyKTYPHI 1 UHBECTUIMOHHHT (DOHJIOBE, PBLKOBOAUTEIL: YI.-KOP. 1.M.H. CBerozap
Maprenos.

e "Hanunonasen reoundopmarmonet 1iearsp (HI'MIL) 3a MoHMTOPUHT, OIlEHKA U IPOIHO3MPAHE Ha, IIPU-
POJHI W aHTPOIIOTEHHU pPUCKoBe u OeycTBust’ 006ekT or "HammonasHaTta mbTHA KapTa 3a HAyUIHA,
undpacrpykrypa 2020-2027” (morosopu: J101-321/30.11.2023, /101-164,/28.07.2022), dbunancupan ot
MunncrepcTBO Ha 00pa30BAHUETO W HAayKaTa, pbKoBoguTes: mom. 1i-p Ilers Tpudonosa.

e "HanumonaJieH NeHTbp 3a BUCOKOIPOU3BOAUTEIHU U pasupezeienu nupecMstanus’ (HIIBPII) obexr or
"HanuoHajiHaTta 'bTHa Kapra 3a Hay4uHa uadpactpykrypa 2020-2027” (morosopu: J101-98/26.06.2025,
J101-325/01.12.2023), cdunancupan ot MUHHCTEPCTBO Ha 0OPA30BAHUETO U HAYKATA, PHKOBOIUTEI:
npod. 1-p Arnera Kapaunpanosa.

e "TleHTbp 3a BBHPXOBU IMOCTIKEHUsI B 0O/IacTTa Ha HHGMOPMATHKATA W MH(MOPMAIMOHHUTE U KOMY-
nukanuonnu rexuosorun” (dbasza 2) no morosop BG16RFPR002-1.014-0018-C01, dunancupan mo
mporpaMaTa 3a HaydHU H3CJIE/IBAHUs, NHOBAIMN U JUTUTAIN3AINASA 33 WUHTEJIUTeHTHA Tpanchopma-
nust 2021-2027 u cbhpunancupan or EBponeiickusi ¢bio3, pbKOBOAUTE: WI.-KOp. A.M.H. CBerosap
Maprenos.
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OcCHOBHE HAyYHU W HAYYHO-IPUJIOXKHU MPUHOCHU

[TonydyennTe HAayYHH W HAYYHO-IPUJIOXKHU IIPUHOCH HAITBJIHO CHOTBETCTBAT HA IIOCTABEHHUTE IEJIU U 3aa9H
Ha JucepTanuoHHus Tpyd. Te mpsKo oTpassaBaT 0OOCHOBABAHETO, Pa3pPAOOTBAHETO U EKCIEPUMEHTAJIHOTO U3-
crensane Ha Crenenen MK/KMK anropurmu u Pesonsenren MK /KMK anropurmu 3a OleHKa Ha €KCTPEMHI
cobCcTBeHU CTOMHOCTH Ha cuMmeTpudHu Marpuiin. OCBEeH TOBa, IPUHOCUTE Ca IMOTBBP/EHU U B PEAJHA 3aa9a OT
dunaHCcOBaTA MaTEMATHKA YPE3 OIEHsABAHE HA IMA3aPHUs PUCK HA MOPTQE OT rI00aJHN aKTHBH.

1. OcHoBHUTE HAayYHU TPUHOCU HA HACTOAIIATA, JUCEPTAIUS CA:

e O6ocuoBanu u uzciaensanu ca Crenennuat (Peszonsentaust) Monre KapJio Meros u pamgoMusupa-
nuar Crenenen (Pesonsenren) Ksazu-Monre Kapiio MerTos 3a olieHsiBaHe Ha eKCTPEMaJIHU COOCTBEHN
CTOIHOCTH HA CHMeTPHYHH MaTpui. IIpernusnpana e KOHCTPYKIHATA Ha ciydainnTe Bemanan §F)
1 0~ npu w3moNI3BaKe Ha IOYTH ONTHMAJHA IIPEXOIHA ITLTHOCT BB BepuraTa na Mapkos. Pop-
MYJIMPaHH ca KJIACOBE CUMETPUYHU MaTPHUIIH, 32 KOUTO Ce OIIPOCTSABA KOHCTPYKIUATA Ha CIydJaiiHuTe
BEJINYMHU B CTOXaCTUYHUTE CTENEeHHU ajropuTMmu. [losryuenn ca TeOpeTHYHH OIEHKHN 3a 3aBUCHMOCT-
Ta MEXKJIy CTEIEHTa Ha Pe30JIBeHTHATA MATPUIIA U IL/KIHATA Ha BepuraTa Ha MapkoB B 3aBUCHMOCT
OT YCKOpSABaIllUs apaMeTbp U HOpMaTa Ha MaTpHUIlaTa.

e Pazpaborenu ca nmouru onrumasian CMK nu CKMK anropurmu, kakto u nmouru ontumaan PMK u
PKMK asjropurmu, 6a3upaHu Ha IpeJIOKEHATa TPEIU3UPaHa KOHCTPYKIUS Ha CJIyJaifHUTe BeJir-
9UHM, KOUTO Ca MPEJICTABEHN 9pe3 ICEBIAOKO. JlageHn ca OIeHKHU 3a M3YNCJIATEeTHATA CJIOKHOCT HA
AJITOPUTMATE U YCJOBUSITA 38 OAJAHC MEXKJIy CTOXACTHIHATA W CUCTEMATHYIHA I'perika. AprymMenTu-
PaHoO e, Ye NPEeJJIOKEHNUTE AJITOPUTMU BOJAT JI0 HAMAaJIsiBaHE Ha JIUCIEPCHUATA CIPIMO KJIACHYECKUTE
aHAJIO3N.

o IIpemokeHa e mpakTHYecKa 3ajada OT 0bJacTTa Ha (DUHAHCOBATA MATEMATHKA 3a OIEHSBAaHE Ha
nasapHus PUCK HA WHBECTHIMOHHU mopTdeim. Koncrpynpanara KopesalnoHHA MaTPHUIA 33 Chb-
oTBeTHUs NMOPTQeEiyI e N3N0JI3BaHa 32 OIEHABAHETO Ha MAaKCHMaJIHATa COOCTBEHa CTOWHOCT, KOSTO
€ WHIWKATOP 3a KOHIIEHTpAaIus Ha na3apHus puck. OIeHsBaHETO ce M3BbPINBa Upe3 paspaboTeHu-
te B I'nasa [I] nourn onrumanen Creneren MK n Crenenen KMK anropuryu, KaTto JOIbIHUTEIHO
Crenennnar KMK anropursbm e Mogudunupan ype3 w3noji3Bane Ha mapamerpure skip u leap.

2. OcHOBHUTE HAYIHO-MPUIOKHY TPUHOCH HA HACTOSINATA, JIUCEPTAIS Ca:

o IIpemmoxxennre nouru ontumaaan CMK anropurmu ca peammsupanu ¢ MT u MS remeparopu na
ncesjocaydaitan ancia, a CKMK amropurmure, ¢ pazdbpranu peauru wa Cobosr nu Xonrba. Yuc-
JIEHUTE EeKCIIEPUMEHTH 3a OIEHSIBaHe HA MAKCHMAaJIHATA COOCTBEHA CTOMHOCT HA IUIHTHU CHMETPUIHU
MaTPUIIA C TOJIEMU PA3MEPHOCTH JIEMOHCTPUPAT IIPEBB3X0ACTBOTO HA MTOYTH OITUMAJHUTE aJITOPUTMU
HaJ| KJIACKHYECKUTE UM AHAJIO3U KAKTO [0 TOYHOCT, TAKa U 110 W3YHUCIATEHA, CJIO2KHOCT.

e YucseHo e uscieapaH 0aJlaHCHT MEXKJY CTOXACTHYHATA U CHCTEMATHYHATA I'DEIIKa, KONTO 3aBUCH
CbIIECTBEHO OT Opost Ha mpexojuTe k BbB Bepurarta Ha Mapkos u or 6post peayimzanuu N Ha cJrydaii-
mure Besmauan ) g 91 Pezynrarure nokazsar, ve CKMK asropurmure ce HyxRmasar or 2-3
CTBIKHU MOBeYe BbB Bepurara Ha Mapkos B cpaBuenne ¢bec CMK agropurvure. U360pbT Ha reHe-
paToOp Ha IICEBIOCIIYYailHi 9UCIa Wi Ha Pa30bpPKAHATA PEIUIA C MAIBK JUCKPEITaHC UMa U3MEPUM
edeKT BbPXYy TOYHOCTTA U cTabmaHOoCTTa. B pasriemanute ekcriepumentu MT e npeamoanTan mpes
MS, a pemumure Ha CoboJI Ipe peaIunuTe Ha XOIThHH.

o ITourn ontumamausar PMK amropursm e peasusupan ¢ MT remeparop Ha nceBaocaydailHu 9ucia,
a nourn ontumasnudT PKMK anropurbMm ¢ pazdbpkana peauia Ha Cobon upes BRODA’s Sobol
RSG reneparop. Yucsenure excrnepumentu, npoeegean Ha HPC xkiaberep ¢ NVIDIA Tesla V100
(32 GB) GPU xkaptu, 3a oleHsiBaHe HA MUHUMAJHATA COOCTBEHA CTOWHOCT, II0KA3BAT, Ue OaJaHChT
MEK]Ty CTOXaCTUIHATA W CUCTEMATUIHATA TPEITKA 3aBUCU OT OpOsi HA IPEXOInuTe Kk BbB BepUraTta Ha
Mapkos, Gpost peasmzammn N Ha caydaitanre semanan 0F) u §%—1 | crenenta m ma pesosmBenTHaTA
MaTpHIA U TapaMeTbpa 3a yCKopeHnue ¢. Pesynararure, nosydenu ¢ pangomusnpana peauiia za Coboit
u ¢ MT remeparop 3a olneHsiBaHe Ha MHHHMAJIHATA COOCTBEHA CTOMHOCT HA CUMETPUIHH MATPHUIIH,
JIEMOHCTPUPAT €JWH W CbIl HOpsAbK. OT ChIIECTBEHO 3HAYEHHE € BBb3MOXKHOCTTA Jla Ce HaMepu
KOHCTaHTa, KOSTO OT/e/Is MAHUMAJHATa, COOCTBEHA CTOWHOCT OT HYJIATA.

L] HpOBe,H‘eHI/I Ca YHCJIEHU €KCIIEpUMEHTH 3a OIleHsdABaHEe Ha MaKCHUMaJIHaTa coOCTBEHA CTOWHOCT Ha, JBe
KOpeJlamUOHHU MAaTPpHUIH, KOATO € MH/IUKATOP 3a KOHIEHTpalud Ha IIa3apHUA PUCK. H’praTa KO-
pelallnOHHa MaTpulla € KOHCTPpYUPpaHa BBb3 OCHOBa Ha JOXOAUTE Ha 32 ryiobanauu aKTHUBa, J0KATO
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npu BropaTa ca manoisBanu jgoxogure Ha 490 rkommanum or S& P500, 32 KOHKPETHU BPEMEBH ITe-
puou (Bux Ipusoxenne). OueHsiBaHeTo € U3BbpIIeHo upe3 noutn ontumanaus CMK anropurbm
¢ MT/MS reneparopu Ha 1ceBjocaydaitnn ducia u upe3 nouru onrumanaus CKMEK amaropurbm,
KaKTO 6€3 JOIbJHUTEHN HACTPOliKY (default BapuanT), Taka U ¢ U3MOJ3BaHE Ha IapaMerpute skip
u leap npu pazdbpkanu peaumy Ha Cobosr u XOITHH.
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IIpnnoxxkenne

3a npoBexKaHEeTO HA YMCJIEHUTE eKCIEPUMEHTHU Ca U3IO0JI3BaHu reHepupanu cumerpudunu Mmarpunu ([iasa
Inasa [2) u peannn dunancosu nanuu (Iasa . Cumerpuunure marpuiu ¢ pasmeproctu 100 u 500, usmod-
3BaHU 3a YKCJIeHUTe ekcuepuMmeHTd B [J1aBa [l ca remepupanu B codryeprara cpega MATLAB, 10KaTo Te€3U C
pasmeproctr 500 n 1000 or Inasa [2] ca wacr or anropurmuanaTa peanusanus, pa3spaboTeHa Ha IIPOrPAMHHIS
e3uk C++.

PuHAHCOBUTE JAHHM, U3IOJ3BAHU 338 KOHCTPYHPAHETO HA KOPEJAIMOHHATA MAaTPHUIA C Pa3MepHOCT N = 32 B
I'naBa (3] ca u3Biedenun or yeb mwiardopmara Portfolio Visualizer (www.portfoliovisualizer.com). Uscien-
BAHUAT BpeMeBU 00XBAT obxBaIa mepuoja ot guyapu 2007 r. go mapt 2024 r., KaTo ca M3MOJI3BAHU peaJIHU
ma3apHU oKa3are/id. Bb3 0CHOBa Ha Ta3u eMIupuIHa HH(MOPMAINS € KOHCTPYUPAH WHBECTUITHOHEH TOPTQEMI.
[MoprdeitrbT ce cbCTOM OT TPHUAECET U JIBa TJIODAJHN AKTUBA, KJIACHMUIUPAHNA CIOPE] TEXHUS NHBECTUIIMOHEH
THI, KAKTO CJIE/IBA:

1. Ocemuagecer akmum - ,,US Stock Market“, ,US Large Cap Value“, ,US Large Cap Growth®, ,US Mid
Cap®, ,US Mid Cap Value®, ,US Mid Cap Growth“, ,US Small Cap Value*, ,US Small Cap Growth",
,US Large Cap“, ,US Small Cap“, ,US Micro Cap“, ,Global ex-US Stock Market®, ,European Stocks®,
»Pacific Stocks”, ,Emerging Markets®, ,Intl Developed ex-US Market®, ,International ex-US Small Cap*,
sInternational ex-US Value®;

2. deBer obsurarmum - ,Short Term Treasury”, ,Intermediate Term Treasury“, ,10-year Treasury“, ,Long
Term Treasury”, , Total US Bond Market“, ,Global Bonds (USD Hedged)*, ,,Short-Term Investment Grade",
TIPS (Treasury Inflation-Protected Securities), ,;,Corporate Bonds"

3. Yerupu anrepuaruBHu uaecturum - REIT (Real Estate Investment Trusts)®, ,,Gold“, ,Precious
Metals®, ,,Commodities®;

4. EnquH mapuyeH akKTUB U IMapUYHU €KBUBAJIEHTH - ,,Cash®.

QuHaHCOBUTE JIAHHU, U3IOJI3BAHN 3a KOHCTPYHUPAHETO Ha KOpPeJIAIlMOHHATa MAaTpUla ¢ pa3mepHocT n = 490
B [asa [3] ca moxomure Ha 490 komnanuu or S&P500 (Standard&Poor’s 500), uHmeKC 3a OIEHKA HA CbCTO-
ssunero Ha ¢ougous nazap B CAILl, 3a 5-rogumen mepuog or 2021 jgo 2025 rogunua. /lanHuTte 3a TsxHATA
JIOXOITHOCT ca m3teraenn ot Yahoo Finance (https://finance.yahoo.com/)) mocpeacTBOM IporpaMHaTa 6ub-
Jmoreka yFinance, nocrbuna upe3 xpanwumero Ha PyPI (https://pypi.org/project/yfinance/). Upes
Ta3nu OMO/IMOTEKA Ce OCBHINECTBSIBA aBTOMATU3NPAHO U3BJINYAHE Ha MCTOPUUECKHU IIEHOBU CEPUU U IIa3apHU HH-
JuKaToOpu upe3 nHTepdeiic KbM yed crpanunara Ha Yahoo Finance, KoeTo 103BOJISIBA IPOIPAMHO M3TEIVISTHE HA
JIAHHM 338 KOHKPETHH (DUHAHCOBU MHCTPYMEHTH B 33J1a/ICH BPDEMEBU MHTEPBAJ U IIOCIeIBAINATa UM 00paboTKa B
AHAJINTHYHA CPEJIA.

1. Tenepupanure cumerpuaau mMarpuiu ¢ pazMmepuoctu 100, 500, u3mon3Banu 3a YUCIEHUTE €KCIIEPUMEHTH
B I'masa [l ca nybmukysanu B mrardopmara GitHub u ca gocrbunu Ha ciienHust ajapec:

e https://github.com/smgurova/Symmetric-matrices_chapter-1.git

2. @uHaHCOBHUAT OTYeT, nnpenocrasen ot Portfolio Visualizer, e Hamuuen B wiardopmara GitHub Ha cienaus
aJipec:

e https://github.com/smgurova/AssetAllocation.git

3. Kopenaruonnara MaTpuiia Ha TPUJECETTE U JiBa IVIOOAJHU aKTHBA, U3IOJI3BAHA 33 UHCJIECHUTE eKCIepU-
mentn B [nasa [3] e mocrbnna B mnardopmara GitHub Ha cienans axpec:

e https://github.com/smgurova/correlation-matrix_chapter-4.git

4. Hamaure 3a poxoxuocrra Ha 490 komnanun or S&P500 (Standard& Poor’s 500) 3a BpemeBus 1epuoj,
or 2021 mo 2025 rommna u obpa3yBaHaTa OT TIX KOPEJAIMOHHA MATPHUIA, H3IOJI3BAHA 33 YNCICHUTE
ekcrrepumenTn B [taBa |3 ca moctwbiam B maardopmara GitHub na ciennua amapec:

e https://github.com/smgurova/Data-S-P500.git
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