
8 / 2022   

Metaheuristic 
Methods for 

Reducing Cutting 
Tasks 

Georgi Evtimov 

Метаевристични 
методи за решаване 

на задачи за 
разкрояване  

Георги Евтимов 

Institute of Information and 
Communication Technologies 

BULGARIAN ACADEMY OF 
SCIENCES 

Институт по информационни и 
комуникационни технологии 

БЪЛГАРСКА АКАДЕМИЯ НА НАУКИТЕ 
ISSN: 1314-6351 



Поредицата „Автореферати на дисертации на 
Института по информационни и комуникационни 
технологии при Българската академия на 
науките“ представя в електронен формат 
автореферати на дисертации за получаване на 
научната степен „Доктор на науките” или на 
образователната и научната степен „Доктор”, 
защитени в Института по информационни и 
комуникационни технологии при Българската 
академия на науките. Представените трудове 
отразяват нови научни и научно-приложни приноси в 
редица области на информационните и 
комуникационните технологии като Компютърни 
мрежи и архитектури, Паралелни алгоритми, Научни 
пресмятания, Лингвистично моделиране, 
Математически методи за обработка на сензорна 
информация, Информационни технологии в 
сигурността, Технологии за управление и обработка 
на знания, Грид-технологии и приложения, 
Оптимизация и вземане на решения, Обработка на 
сигнали и разпознаване на образи, Интелигентни 
системи, Информационни процеси и системи, 
Вградени интелигентни технологии, Йерархични 
системи, Комуникационни системи и услуги и др. 

 The series Abstracts of Dissertations of the Institute of 
Information and Communication Technologies at the 
Bulgarian Academy of Sciences presents in an 
electronic format the abstracts of Doctor of Sciences 
and PhD dissertations defended in the Institute of 
Information and Communication Technologies at the 
Bulgarian Academy of Sciences. The studies provide 
new original results in such areas of Information and 
Communication Technologies as Computer Networks 
and Architectures, Parallel Algorithms, Scientific 
Computations, Linguistic Modelling, Mathematical 
Methods for Sensor Data Processing, Information 
Technologies for Security, Technologies for Knowledge 
management and processing, Grid Technologies and 
Applications, Optimization and Decision Making, Signal 
Processing and Pattern Recognition, Information 
Processing and Systems, Intelligent Systems, Embedded 
Intelligent Technologies, Hierarchical Systems, 
Communication Systems and Services, etc.  

   

Редактори 
 
Геннадий Агре 
Институт по информационни и комуникационни 
технологии, Българска академия на науките  
E-mail: agre@iinf.bas.bg 
 
Райна Георгиева 
Институт по информационни и комуникационни 
технологии, Българска академия на  
E-mail: rayna@parallel.bas.bg 
 
Даниела Борисова 
Институт по информационни и комуникационни 
технологии, Българска академия на науките  
E-mail: dborissova@iit.bas.bg 

 Editors 
 
Gennady Agre 
Institute of Information and Communication 
Technologies, Bulgarian Academy of Sciences  
E-mail: agre@iinf.bas.bg 
 
Rayna Georgieva 
Institute of Information and Communication 
Technologies, Bulgarian Academy of Sciences  
E-mail: rayna@parallel.bas.bg 
 
Daniela Borissova 
Institute of Information and Communication 
Technologies, Bulgarian Academy of Sciences  
E-mail: dborissova@iit.bas.bg 

   

Настоящето издание е обект на авторско право. 
Всички права са запазени при превод, разпечатване, 
използване на илюстрации, цитирания, 
разпространение, възпроизвеждане на микрофилми 
или по други начини, както и съхранение в бази от 
данни на всички или част от материалите в 
настоящето издание. Копирането на изданието или 
на част от съдържанието му е разрешено само със 
съгласието на авторите и/или редакторите 

 This work is subjected to copyright. All rights are 
reserved, whether the whole or part of the materials is 
concerned, specifically the rights of translation, 
reprinting, re-use of illustrations, recitation, 
broadcasting, reproduction on microfilms or in other 
ways, and storage in data banks. Duplication of this 
work or part thereof is only permitted under the 
provisions of the authors and/or editor.  

 
e-ISSN: 1314-6351                    

© IICT-BAS 2012                                                                                   www.iict.bas.bg/dissertations 

 



 
 

Abstract of PhD Thesis 
 
 

METAHEURISTIC METHODS FOR REDUCING 
CUTTING TASKS 

 
Georgi Evtimov Evtimov 

 
Supervisor: Prof. Stefka Fidanova 

 
 

Approved by Supervising Committee:  
 

                               Prof. Todor Atanasov 
                                    Prof. Olimpia Roeva 
                                          Assoc. Prof. Desislava Ivanova 
                                          Prof. Ivan Dimov 
                                          Assoc. Prof. Leonid Kirilov 

 
 

                           BULGARIAN ACADEMY OF SCIENCES 

                           
INSTITUTE OF INFORMATION AND 

COMMUNICATION TECHNOLOGIES 
Department of Parallel Algorithms 



Chapter 1

Introduction

The need for optimization of human labor leads to mass distribution of computing
electronic devices that in most cases they replace the human presence. That's where
it starts the extreme development of information technology (IT) as a tool to control
computing devices. Signi�cant reduction in the cost of electronics further develops this
process. More and more production machines are operated by computers, whether used
by a small, medium or small enterprise great. A natural continuation of this process
is the development of a network to integrate electronic devices called the Internet.

There is a current trend to redirect all services from reality to virtual reality. High-
tech industries in the manufacturing sector are massively building systems for planning
and managing the resources of production. Information systems allow optimizing re-
sources at all levels of the organizational hierarchy. This optimization in most cases
has a positive impact on both the competitiveness of the company and contributes for
more �exible and faster �nding new markets. Use of information systems by companies
makes it possible to their customers to solve better, faster and more e�ciently subject-
speci�c problems. This approach is especially e�ective in the �eld of heavy industry
and construction.

The widespread application of IT in Europe and Bulgaria has created a dynamic
and highly competitive environment in which a company without Implementing IT
solutions is often doomed to bankruptcy. The need to cut production costs is vital
important for the survival of the enterprise. On the other hand, customer requirements
are growing, which further fuels the need for rapid solutions to optimize material and
human resources, which is achieved e�ectively using software. This market situation
reveals new and almost unlimited possibilities for the application of application software
in solving a variety of tasks. Any software in which knowledge is applied can be seen
as a strategic source of innovation. Another �exibility of IT is the ability for the
technology to be developed by a third party that does not belong to the company, but
to be e�ectively applied by many other companies.

In short, the focus of research combined with technological innovation is one of
the most dynamic areas of development of modern industry. The present dissertation
is an e�ort in this direction. The motivation and object of application of this work
comes from the construction industry and in particular from the production of steel
structures.

One of the most important and widely practiced activities there is the following: for
the needs of a construction site it is necessary to cut a certain number of details (often
reaching thousands) with di�erent sizes, shapes, thicknesses, and in some cases from
di�erent material. The material is delivered in the form of metal sheets or remnants
of sheets from which details have been previously cut. An example of such a steel
structure is shown in Figure 1.1. It is necessary to cut out the necessary details while
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minimizing the cost of material.
This statement is a special case of the general mathematical problem for optimal

cutting. The practical task for optimal cutting lies in the following simple formulation:
set is de�ned material (for example, in the textile industry it is fabric, in building
constructions it is metal sheets) and a large amount of often di�erent, details. It is
necessary to cut out the necessary details while minimizing material consumption. In
practice, this means minimizing the material that remains after cutting and cannot
be recovered except to be recycled. This unused material is often called waste. This
task is mathematically formulated more than 80 years ago in connection with the
industrialization of garment production. Similar types of problems arise in many other
industrial productions and the use of optimization solutions can lead to signi�cant
material savings.

Figure 1.1: Steel Construction

The scienti�c methods proposed in this paper will be useful and most suitable for
the needs of start-ups, including those in the software �eld. The methods presented
here are based on mathematics and logic and do not use external libraries, can be
written in any programming language and can help the development of any company.
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1.1 Actuality of thesis

The topic of optimal cutting becomes even more relevant over the last two decades,
�nding a variety of applications in many industrial industries. The task is especially
important now that the market is open and companies have to compete with a large
number of competitors with modern equipment and low labor costs.

On the other hand, the mass consumption of goods leads to the need to optimize
the production of these goods. This includes both minimizing the consumption of
energy and raw materials and reducing the use of human labor. The problem is very
acute in heavy industries, especially when it is necessary to make a large number of
elements from expensive material. These two features are present, for example, in the
construction industry. Therefore, the problem of optimal cutting there is on the agenda
with special relevance.

An overview of the existing methods and their implementation in application soft-
ware is made below in the Section 1.2. Here we will only note that the software market
for the needs of optimal cutting has basically two types of implementation approaches.
In one approach, the plates are approximated to rectangles that are optimally placed
on the steel sheet, and in the second they have their exact geometry. In methods that
apply approximation to a rectangle the disadvantage is that in �gures other than a
rectangle the waste is large. In di�erent industries, a large number can be understood
as a variety of numbers. In the present paper we will understand 25-50 % for large
waste, 10-25 % for medium large waste, 0-10 % for small waste. When working with
triangular shapes formed by straight lines on all three sides, the waste is 50 %. Big
waste. This approach has limited application, but is used quite widely and gives good
results in glassmaking and the paper industry. In both types of software, the input
of the cutting objects is done manually. The polygons are entered by coordinates of
the vertices or by segments of the sides. It takes a lot time and it is possible to make
inaccuracies and / or errors in data entry.

In the last three decades, CAD systems have been widely used for the design of
construction sites. In the presented dissertation the problem of optimal disclosure of
building elements (or plates) is solved under the assumption that the polygons (plates)
are generated and provided to the builder by a CAD system. Then the data is pre-
processed and �nally the plates are cut with their exact geometry.

Preparation of plates for the needs of steel structures represent a certain class
subtasks for optimal cutting, which is characterized by a number of features that lead
to simpli�cation and to complicate the task of cutting. The most important features
are:

1. often the planks have complex shapes, the boundaries of which are arbitrary non-
self-intersecting polygons (in rare cases, making elements with elliptical contours
is reduced to the above case by approximation with polygons with su�cient
accuracy for practice);

2. very often the plate does not have a "face" and a "back", which allows a mirror
search of its location in the cutting process; this feature can lead to material
savings, but increases the complexity of the problem.

3. in the set of slats to be produced, there is often a considerable variety of sizes,
areas and shapes.

The paper focuses on methods for solving the problem for cutting into slats in 2D.
The two-dimensional cutting task is more di�cult than the one-dimensional, especially
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when the cut-out �gures are not convex and have an irregular shape. Both tasks are
NP -complete combinatorial optimization tasks [12], [13].

Figure 1.2: Steel Structure 1. Figure 1.3: Steel Structure 2.

As an illustration, some examples of the case of steel structures will be presented.
In the steel hall shown in �gure ref �g: 3DView1 there may be about 2000 - 3000
steel plates for cutting. They are of di�erent thickness, in practice we often have to
work with 6 di�erent thicknesses. Therefore, from a metal sheet of a given thickness
should be cut about 500 pieces of plates with quite complex shape. In the present case
rotation and mirror image of the plate are recommended in the optimization of the
cut. Moreover, there are slats in which the ratio of length to width (of course as the
plate is placed in a rectangle with minimum dimensions) is more than 100.

Metaheuristic Methods for Reducing Cutting Tasks  7
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1.2 Overview of the main results in the �eld

The problem of optimal cutting (CSP) occurs in many industrial areas [61]. Most
authors solve 2D cuts by approximating the input polygons (�gures) to rectangles.
These solutions are also applicable in many industries. For example, the production
of paper and glass [24], container loading, multi-scale integration (VLSI) design, and
various scheduling tasks [55].

The more complex version of the problem is when the input polygons (�g-
ures) are not approximated to rectangles. This problem arises in building structures
in the manufacture of steel products, the manufacture of clothing, the manufacture of
footwear, etc. In [24] the main theme is a two-dimensional orthogonal packaging prob-
lem in which a �xed group of small rectangles should be mounted in a large rectangle
and the unused area of large rectangles should be minimized. The algorithm combines
a substitution method with a genetic algorithm. In [45] a Greedy (greedy) procedure
of random (randomized) adaptive search has been developed. In this study, there is a
large primary stock that needs to be cut into smaller pieces to maximize the value of
the pieces. Cintra [49] o�ers a precise algorithm based on dynamic programming that
is suitable for small problems, since the problem is NP-di�cult. Dusberger and Raidl
[62], [63] o�er two meta-heuristic algorithms based on searching for variable neighbor-
hoods. The above works solve the simpli�ed problem with rectangular elements. In the
building industry, slabs are polygons that can be irregular in shape and can be convex
or concave, but not just intersecting. Such a variety of forms signi�cantly increases the
severity of the problem. As the slats or entrance polygons can be applied in a mirror,
since the steel sheets are homogeneous on both sides. The complexity of the task is
also increased by the fact that a triangular plate can be described with more than three
points.
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1.3 Aims and objectives of the dissertation

The main aims set for the doctoral student are of scienti�cally applied and applied
nature. They can be summarized as follows.
Dissertation objectives:

1. Optimal cutting of linear elements with minimal waste;

2. Optimal cutting of two-dimensional elements with an irregular shape with mini-
mal waste.

To achieve these goals, the following tasks were formulated:

� Task 1. Development of an algorithm for solving the problem of one-dimensional
(linear) cutting;

� Task 2. Development of an algorithm for solving the problem of cutting two-
dimensional elements;

� Task 3. To make a program implementation of the developed algorithms and to
be implemented the comparison of real construction sites with existing in practice
methods of cutting.

The basis of development is a CAD environment for obtaining graphic information
from a given construction site. After optimization, information is generated in terms
of the same CAD environment. For this purpose, a numerical algorithm for cutting
(placement) of arbitrary non-intersecting polygons has been developed. (called planks
and generated by the CAD system) from a user-speci�ed polygon (steel sheet). The
focus of the dissertation are planar elements (sheet material) 2D �gures (called plates
here). Geometrically, this means that a certain number of �gures in the plane are ar-
ranged in an area with a given user closed loop. This is a fairly general mathematical
problem that can be applied in a variety of industries. The algorithm allows and addi-
tional settings and various principles in the optimization when arranging the �gures.
These tasks are based entirely on examples from practice, and the input data are from
actually designed and executed construction sites.

1.4 Research approach

This dissertation deals with the solution of two optimization problems: (1) cutting
of linear pro�les, steel bars, T - and Π -shaped pro�les, etc.) or 1D cutting and (2)
cutting of two-dimensional (�at) plates of steel sheets.

The �rst task is one-dimensional (linear), 1D cutting. No optimizations are in-
troduced for 1D optimization special de�nitions, as it works with one parameter, the
length of the element. The task of minimal waste comes down to �nding the minimum
number of pro�les used. Although it is easier than the two-dimensional task, it is also
NP complex. The approach uses the ant method.

The second task is it 2D cutting. The data includes an incoming list of n per
number of laths (called input polygons) that need to be arrange as tightly as possible
in a polygon, called the main. In search of a possible placement of incoming polygons
can be applied rotation and mirror image. Once the location of the input polygon
is selected it is necessary to apply the algorithm for "subtraction" ("cutting") of two
polygons. This is done in order for the next incoming polygon to look for a location
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in the rest of the main polygon. This (cut) strip is then removed from the list with
input strips. This is repeated until all the bars in the input list are exhausted. Then
the overall solution (the set of planks) is evaluated by metaheuristics. See point ??.

Figure 1.4: Initial main
polygon (to be �lled).

Figure 1.5: Exemplary input poly-
gons (dimensions are signi�cantly
increased)

Figure 1.6: Main polygon be-
fore cutting.

Figure 1.7: Main polygon af-
ter cutting.

A wide range of literature has been used in the process of studying the problem.
Created new methods and algorithms are published in the author's articles, [12, 13, 15,
14]. Three methods have been developed. The �rst is to evaluate the input polygons
(sets). To their angles and lengths. This method gives a score from 0. to 1. for the
highest probability that a polygon will be placed in the �ll polygon at a given peak.
The second method gives an estimate of the largest contact length (area) between
two polygons. The third method is hybrid metaheuristics. Gives an assessment of all
admissible solutions for a given peak. The score for each decision is between 0. and
1. The one with the highest score is chosen. If there is more than one solution with
a maximum score, one of them is chosen at random. The combination of the three
methods allows us not to look for complete exhaustion of the possible combinations for
placing the input polygons Πi in the polygon of �lling ∆. Two new algorithms have
been developed, which are an improvement on two existing algorithms. One is the
Ray method [40]. The addition is that before applying the Ray method, it is checked
whether the given point is in the box of the polygon, if so then it is checked for the
whole polygon. For a de�nition of box on the polygon, see point 2.5. The box of the
polygon will be used if the number of vertices of the given polygon is greater than 4.
The other method is "Bentley-Ottman � [39]. The addition is that not all segments
are crawled, and the algorithm stops the �rst time the two segments intersect.

As a �nal result of the research of the problem, software was developed that suc-
cessfully solves both tasks. A comparison of the obtained results with the results from
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the use of commercial software is made. The advantages of the created program over
the tested commercial software are given in 4.6 and in 5.
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Chapter 2

Computational Geometry: Basic

De�nitions

In this section the geometric objects point, linear segment and polygon in the two-
dimensional plane are used. All points will be represented as a list of ordered numbers
(coordinates), [9], in two-dimensional cases these are pairs of numbers P = (x, y). Here
we also discuss the concepts important for the construction of algorithms when a point
is inside a polygon, intersection and subtraction of two polygons, etc.

2.1 De�nition of List

The list is strictly ordered items. Each element can be a number, a string or another
list. Examples:

1. list(X, Y ) - point given by its Cartesian coordinates;

2. list(pt0, pt1, . . . , pti) - a list of points, where pti is a list representing a point with
index i;

3. list (e0, e1, . . . , en−1) - a list of segments where ei is a linear segment with index
i, see below.

2.2 De�nition of point, segment and polygon

De�nition of point.

The points in the d -dimensional space are represented as an ordered list of d
numbers called coordinates, [9]. Since we consider the problem in a plane, in this
work the point pti is de�ned as pti = list (xi, yi), where the coordinates xi and yi are
real numbers. When working with real numbers using computer arithmetic raises the
question of the rounding error. The error of rounding real numbers is an important
and extensive �eld in mathematics. The following rules have been adopted:

1. We work with an accuracy of four characters after the decimal point .0001;

2. We accept a deviation of fuzz, which is a real number greater than 0.

These rules are dictated by the need to work with data produced by CAD systems. In
the �eld of design of objects made of steel structures, the dimensions of the structures
are give in millimeters, so all numerical data (coordinates of points, segments, etc.)
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are in millimeters. For the needs of the construction industry (steel structures), the
di�erence in the lengths of the sides of the plates of 0.5mm does not make the detail
indistinguishable. That is why we accept them as the same.

We assume that two points coincide Pi ≡ Pq, àêî:

(xi − fuzz) ≤ xq ≤ (xi + fuzz) ∧ (yi − fuzz) ≤ yq ≤ (yi + fuzz) (2.1)

èëè

max{|xi − xq|, |yi − yq|} ≤ fuzz (2.2)

De�nition of linear segment.
We will use two types of segments:

(1) CAD linear segment. CADei = list(pt0, pt1, dots, pti) is set with a list of points
that lie on one line; such segments are obtained from the operation of the CAD system,
which generates all input data used in this work.
(2) Linear segment ei = (pti, pti+1) a closed set of points lying on a line between two
points pti and pti+1, called endpoints, [9]. The items in the ei list are sorted. The �rst
is the initial and the second the �nal. In our work, the linear segments are obtained
after removing the inner points of the CAD segment.

De�nition of polygon.

Polygon is closed area of the plane surrounded by n linear segments forming a
closed curve [9] Note that we are using a linear segment here, not a CAD linear
segment. Let pt0, pt1, . . . , ptn be n points on a plane such that pt0 = ptn. The points
pt0, pt1, . . . , ptn form a cyclic list. While pt0 is followed by pt1, ptn−1 is followed by
pt0 = ptn. The polygon is also described by its vertices, the endpoints of its segments,
so that equivalently, Π = list (pt0, pt1,..., ptn). We say that two segments are adjacent
when they have only one common endpoint.

Linear segments form a polygon if and only if:

1. The intersection point between each pair of adjacent segments in the cyclic list
is: ei ∩ ei+1 = pti+1, for all i = 0, ..., n− 1;

2. Non-adjacent segments do not intersect.

We will call the points pti vertices of the polygon, and a segment of the polygon
will we call it a linear segment. Note that a polygon with n vertices has a n segment.

2.3 Rotation of point

Let's look at two di�erent points ptA = list(xa, ya) è ptbase = list(xbase, ybase)
in the coordinate system XOY . We want to turn the point ptA arround the base
point ptbase of given angle β. If the angle β is positive number, then the rotation
is counterclockwise anti − CW , otherwise the rotation is clockwise CW . After the
rotation we will get a new point ptB = list(xb, yb) in the coordinate system XOY .

To make the necessary calculations and get the calculation formulas for the coor-
dinates of the point obtained after the rotation, we will introduce a new coordinate
system X ′O′Y ′, whose coordinate origin matches ptbase. The axes of the new coordinate
system X ′O′Y ′ are translate parallel to the axes of the XOY coordinate system. For
the new coordinate system we get the coordinates of the point ptA, x

′
a = (xa − xbase)
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and y′a = (ya − ybase) or ptA = list(x′
a, y

′
a) in the new coordinate system X ′O′Y ′. The

turning radius R is found by the formula:

R =
√
x′
a
2 + y′a

2 (2.3)

The angle of rotation α is receiving by formula:

α = arccos
x′
a

R
(2.4)

Then the coordinates of the point ptB in the coordinate system XOY are:

xb = xbase +
R

cos(α + β)
(2.5)

yb = ybase +
R

sin(α + β)
(2.6)

2.4 Perpendicular from a point to a line

The line is set with two points A = list(xa, ya) B = list(xb, yb) and the test point
is T = list(xt, yt). We want to �nd a point C = list(xc, yc) from the line list(A,B)
such that the vector de�ned by the points T and C are perpendicular to the line.

Before we start looking for the point C, we need to check if the points A =
list(xA, yA), B = list(xB, yB) and T = list(xt, yT ) do not lie on the same line. This is
done by �nding the face of the triangle F = list(A,B, T ). The result we will get from
this algorithm is the oriented face of the triangle list(A,B, T ). We are only interested
in whether the person F is zero or not. If the person F = 0, then the points lie on one
line and we do not need to look for the perpendicular vector T⃗C to the line list(A,B).
If the person F ̸= 0. Then the algorithm proceeds in the following steps, according to
[41]:

1. If xA = xB, then the line is vertical and the search point is ptC = list(xA, yT ) .;

2. If yA = yB, then the line is vertical and the point sought is ptC = list(xT , yA);

3. If the above conditions are not met, then we look for the slope m of the line
list(A,B);

m =
yB − yA
xB − xA

(2.7)

xC =
(xT

m
+ yT +m.xA − yA)

m+ 1
m

(2.8)

yC = yA +m(xC − xA) (2.9)

Or the coordinates of the desired point is: C = list(xC , yC).

2.5 Finding of box of polygon

By box of polygon Πi = list(pt0, pt1 . . . ptn) we will understand the rectangular shell of
the given polygon Πi. Look �gure 2.1.

To �nd box on the polygon Πi we have to go through the list of points Πi =
list(pt0, pt1 dotsptn) and for each point we take its coordinates on X.pt and on Y.pt.
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Figure 2.1: box of polygon

Then sort the two new lists in descending order, listX = (x0, x1 . . . xn) and listY =
(y0, y1 . . . yn). The �rst value of listX will give us maxX the last minX. We do
the same for the listY list. Thus we get the coordinates of the points boxpt1 =
list(minX,minY ) and boxpt3 = list(maxX,maxY ). Point boxpt1 is always at the
bottom, on the left. Point boxpt3 is always at the top, on the right.

2.6 Mirror image of polygon

By mirror image of a polygon we will mean a mirror image on all sides of the polygon,
which are not parallel to each other.

The polygon Mirror1 = list(mpt0,mpt1,mpt2,mpt3) is obtained from the shaded
polygon Πi = list(pt0, pt1, pt2, pt3). To �nd the mirror image of the polygon Pi uses
the following sequence:

1. We take the �rst pt0 and the second pt1 point from the polygon Pi.

2. We form the rights L1 − L1. The line L1 − L1 is formed by two points. The
�rst point is ptL1 = (polar(pt0; (angle = pt1, pt0); 10e10)). The second point is
ptL2 = (polar(pt1; (angle = pt0, pt1)); 10e10). We �nd the polar coordinates of
the points ptL1 and ptL2 - base point, angle and length. In this case, the length
is chosen large enough to be acceptable for the CAD system.

3. For each vertex of the polygon Pi we �nd the heel of the perpendicular to the
line L1 − L1 and denote it by ptPerpi . The mirror point is obtained: mpti =
(polar(ptPerpi ; (angle = pti, ptPerpi); distance(pti, ptPerpi)). To �nd the heel of
perpendicular to the line L1− L1 see Subsection ??.

The line L1−L1 will be collinear with the segment list(pt0, pt1). Then the distance
distance(pt0, ptPerpi) will be zero and the points pt0 and mpti will coincide. Any pair
of consecutive vertices list = (pti, pti+1) on the polygon Pi can be used to �nd the line
L1− L1.
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2.7 Finding the direction of a polygon (CW or anti−
CW )

Here we will discuss ways to determine the direction, (clockwise (CW ) or counterclock-
wise (anti−CW ) ), at the boundary of polygon Π = list (pt0, pt1, ..., ptn). From the
basics known in the literature methods for landmark orientation, here we will present
one of the fastest methods for calculating the direction of traversal of the peaks along
the border at the Π [28] polygon

Figure 2.2: Area of Trapeze

Let ei ∈ Π is an arbitrary segment and let its midpoint
Pm has coordinates:

Pm =

(
xi + xi+1

2
,
yi + yi+1

2

)
. (2.10)

Area of the �gure between segment ei ∈ Π and the coordinate axis X is:

Fi =
(xi+1 − xi)(yi+1 + yi)

2
(2.11)

Note that the person Fi can be positive, negative or zero. The face sign depends
on the order of the points in the list de�ning P since the layout can be list (pt0, pt1,
..., ptn−1) or list (ptn−1, pt0, ... , ptn−1). We will call this person an oriented person.
This procedure applies to all ei segments. To save CPU time, it makes no sense to
divide each person by 2. Therefore, the sum of the oriented persons can be recorded
as follows:

2F =
n−1∑
i=0

(xi+1 − xi)(yi+1 + yi) (2.12)

If the coordinates of the points on vertices list(pt0, pt1, dots, pt5) satisfy conditions
x5 > x4 > x3 > x2 > x1 > x0, then the corresponding areas are positive and F > 0. If
the coordinates of the points on vertices list(pt0, pt1, dots, pt5) satisfy the conditions
x5 > x6 > x7 > x8 > x9, then F < 0
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2.8 Angle between two vectors. Internal angle of a

polygon.

In order to get a better characteristic for a given land�ll, we will need the internal
ones its angles. First we will �nd the angle between two vectors a⃗ = list(T, pti) and

b⃗ = list(T, pti+1), de�ned in the XOY coordinate system.

We �rst determine the lengths of the vectors a⃗ and b⃗, and then their scalar product.
To �nd the length of the vector a⃗, we will translate the point Ai to zero, Ti = (list0, 0).

Then the vectors a⃗ and b⃗ will have coordinates (xa, ya) and (xb, yb), respectively.

∥a⃗∥ =
√

x2
a + y2a (2.13)

∥⃗b∥ =
√
x2
b + y2b (2.14)

the scalar product is:

a⃗ · b⃗ = xaxb + yayb (2.15)

and so we get

cosα =
a⃗ · b⃗

∥a∥∥b∥
(2.16)

To �nd the interior angles of a polygon, we will need to check whether the polygon
in the vicinity of a vertex is convex. or not protruding. In order to check this we need
to �nd the orientation of the polygon. To �nd the interior angles the direction of the
polygon must be counterclockwise anti−CW . Then we start checking everyone three
points from the polygon list(pti, pti+1, pti+2). We �nd the inner angle α, which is at
the vertex pti+1. We check the orientation of the three points. If they are clockwise
CW , then from 2π we need to subtract the angle α. If the orientation of the vertices
list(pti, pti+1, pti+2) is the opposite of clockwise (anti−CW ), then we record the angle
α without correction.

Algorithm 1 InsidePolyAngle

/*Function for �nding internal corners of a polygon*/

procedure InsidePolyAngle(pt0, pt1, . . . , ptn)

if isClockWise pt0, pt1, . . . , ptn then return ptList = reverse pt0, pt1, . . . , ptn
i = 0
L = length of pt0, pt1, . . . , ptn
Repeat L

for pti, pti+1, pti+2 do α = getInsideAngle pti, pti+1, pti+2

if isClockWise pti, pti+1, pti+2 then return α = (2π - α)
else α

i = i + 1
End Repeat

In this way, it will be possible to write information about the internal angles and
lengths of its sides to each polygon.
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2.9 Crossing of two segments

Finding an intersection between two lines is an "expensive" operation in terms of CPU
time and should be used in the "extreme" case, so here we will look at two functions.
The �rst is to �nd the coordinates of the intersection point ptx of two given segments
e1 and e2, and the second is to check whether two given segments e1 and e2 intersect
without looking for the intersection point itself. The �rst function will return the in-
tersection point list = (xi, yi) as a value, and the second - true or false.

Find the coordinates of the intersection point ptx.
According to [31] and [30] the intersection point ptX = (X, Y ) of two given segments

e1 = (x1, y1) and e2 = (x2, y2) has coordinates:

X =

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣x1 y1
x2 y2

∣∣∣∣ ∣∣∣∣x1 1
x2 1

∣∣∣∣∣∣∣∣x3 y3
x4 y4

∣∣∣∣ ∣∣∣∣x3 1
x4 1

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣x1 1
x2 1

∣∣∣∣ ∣∣∣∣x1 1
x2 1

∣∣∣∣∣∣∣∣x3 1
x4 1

∣∣∣∣ ∣∣∣∣x3 1
x4 1

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

, Y =

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣x1 y1
x2 y2

∣∣∣∣ ∣∣∣∣y1 1
y2 1

∣∣∣∣∣∣∣∣x3 y3
x4 y4

∣∣∣∣ ∣∣∣∣y3 1
y4 1

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣x1 1
x2 1

∣∣∣∣ ∣∣∣∣y1 1
y2 1

∣∣∣∣∣∣∣∣x3 1
x4 1

∣∣∣∣ ∣∣∣∣y3 1
y4 1

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

. (2.17)

By calculating the determinants in (2.17), we obtain the following expressions for
X and Y :

X =
(x1y2 − y1x2)(x3 − x4)− (x1 − x2)(x3y4 − y3x4)

(x1 − x2)(x3 − y4)− (y1 − y2)(x3 − x4)
(2.18)

Y =
(x1y2 − y1x2)(y3 − y4)− (y1 − y2)(x3y4 − y3x4)

(x1 − x2)(x3 − y4)− (y1 − y2)(x3 − x4)
. (2.19)

2.10 Point in polygon

We will consider the following problem in the XOY plane. For a given random point
T = list(x, y) (called test point) and polygon Π = list(pt0, pt1, . . . , ptn) to determine
whether the point is inside the polygon or not. The vertices of the polygon are given
by pti = list(xi, yi).

Here will be considered two methods for solving this problem - Ray crossing method
(intersecting beam), [32], and Balanced sum of angles. In the software developed for
the dissertation the following approach is used before applying the intersecting beam
method to all segments. It is checked by the method of the intersecting beam whether
the given point T is in box of the polygon Πi. For more �nding box on a polygon, see
??.

and if it is in box then the Ray method is applied to all segments of the Π polygon.
This approach requires crawl the entire list of points (pt0, pt1, ..., ptn) and compare to
�nd the minimum and maximum of each coordinate. This check is done quickly, as it
comes down to comparing two numbers. This approach is justi�ed because the number
of segments in a polygon is growing very fast. Depending on the complexity of the
input polygons and the allowed angles of rotation, the polygon for which we check Π
can reaches 300-400 segments. As this check is repeated n a number of times. The
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complexity of the algorithm is O(n2), but if the method set out in ?? is applied, then
the complexity can be reduced to O(n).

Ray crossing method
Check if a point T is in a given polygon Π. Recall that the area surrounded by the
land�ll is closed, i.e. including the border. For this purpose we build a horizontal
half-line

with the beginning the given point T and the end point T∞, which we will call
the intersecting ray Ray = list(T, T∞). Under a point in in�nity we will understand
the largest number that can be generated from a given CAD system. In most cases,
1020 is su�cient as an approximation to in�nity. The idea of the intersecting beam
method is based on the number of intersections with the polygon Π. If the bore of
the intersection points is even, then the point T is outside the polygon, otherwise it is
inside the polygon.

In special cases, when the intersections of the ray Ray with the segments of polygon
Π coincide with a given vertex of the polygon Π inaccurate results are obtained. To
solve the problem of coincidence of the transverse current with a given vertex of the
polygon, a criterion for "Ascending" and "Descending" segment is introduced.

Balanced sum of angles
The task is to �nd the oriented internal angle between the vectors. a⃗ = list(T, pti)

è b⃗ = list(T, pti+1).
We will now give criteria for when a point T is inside or outside a polygon Π =

list(pt0, . . . , ptn). We construct the vectors a⃗i from the point T to pti, i = 0, . . . , n− 1
and �nd the oriented angles αi between a⃗i and a⃗i+1, i = 0, . . . , n−1. Then we calculate

Sumα =
n∑

i=1

arccosαi (2.20)

If the point T is interior for the polygon Π, then the sum of all interior angles
Sum alpha is equal to ±2π. With a calculation of all angles (crawling), this method
gives us two important characteristics for a given polygon Π:

1. If Sumα = 2π polygon Π is oriented CW ;

2. If Sumα = −2π polygon Π is oriented anti− CW .

This is a very reliable method, but not fast enough according to cite BGSIAM
2017. Also from critical the error that accumulates when adding the corners is also
important. Usually the values of the angles are small with a large number of segments
of polygon and then a large enough error can accumulate, which in turn, it will be
di�cult to judge whether the point T is in the polygon Π.

2.11 Add points in a linear segment

Adding points in a linear segment is necessary to �nd more possible valid ones locations
of the polygons Pi, i = 1, dots, in the polygon∆. See point 4.4. Now let's take a certain
polygon P = list(e1, e2, . . . en) from the incoming list of polygons. Each segment ei of
the polygon P = list(e1, e2, . . . en) is divided into three subsegments. Detailed points
are added for each sub-segment. The principle of placing detailed points.

Obtaining detailed points for the segment ei = list(pti, pti+1) is done by polar
coordinates (base point, angle and length). We de�ne the function polar which returns
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a point at a given base point, angle and length. The base point is pti. The angle of
the segment ei with respect to the abscissa axis OX is angle(pti, pti+1). Finding the
length of each segment is as follows:

1. Divide the segment ei into the ratio L1 = 0.1(distance = pti, pti+1).

2. L1 is divided by the corresponding number of segments we want to achieve. 3 or
5 divisions can be used.

3. The �rst detailed point will be ptL1,i = (polar(pt0, ange1,
L1

5
).

The calculation of the other detailed points for the segment ei is done in the same
logic as for the point ptL1,i. The addition of these detailed points along the boundary
of the land�ll in some cases increases the quality of valid solutions. When testing, if I
place the polygon Πi at the vertex pt0, then we will not get a valid solution (placement
of the plate). However, if the polygon Πi is placed in any of the detailed points, there
will be a valid solution.

2.12 Remove redundant points from a linear segment

The inspection is performed before the arrangement of the polygons begins. When rep-
resenting polygons as a list of vertices list(pt0, pt1, . . . , ptn) is it is possible to describe
a triangle with more than three points. So the number of the vertices (points) in a list
do not determine the type of �gure.

2.13 Crossing of two polygons

The function for �nding the section (intersection) of two polygons A and B is one of the
main operations with sets and is often used in cutting algorithms. Unfortunately, the
implementation of this operation requires a lot of CPU time. The classic approach is
to check whether each segment of the B boundary intersects segment of the boundary
of A. This method is easy to implement, but as slow as possible, there is a complexity
O(n2), [10], p. 21. This approach is not used in the software developed by the author.

Faster methods for checking whether two polygons intersect use �nding the points
of intersection of their boundaries with their coordinates or veri�cation for logical
intersection. In most cases we will use logical intersection of the two polygons, then it
is not necessary to know the number or coordinates of the intersection points, su�ce
it to know that one of the two polygons has at least one vertex that is inside the other
land�ll. This is also used when searching for a possible position of a polygon Πi relative
to the main polygon ∆. In the section 4.4 for 2D cutting we will give more information.

One of the possible cross-checks is by starting to emit rays from each vertex of the
B polygon. And if a vertex from the polygon B is in the polygon A, then the two
polygons A and B intersect. Not in this approach it is mandatory to check all points
of the polygon B whether they are internal to the polygon A. The method is reliable,
but its complexity is almost O(n2), since each ray is actually a segment with initial
vertex Bi. This approach is relatively faster than the classical method.

tab [0.5 cm] One of the fastest algorithms is that of the "Bentley � Ottmann
algorithm", [39], which is concludes with the introduction of a vertical or horizontal
"scanning" line passing through all segments. When reaching the beginning of a seg-
ment, we report "event" and when we reach the end of the segment we also have an
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"event" the algorithm uses a vertical scan line. According to [43] the complexity of
this algorithm for all K intersections between the N segment is O((N +K) logN).

2.14 Reduction of polygon vertices

In the process of searching for a valid solution along the contour of the polygon, de-
tailed points are "inserted", which increase signi�cantly the likelihood of �nding a valid
solution. In the algorithm developed by the author [13], 15 detailed points are placed
on each segment. Three intervals of �ve points. This area of search for solution-these
detailed points. For each of them, the input polygon is translated and rotated. until a
valid solution is found. A valid solution is that the input polygon is in the �ll polygon.
Without crossing the two polygons.

Reducing the polygon will signi�cantly increase the speed of the algorithm and
save accordingly computational time. To reduce the polygon, we must determine its
direction of construction. Assume that the direction of construction of the polygon ∆
is CW . We open a new blank list and start traversing the polygon ∆ with every three
points list(pti−1, pti, pti+1), i = 1 . . . n. We calculate the direction of rotation of the
points list(pti−1, pti, pti+1). If their direction coincides with the direction of rotation
on the polygon ∆, we check whether (getPolyArea(pti−1, pti, pti+1) < minArea and if
so it we do not write a point pti in the empty list, otherwise we write pti in the empty
list. If the direction does not match on rotation of list(pti−1, pti, pti+1) with ∆ we write
pti in the list.
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Chapter 3

Task for 1D Cutting Stock Problem.

3.1 Formulation of the task.

The problem of optimal cutting of elements of a given polygons (plates) dates back
to the beginning of the industrial revolution, the second half of the 18th century and
the beginning of the 19th century. It is typical for this period of time the exponential
development of the productive forces. The industrial revolution is connected not only
with the beginning of the mass use of machines, but also with the sharp rise of labor
productivity. High labor productivity is directly and directly proportional depending
on the consumption of raw materials. Hence the need for optimal use of resources in
production. The task of optimal linear cutting mainly a�ects industry. Industry is
a sector that includes the extraction of minerals and the processing of raw materials
in intermediate or �nal products. Conditionally, we can divide the industry into two
extractive sectors and processing. The secondary sector also includes construction.
Our task stems from the secondary sector - construction. Several types of materials
are mainly used in construction: Reinforced concrete, steel, wood and others. In this
case, we will focus on steel and wood constructions. These constructions allow to be
produced in a workshop and to be installed on the construction site. The production
of both types of materials (steel and wood) allows cutting. Let's take for example, the
steel structure shown in �gure 1.1.

In this construction, cross-sections of various types are used for the rod elements.
Double "" T "pro�les," L "pro�les," C "pro�les.

Sections of steel pro�les often reach 100 kg/m. At a price of one kilogram of steel of
the order of BGN 3.5 lv./ kg. (as of 2021) makes BGN 350 per linear meter. And when
we can make savings that are repeated for each account, then the bene�t of optimal
cutting is obvious.

A list of input pro�le lengths L = li is given. The solution of the problem for 1D
will be reduced to �nding a solution for Bari. Or this is the linear arrangement of
part of pro�les li in a given length Bari. The next steps are until all accounts in the L
list are exhausted. Optimization involves locking the pro�les so that get the smallest
possible remainder for each given length Bari, see �gure 3.1.
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Figure 3.1: De�ning a linear cut.

Where Bari, i = 1 . . . n, see Figure 3.1, the target �ll length for �nding one pro-
�le layout is displayed. The problem will be solved with the method of ants ACO.
The ant method is a metaheuristic method for solving computational problems [16].
This algorithm is part of the algorithms of Social Intelligence (SWARM models of the
evolution of culture).

In this case, it is 12,000 units. It cannot be less than the smallest length of the
input pro�les. To �nd a valid solution, we take the one with the smallest value of
the remainder waste1 of them among all the solutions found. We must note that
waste1 consists of two wastes. One waste is real - that which remains as material
stored in the variable wasteReal. The other is technological, written in the variable
wasteCut. This is the width of the cutting tool. Therefore, the total waste is wastei =
wasteReal+wasteCut. Then the pro�les included in the selected solution (green color
of �gure ref �g: 1D-Waste) exclude them from the input list. The task is repeated
until as the incoming list becomes empty. Then we write in a variable sumWaste =
(waste1 + waste2 + · · · + wasten) scrap from all pro�les and save the solution. Once
we get the next solution we compare them by sumWaste. We choose this with the
smaller sumWaste. The decisions are repeated or until we get a waste less than 5 %
or up to a given calculation time.
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3.2 Finding a complete solution for 1D cutting.

Let the following incoming list of cutting pro�les be given. The incoming list is obtained
directly from the CAD system. One such list is shown in table ref tbl: Pro�leInput.

Input data for 1D cutting:

Table 3.1: Input data for pro�le cutting.

n Section Count Length
1 2 3 4

1 Pro�le 1 36 320
2 Pro�le 12 54 330
3 Pro�le 8 4 330
4 Pro�le 15 18 334
5 Pro�le 31 54 340
6 Pro�le 25 54 350
7 Pro�le 19 360 365

With n we will mark the "collapsed" list with 18 items. With N we will mark
the developed list with 580 items. Three stacking methods were tested. The �rst is
combinatorial optimization by the method of ants ACO, [53] and [54]. An ant was
used to �nd a solution for a Bari.

Figure 3.2: Illustration of the ant method.

Figure 3.3: Value.

The Ant Colony Optimization method is part of the population methods. Popu-
lation methods are part of Metaheuristics. See �gure 4.1. In general, this is a prob-
abilistic approach to solving a variety of computational problems. The ACO method
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solves problems according to given parameters. This method was �rst proposed by
Prof. Marco Dorigo in 1992 in his dissertation.

From then until today, the method proposed by Prof. Dorigo has been extended
and modi�ed to be able to solve a wider range of tasks. The idea is taken from nature,
so here we will use terms like "ant" and "pheromone". A pheromone is a chemical
that is released from the ants in the process of passing a road. This pheromone serves
to communicate with other ants. In the beginning, the ants move at random. When
they �nd food, they return to their nest. All the way back and forth they release a
pheromone. This pheromone is deposited in their path. The pheromone attracts ants.
The more pheromones there are in a given road, the more likely the ants are to move
on it. In this way, the amount of pheromone increases and the path to the food source
becomes more attractive to other ants. A di�erent number of ants can be used to solve
each task. The fewer ants are used to �nd the global optimum less current computing
resources (CPU time) will be required. In the present case, an ant was used. The ant
selects any valid element and places it in the valid solutions. For the next solution, it
uses a function called transition probability. This feature is a product of the amount of
pheromone and heuristic information. The amount of pheromone represents the expe-
rience of previous iterations of ants. The heuristic function is information representing
prior knowledge of the task. The ant chooses this transition, which has a great deal
of pheromone and heuristic information. This is the highest probability of a correct
decision. If there is more than one solution with equal probability, then one of them
is chosen at random. Once all the ants have found their solutions, the pheromone
should be renewed. First, the pheromone is reduced to reduce the impact of previous
decisions. A new pheromone proportional to the value of the target function is then
added. The logic is that solutions with more pheromone are better than those with
less pheromone and so they will become more desirable in the next iteration. In the
speci�c task, the pheromone is placed on the transitions.

Probability of transition.

pi,j =
(ταi,j)(η

β
i,j)∑

(ταi,j)(η
β
i,j)

, (3.1)

where:

� τi,j is the amount of pheromone corresponding to the transition from vertex i to
vertex j;

� α is a parameter to control the in�uence of τi,j;

� ηi,j is heuristic information. Combination of the parameters of the objective
function and the constraints;

� β is a parameter to control the in�uence of ηi,j.

Pheromone Update.

X =

{
Lk, if an ant K passes through the edge i, j
0, else

(3.2)

Algorithm of the ACO ant method, according to cite ESGI'113.
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Algorithm 2 ACOAlgorithm

/*Algorithm of ants*/

procedure ACOAlgorithm
Begin

Placing an initial pheromone
While while the criterion is true do

Place each ant at the top vertex
Repeat

For each , apply for each ant
Choose next vertex

End Foreach , end of apply for each ant
Until , each ant is construct a solution

Pheromone renewal
End While , end of while

End

Since the creation of the algorithm in 1992 by Prof. Dorigo until today, various
modi�cations of the ACO algorithm have been developed. Some of the most popular
variants of the ant optimization algorithm are presented in [17], [18], [19], [20], [21],
[22], [23], [53] , [54],

In the current 1D task, the largest pheromone is given to those pro�les that give
the smallest remainder of Bari. The length of the pro�le is its weight because the cross
section is the same. It is a constant. See �gure 3.3. The Length2 pro�le will receive a
higher pheromone (rating) than the Length1 pro�le. Or these are longer pro�les will
have a higher rating. The sum of the pheromone for Bari is larger for longer pro�les.
In this case, the ant method exhibits a Greedy character.

The second method is dynamic optimization. This approach does not make combi-
nations between pro�les, but records the sum of the accounts due to an index. In the
next search, the sum of the lengths is not passed through the entire list to the given
position, but their sum from previous calculations is used. Give a list of pro�les with
their lengths Lp = list(p0, p1 . . . pn). The sum of the lengths of the �rst 5 pro�les will
be:

1. sum1 = p0 + p1;

2. sum2 = sum1 + p2;

3. sum3 = sum2 + p3;

4. sum4 = sum3 + p4;

5. . . .

6. sumi = sumi−1 + pi;

The third method is a combination of Greedy and a combinatorial method with
complete depletion of the n-element, k-th class. In Greedy. method pro�les are sorted
by length. From largest to smallest. The arrangement of the pro�les starts with the
largest lengths being placed �rst. The next placement is the combinatorial method.
Method the largest length of the sum of the lengths of each of the three elements in the
list Lp. The combination class is limited to three elements. Each combination di�ers
from each other by at least 1 element.
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Ck
n =

V k
n

P k
n

=
n!

k!(n− k)!
(3.3)

Or for ten pro�les we have the following number of combinations with three ele-
ments:

10!

3!(10− 3)!
=

3628800

6.5040
= 120 (3.4)

The lengths of pro�les with the same cross section do not vary widely. In the
comparisons made between the three methods, for the purposes of steel structures the
hybrid approach Greedy + n3 the algorithm gives the best results in terms of density
and time. The combinatorial method works with the "collapsed" list, we will mark
with the n element = 18 pieces. The maximum number of iterations is 73 = 343. It
is not necessary to reduce the number of items n by one after each pro�le placement.
In the developed list we will mark with N = 580 pieces. The maximum number of
iterations should be 5803 = 19, 511, 000.

Cutting lengths 12000 mm, cutting knife width 0. mm. The number of lengths
(pro�les) for cutting is unlimited. Number of pro�les for cutting - 580. The total
length of the pro�les for cutting is 205 332 mm. Therefore, the global minimum will
be around 205332

12,000
= 17.11, or up to 18 12,000m pro�les.
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3.3 Results at 1D cutting. Examples.

We will use the following commercial product:

Figure 3.4:
Comemercial product
for 1D CSP.

The Results of calculation:

Figure 3.5: Solution of 1D cutting with a commercial prod-
uct.
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The blue ellipses in �gure 3.5 indicate the number of required pro�les. They are 17
whole lengths of 12,000 mm + 1002 mm of the 18th length.

Results in this method:

Table 3.2: Results with Ants for 1D cutting.

N Äúëæèíè Îñòàòúê Ïðîôèëè
1 2 3 4

1 12000 120 pro�le 19 (360x33),
2 12000 120 pro�le 19 (360x33),
3 12000 120 pro�le 19 (360x33),
4 12000 120 pro�le 19 (360x33),
5 12000 120 pro�le 19 (360x33),
6 12000 120 pro�le 19 (360x33),
7 12000 120 pro�le 19 (360x33),
8 12000 120 pro�le 19 (360x33),
9 12000 120 pro�le 19 (360x33),
10 12000 120 pro�le 19 (360x33),
11 12000 120 pro�le 12 (330x36),
12 12000 120 pro�le 31 (330x36),
13 12000 100 pro�le 25 (350x34),
14 12000 120 pro�le 1 (320x36), pro�le 19 (360x1),
15 12000 160 pro�le 19 (360x29), pro�le 25 (350x4),
16 12000 120 pro�le 31 (330x18), pro�le 12 (330x18),
17 12000 130 pro�le 15 (330x18), pro�le 25 (350x16), pro�le 8 (330x1),
18 12000 11010 pro�le 8 (330x3),
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Table 3.3: Ðåçóëòàòè ñ Greedy + n3 method for 1D CSP.

N Length Waste Pro�le
1 2 3 4

1 12000 150 pro�le 1 (320x36), pro�le 12 (330x1),
2 12000 120 pro�le 12 (330x36),
3 12000 120 pro�le 12 (330x17), pro�le 8 (330x4), pro�le 15 (330x15),
4 12000 120 pro�le 15 (330x3), pro�le 31 (330x33),
5 12000 170 pro�le 31 (330x21), pro�le 25 (350x14),
6 12000 100 pro�le 25 (350x34),
7 12000 180 pro�le 25 (350x6), pro�le 19 (360x27),
8 12000 120 pro�le 19 (360x33),
9 12000 120 pro�le 19 (360x33),
10 12000 120 pro�le 19 (360x33),
11 12000 120 pro�le 19 (360x33),
12 12000 120 pro�le 19 (360x33),
13 12000 120 pro�le 19 (360x33),
14 12000 120 pro�le 19 (360x33),
15 12000 120 pro�le 19 (360x33),
16 12000 120 pro�le 19 (360x33),
17 12000 120 pro�le 19 (360x33),
18 12000 10920 pro�le 19 (360x3),

Table 3.4: Comparison of results for 1D cutting.

Software Number of Accounts Used Time [s]
1 2 3

Commercial product 17x12000 + 1002 mm 7
Greedy + n3 17õ12000 + 1080 ìì <1
Ants ACO 17x12000 + 990mm 1

Obviously, the commercial product uses very complex heuristics or other optimiza-
tion methods. The commercial product is the slowest compared to the other two
methods Greedy + n3 and ACO. As can be seen from the comparison table ref tbl:
Compare1D, the ant method ACO gives the best result in terms of least waste, which
is our main goal. As a computation time Greedy + n3 is slightly faster than ACO at
the expense of the worse solution. The commercial product is slow and gives a worse
solution than the ACO ant method. Therefore, we can conclude that the algorithm
proposed by the author of the dissertation ACO is superior to the other two.
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Chapter 4

Task for 2D Cutting Stock Problem.

4.1 Formulation of the task.

The industry sets a variety of optimization tasks to solve. These tasks can be classi�ed
on many grounds depending on:

1. the nature of the problem to be solved;

2. task structure;

3. the number of control parameters;

4. the nature of the dependence of the criterion and the constraints of the parame-
ters;

5. the presence of various restrictions;

6. the nature of the required minimum;

7. number of criteria;

8. and others.

In the production of steel structures it is necessary to cut plates from a given steel
sheet. The plates come as polygons from a CAD system. This requires arranging the
input plates on the sheet so as to obtain minimal waste. This is the cutting of a certain
number of �gures from a given material, which in the general case will be a polygon.
We will call this polygon a polygon to �ll. See �gure 1.4.

This task is also known as Cutting Stock Problem or (CSP), [69]. This problem
is an NP-complex combinatorial task [88]. The literature gives exact solutions to the
problem for �gures (planks) that are rectangles. It will be given below an algorithm for
�nding a solution to the problem of arranging a given number of arbitrary geometric
�gures (plates described by polygons) inscribed in any contour (polygon to �ll). The
method allows use of rotation and a mirror image of the �gure. CPU computing time
increases signi�cantly with increasing the number of �gures and their complexity as
geometry. Finding a solution by exhausting all possible combinations is unacceptable
as too large a calculation. In the modern development of computer technology it is
possible to solve a complex task on a super computer that will �nd all possible solutions,
but in most cases this is not justi�ed. Of course, the cost of a signi�cant computing
resource depends on the importance of the task. The algorithm presented below has
the possibility to parallelize the computational processes. But the mass tasks will
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be realized on a desktop or personal computer. The aim is to create an algorithm
that gives in a short time an acceptable solution to complex combinatorial tasks using
mobile computing devices. We will introduce all the mathematical concepts that are
used to describe the mathematical model and algorithm for solving the optimization
problem.

The CAD system produces polygons, which are lists of points in the coordinate
of the XOY system. In the general case, these polygons also contain points that are
not vertices of the polygon, ie. points lying on one right. We will call these points
redundant. Therefore, all polygons generated by the CAD system will we apply the
function for clearing the excess points. After removing the excess points we get input
allowable polygon described by a list of points

P = list(pt0, pt1, ...ptn), (4.1)

where pti are the vertices of the polygon. This list has the following properties: 1. The
list is ordered; 2. The list is cyclic ptn = pt0; 3. There is no self-crossing.

In the process of working on the algorithm we will need the concept of a segment,
which is a segment between two consecutive tops. In this way we generate the segments
e1 = list(pt0, pt1), . . . , en = list(ptn−1, ptn) and we get another characterization of the
polygon Π = list(e1, e2, . . . , en). Plates with curve boundaries are approximated by
polygons with a su�cient number of vertices. Examples of input valid polygons are
shown in Figure 1.5.

A polygon to �ll ∆ to be �lled will also be described with a list of points:

∆ = list(p0, p1, . . . , pm) (4.2)

The �lling contour must not be self-intersecting.
There are two criteria for task optimization:

1. Minimum �ll height optimization - minY ;

2. Optimization of the number of vertices of the residual polygon after cutting of
the input polygon from the �ll polygon - minV ertex.

Let's consider optimization of the minimum height.

Of all the dispositions, we will consider as the best the one with the smallest ordinate
in the coordinate XOY system. If more than one solution with the same ordinates
minY is obtained, then we take this with best �ll factor. If there is more than one
solution with a maximum coe�cient of �ll we choose those solutions that cut the
�ll polygon with the smallest number of vertices. This means that the cut achieves
"correct" shapes. If there is more than one solution with the smallest number of
vertices, then select the �rst in the list.

To �nd the face of a polygon, see the formula 2.12. This formula gives the double
face of the polygon. Then we de�ne the �ll factor ratio as:

ratio =

∑n
i=1 Fi

AP

(4.3)

Therefore, the minimum value ratio = 0 of the coe�cient is when the polygon AP

is not �lled. The maximum value ratio = 1.0 is at maximum �ll of AP .
Of course, the de�nition of minY leads to the situation of how the �ll polygon P

is introduced. If we want to avoid this problem, then the solution of the problem will
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have to take several di�erent angles of the �lling polygon P . The angles of rotation
will be the angles that each segment concludes with the abscissa axis. The number of
rotations is equal to the number of segments of the respective polygon.

Consider optimization of the number of vertices of the residual polygon.

Of all the layouts, the best will be considered what when cutting the input polygon
in the �ll polygon has at least the vertices of the residual polygon. In the present
dissertation, this is the criterion for a polygon to be "smoother". Finding a suitable
polygon from the input polygons will be done by comparing the sides of the two poly-
gons - the input and the �lling polygon. If we have a complete match of the lengths
of the sides of the two polygons, then we will choose this input polygon. If there is no
coincidence of the sides of the input polygon to the �lling polygon, then we will use
the coincidence of the angles of the two polygons.

If more than one solution with the same number of vertices of the residual polygons
minV ertex is obtained, then we take the �rst decision in the list of valid decisions.
The di�erence between minY and minV ertex is that with minV ertex large (long)
polygons are allowed to "enter" the �lling polygon �rst, because they are more likely
to produce a smooth residue. The minimum smoothness of the residual polygon that
can be obtained is a polygon with three vertices list = (pt0, pt1, pt2) with an area other
than zero.
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4.2 Strategy for selection of an input polygon. Meta-

heuristic methods.

Metaheuristics is a powerful tool for �nding the optimal or suboptimal solution of com-
plex combinatorial problems. A key role in the development of metaheuristic methods
is the need to �nd an acceptable solution for an acceptable time with limited hardware
resources. According to cite Wiki: Meta, metaheuristic algorithms (metaheuristic algo-
rithms, in short: metaheuristics, metaheuristics) in computer science are algorithms for
mathematical optimization, which solve combinatorial optimization problems. These
tasks are generally complex, represented by sampling the input data. Such tasks are
usually characterized by strong nonlinearity, many parameters, various complex con-
straints for satisfaction and many - often contradictory - optimization criteria.

Even with one optimization criterion, there may not be a single valid solution. Only
then there is no optimal solution. If there is even just one acceptable solution, then
there must be an optimal solution.

In general, �nding the optimal or even close to the optimal solution is di�cult to
achieve. The term "metaheuristics" was introduced by Fred Glover in his founding
article in 1986 as an upgrade of the term "heuristic" algorithm, which in the broadest
sense means a trial-and-error solution-�nding algorithm. "Means" beyond "," super
"," at a higher level "and the metaheuristic algorithm means a" higher "strategy that
guides and modi�es other heuristic algorithms to achieve solutions better than those
that would normally be obtained when searching for a local optimum [35], [36]. In
addition, all metaheuristic algorithms balance between global and local search. Qual-
itative solutions to di�cult optimization problems can be achieved in a reasonable
(ie polynomial) time, but without a guarantee that (global) optimal solutions will be
achieved. The two main components of any metaheuristic algorithm are: intensi�cation
and diversi�cation, or exploration and exploitation. Diversi�cation means generating
a variety of solutions so that the search space can be explored over a wide range, while
intensi�cation means focusing demand on a local region, knowing that the current best
solution is in that region. When selecting the best solutions, a good balance must
be found between intensi�cation and diversi�cation in order to improve the rate of
convergence of an algorithm. The choice of the best current solution ensures that the
solutions will converge to the optimum, while the diversi�cation by choosing random
values of variables allowing to avoid falling into a local extremum and the same time to
increase the diversity of the solution. A good combination of these two main compo-
nents usually leads to �nding a global optimum. According to [27], the basic properties
of metaheuristics can be summarized as follows:

1. Metaheuristics provides strategies to guide the search process;

2. Our goal is to e�ectively explore the search space to �nd optimal or suboptimal
solutions;

3. Metaheuristic techniques cover a wide range of procedures - from local search
procedures to complex machine learning procedures;

4. Metaheuristic algorithms are approximate and usually nondeterministic;

5. Metaheuristic algorithms generally provide mechanisms to avoid focusing demand
only in limited areas of space;

6. The basic concepts of metaheuristics can be described on an abstract level;

34  Georgi Evtimov

Abstracts of Dissertations 2022 (8) 4-57



7. Metaheuristic algorithms are universal;

8. The metaheurist can use knowledge speci�c to the �eld in the form of heuristics,
which is governed by a high-level strategy;

9. To guide the search, modern metaheuristics uses the experience gained in the
search;

10. Metaheuristics is a high-level strategy for exploring the search space using di�er-
ent methods;

11. Requires a dynamic balance between the use of two fundamental concepts: di-
versi�cation and intensi�cation.

Figure 4.1: Classi�cation of metaheuristics with populations.

Hybrid metaheuristics provides opportunities to increase search e�ciency by
combining di�erent metaheuristic algorithms. Hybrid metaheuristics is used in the
present dissertation. The following strategy was used:
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1. "Scattered Search" from the Evolutionary Algorithms of the Population Method
See �gure 4.1;

2. Probabilistic prediction of the selection of an element;

3. Hierarchical evaluation of decisions.

We have a list of polygons

ΠL = (list1(pt0, pt1, ...ptn), (list2(pt0, pt1, ...ptn)), . . . (listn), pt1, ...ptn)), (4.4)

where listi are polygons describing through their vertices. The vertices are described
by a list of two real numbers list(X, Y ), see 2.1. We will call the list ΠL a list of input
polygons.

The polygon ∆ to be �lled is described by a list of points:

∆ = list(p0, p1, . . . , pm) (4.5)

The �lling contour must not be self-intersecting. In the given task the polygon for
�lling ∆ is one in number. If we have more than one polygon, then the solution of the
problem is repeated for each of them.

Before selecting an input set, it is necessary to estimate the coincidence of the angles
and sides of the current input polygon.

Πi = (list(pt0, pt1, ...ptn), i = 1, . . . , n

to it the angles and sides of the �lling polygon ∆ = (list0, pt1, ...ptn). For this pur-
pose, two new derivative lists of Πi and ∆ are compiled. Accordingly, they contain
sequentially arranged lists list(previosLength,Angle,NextLength). It is good for the
elements of the two lists to be composed of constructive pairs. The constructive pair
is composed of two elements - the �rst with a name, the second with a variable. It
can be written as cons(”name”.AnyV alue). In "name" we write "angle" for angle or
"length" for length In AnyValue - any value which can be Integer, Real, String or List.

Or the new derivative lists are:
Πi = list((list(cons”previosLength”(distanceptn,pt0))

(cons”angle”ptn, pt0, pt1)
(cons”NextLength”(distancept0,pt1)))
. . .
(list(cons”previosLength”(distanceptnptn−1))
(cons”angle”pt0, ptn, ptn−1)
(cons”NextLength”(distanceptn,pt0))))

Where n the number of vertices of the polygon Πi. If (i + 1) > n then i = 0. The
Πi list is cyclic.

A similar list is compiled on the polygon to �ll ∆. The ∆ list is cyclic.

Each item in the Πi List is compared to the corresponding item in the ∆ list. The
largest number of consecutive matching elements from the two lists will give us the
highest probability that the polygon Πi coincides with the polygon ∆. In order to
make a correct comparison of the two lists, we will have to choose which list will be the
main one. Below the main list we will understand the one that has a greater length
(more elements). In the list list(A) can be either Πi or ∆. Not necessarily the number
of vertices of ∆ to be greater than the number of vertices of Πi. Crawling both lists
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will be done on base indices. The �rst iteration is when the index 0 from the list listB
coincides with the index 0 on the list listA. Now the �rst index of listA increases by
1. A second iteration follows when the index 0 from the list B coincides with the index
1 on the list A. As an index 0 from listA goes last in listA. Or the listA list has a
cyclical behavior. This is repeated as we go through all indexes of listA or the loop
is repeated as many times as the length of the list listA. For each check we record
the number of consecutive matches. The evaluation of the list listB is given by the
following formula:

k =
∑

Ratioanglei +
∑

RatioLengthi
, (4.6)

, where

Ratioanglei = (if |(angleAi − angleBi)| < fuzz toreturn1., else0.).

At the corners we look for a complete match. As Ai is an angle from the list listA,
and Bi is the corresponding angle from the list listB.

Once we have a complete coincidence of the corresponding angles Ratioanglei = 1.,
then we proceed to estimate their respective lengths.

RatioLengthi
= (if(lengthAi > lengthBi) → return(

lengthBi

lengthAi

), else(
lengthAi)

lengthBi

) (4.7)

Condition 4.7 gives coe�cients close to or equal to 1., no matter which length is
greater lengthAi or lengthBi. This is because we are looking for polygons whose sides
almost coincide.

As can be seen from the formula (4.6) polygons with a larger number of vertices will
be more likely for higher matching scores. This is good, because after subtracting the
two polygons A \B we get polygon with fewer vertices. The coe�cient of the formula
(4.6) can be used as an estimate for the similarity or similarity of �gures.

4.3 Strategy for choosing a solution from valid place-

ments.

Let's look at two polygons. Fill polygon ∆ = list(pt1, pt2, pt3, pt4) and input polygon
Πi = list(pt1, pt2, pt3, pt4, pt5, pt6). The right Πi polygon is the input polygon. The
left polygon ∆ is the �ll polygon. The polygon Πi is not a triangle! It is necessary
to add detailed points along the boundary of the polygon to �ll ∆. These points will
be areas of placement of the polygon Πi and check whether the polygon Πi is in the
polygon ∆. If the check is satis�ed, we record this decision as possible. Rotation
of the land�ll is allowed. Mirror image not attached. From these valid solutions we
estimate those that have the greatest contact length with the polygon ∆ and the
distance LengthA = distance(pt0, ptM). There is a relationship between the length
of the support and the length LengthA. This dependence is accepted by the author.
Of course, other dependencies can be written. The evaluation of each solution is
eval = LengthOfTouch+ (2.0 ∗ LengthA). It is given the weight of the distance from
the center of gravity of the polygon to a selected point of the polygon to �ll. In this case,
this is the point at the bottom, at the left. Another point can be selected regardless of
whether it is from the many points of the �ll polygon. After evaluating the solutions,
we choose the solution with the green outline of the polygon. We subtract ∆ \ Πi.
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Once we have chosen the �rst solution, we proceed to choose the second. The
selection of an input polygon is done according to the procedure described in point 4.2.
Since our goal is the maximum consolidation of the solutions, the choice of the second
solution should be sought along the contour of the already found solutions. At this
stage, a hierarchical evaluation of decisions is applied. We build a rectangular contour
around the selected polygons. We will call it box. We will �rst look for solutions that
go into the box of valid solutions, if we do not �nd such we use all valid solutions for
evaluation. The evaluation of the solutions inside box is also done according to the
formula: eval = LengthOfTouch+ (2.0 ∗LengthA). It should be noted here that this
procedure for selecting solutions after the �rst must bypass all incoming polygons and
then take this with the highest score. In the software developed by the author, this
crawl is not done due to the lack of computational resources, but the proposed method
is not limited in this direction. If there is enough powerful hardware plus GPUs, the
algorithm will give very close results to the global optimum.

After cutting the two polygons, the new contour is obtained. This loop will serve
as a �ll loop for subsequent polygons. As you can see new contour does not follow
completely old. The new contour is purposefully reduced. For more information on
how to reduce the contour, see 2.14.

ratioGlobal =
Abox

AΠL

≤ 1.0 (4.8)

4.4 Finding a possible location of the plate in the �ll-

ing polygon.

Finding a possible arrangement of the plates (represented as polygons) is done by plac-
ing an input polygon in the polygon for �lling and applying the function of subtracting
two polygons. The function is described below. Depending on the requirement of
the particular case we can build derived polygons from the input polygon often with
permission to apply rotation and mirror symmetry.

The number of rotations on which we can rotate a given polygon is arbitrary. The
more angles we have in the rotation list, the more likely we are to get a possible solution.
In order to limit the arbitrary rotation of the polygon without a quality solution (the
polygon should be in the �lling polygon) it is necessary to choose appropriate rotation
angles. The angles of the segments of the input polygon with the abscissa axis X can
be taken as a starting point. The exact angles (0; 0.5π; π; 1.5π) can then be added. If
it is necessary to consider the application of the input polygon, then the number of
additional polygons will increase. Some states of rotation will be completely identical
in geometry.

Checking whether one land�ll is contained in another can be done in two ways:

1. Check for each node whether it is in the �ll polygon. This check should be done
with a while loop, if the current test point is outside the loop, the solution is
dropped without continuing;

2. Check if there is a trivial intersection of the two polygons. If there is an inter-
section, then the decision is dropped, otherwise - is accepted.

If the �rst criterion for an optimal solution is minY , then only the top of the
polygon P can be checked with the smallest ordinate (in this case p7). But it is best to
do for all vertices of the polygon to �ll P . Another criterion for choosing a solution is
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when a smooth shape is obtained when cutting the two polygons. The criterion for a
smooth �gure will be the minimum number of vertices after cutting the given polygon
from the �lling polygon. A combination of criteria is also possible. On the selected
valid solutions for minY , the criterion of a minimum number of vertices after cutting
them with the �ll polygon will be applied.

In the presence of a multi-core processor and the language in which the application
is written, parallel calculations are allowed. Parallel calculations can be made for the
other possible states of the input polygon.

The algorithm is repeated for the generated mirror image of the input polygon. All
generated rotation angles are valid for the mirror polygon.

4.5 Elimination of the real waste in 2D cutting.

A cutting tool with a certain cutting characteristic is used for cutting the �gures. For
this reason, a distance between the polygons must be provided. We enter the parameter
cutW for the width of the joint (knife) between the polygons.

This problem is solved as the input polygons are expanded with a strip with a width
of 0.5cutW and each segment is moved o� the range by 0.5cutW .

4.6 Results at 2D cutting. Examples.

In the following pages we will illustrate the cutting of the following input polygons
(plates). The examples are taken from a real construction site.

The land�ll will be a standard rectangular sheet with a width of 1500 mm. For
the input polygons we will show results with the contour line of the polygon shifted
by the width of the knife. Width of the knife 5 mm. The dimensions of the plates
are in millimeters. Before we start calculating the input polygons, they go through
preprocessor processing, which includes:

1. Sorting the slats by thickness;

2. Read their number;

3. Find the contour of the plates.
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Figure 4.2: Input polygons.
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Comparison of the current algorithm with a commercial product.
It takes about three months to make a steel structure from �gure 1.1. The number

of slats in such a construction is about 1000. The number of unique slats is about 100.
The number of iterations is relative. It depends on whether the material is expensive
or not. Several iterations can be run on di�erent computers and the best of them
can be taken. This is a matter of consumer decision. If hardware is available, several
iterations can be made until acceptable waste is obtained.

In the present comparison we will use the bars given in �gure 4.4. The total number
is 106. With these plates a comparison is made between the commercial product and
the developed method in the present dissertation. Finding the �nal solution with
the presented method is for one iteration. More iterations can be made with more
homogeneous planks.

Used commercial product.

Figure 4.3: commercial product FP Opti2D.

According to the manufacturer's website, the product o�ers the following function-
alities:

1. User friendly graphical interface.

2. Handles panels, metal sheets and glazing.

3. Speci�c functions for aluminum composite panels.

4. De�nes the parts to be optimized.

5. Directly uses the panels and glazing lists generated by FP PRO.

6. Imports work lists from Excel and from external calculation programs.

7. Manages the stock of full sheets and short bars.

8. Graphic display and printing of the optimized sheets, with clear indication of the
cuts to be made and layout of the workpieces.

9. Provides statistical information on use of the sheets.
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Figure 4.4: Sheet from the printout of the commercial product.

As can be seen from the printout, the commercial product version V.2.0 / 2 (Build
2) only works with rectangular plates. It is allowed to rotate the plates. According to
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the operator, the optimization lasted about 20 minutes or 1200 seconds. Dimensions
of the �lling sheet 1500mm / 6000mm. Operating time is not speci�ed in the printout.
Waste 18.2 %. All plates have an o�set contour of 5mm. We will work with this
contour in the calculations. Actual waste can be calculated as follows:

1. Total used area - 2 sheets x 1500mm x 6000mm = 18,000,000 mm2;

2. Real area of all 106 plates - 9,859,421 mm2 ;

The real waste is 8,140,579 mm2. Or 45 % waste. Actual occupancy 54 %.
Results of the presented method in the present paper. Number of plates are 106.

All plates have an o�set contour of 5 mm from their actual contour. Permitted rotation
of the plates: Yes. Outline: offsetP tL.

Table 4.1: Comparison of a commercial product and the presented algorithm

Turn On parameters Contour Count plates Ratio Time [s]
1 2 3 4 5

(a) Mirror:Yes, Rortate:Yes, Intervals:No box 106 0.72 18 776
(b) Mirror:Yes, Rortate:Yes, Intervals:No Offset 106 0.70 109 519
(c) Mirror:Yes, Rortate:Yes, Intervals:No Offset 106 0.71 227 846
(d) Mirror:Yes, Rortate:Yes, Intervals:No Offset 106 0.69 7 555
(e) Mirror:Yes, Rortate:Yes, Intervals:No Offset 106 0.76 41 031
(f.1) Mirror:Yes, Rortate:Yes, Intervals:No box 51 0.71(0.67) 2 194
(f.2) Mirror:Yes, Rortate:Yes, Intervals:No box 55 0.57 (0.44) 2 454

(Commercial product)
Mirror:N/A, Rortate:Yes, Intervals:N/A box 106 0.54 1200

For the case f.1 and f.2 in brackets are given the �llings of the plates relative to the
base sheet 1500mm x 6000mm. The same parameters were used as for the commercial
product. The commercial product has a number of limitations. Some of them are
that the �gures are approximated to a rectangle, a mirror image of the �gures is not
used. The angles of rotation are reduced to two: 0 ◦ and 90 ◦. In terms of the �ll
ratio Ratio, the presented algorithm is much better. see table 4.1. The odds are 0.71
for the current algorithm compared to 0.67 for the commercial product. The second
comparison is 0.57 for the current algorithm compared to 0.44 for the commercial
product. With large volumes of work or expensive material from which it will be cut
the di�erence increases even more in favor of the presented algorithm. The algorithm
presented in this dissertation is better than the commercial product because it gives
a higher percentage of compaction of the �gures. Another advantage is the very good
one its suitability for parallelization of calculations.
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Chapter 5

Conclusion

1D Cutting Stock Problem.

As can be seen from the comparison table 3.4 the ant method (ACO) gives the best
result in a very short time. In this case, the ACO method exhibits the character of a
Greedy algorithm. The ACO algorithm is better than the commercial product both
in time and in optimization. For large decoupling volumes and computers with weaker
processors, the ACO method is very suitable.

2D Cutting Stock Problem.

After the tests of di�erent types of boards, the conclusion is that a larger number
of iterations are needed for an acceptable solution of a given problem. The results
in the present dissertation are in 3 iterations. Three iterations are accepted because
�nding a solution takes considerable time. For some types of plates this number is
insu�cient. The tests were performed on a Windows®10 Pro, x64 desktop computer.
Intel textregistered Core (TM) i5-9500@3.0 GHz processor. Used processors one. CPU
CPU type. Although the processor is one of the last generations at the time of writing
this paper is proving weak for a higher degree of compaction of the plates. But if
you are looking for a relatively fast arrangement and a small number of boards, the
desktop computer can handle it. The presented approach to solving the problem can
be applied in 90 % of the cases in practice. It should be noted that a slightly higher
density of the solution requires signi�cantly more calculation time. Whether time will
be sacri�ced at the expense of material depends on how expensive the material from
which the �gures will be cut is expensive. A further development of the problem will
be its development for hardware with su�cient computing resources based on GPU
processors. The results of this dissertation have been reported at various national and
international conferences.
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5.2 Approbation of the results

The results in the present dissertation have been reported to di�erent events of the
section "Parallel Algorithms" at IICT-BAS such as:

1. 113th European Study Group with Industry (BGSIAM - 2015);

2. 11th Annual Meeting of the Bulgarian Section of SIAM (BGSIAM - 2016);

3. 120th European Study Group with Industry (ESGI'120 - 2016);

4. 12th Annual Meeting of the Bulgarian Section of SIAM (BGSIAM - 2017) ;

5. 13th Annual Meeting of the Bulgarian Section of SIAM (BGSIAM - 2018);

6. Conference on Large-Scale Scienti�c Computations LSSC'17, Sozopol, 2017;

7. Ninth International Conference on Numerical Methods and Applications NM&A'18,
Borovets.
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5.3 Yields

Contributions to this dissertation can be divided into scienti�c and applied sci-
ence, as scienti�c contributions concern the development of methods and algorithms for
1D and 2D cutting, and the scienti�c-applied ones refer to their program realization.

The scienti�c contributions are:

� An algorithm for optimal cutting in one-dimensional space has been developed;

� An algorithm for optimal cutting in two-dimensional space has been developed;

� A method for two-dimensional cutting based on hybrid optimization has been
developed;

The scienti�c and applied contributions are:

� A program implementation of the algorithm for one-dimensional cutting has been
made;

� A program implementation of the two-dimensional cutting algorithm has been
made;

The results of this dissertation can be used in various �elds of science and engineer-
ing practice:

� The design of buildings and facilities;

� The design of the wear of parts in machines as well as the design of mechanisms;

� Earth mechanics - soil consolidation;

� Aviation equipment - �nding the optimal path in an environment with obstacles;

� And in many other areas where CAD systems are used.

Applied contributions can also be developed in companies that produce steel struc-
tures. The application software can be implemented in other industries that are not
related to the construction of buildings and facilities. Another very great application
advantage is that the input data is taken directly from the database of the CAD system
with which the facility was designed. This repeatedly increases the speed of receiving
and accuracy of the data with which the program works. With a few clicks, thousands
of polygons can be selected and the cutting program can be started. The software
can automatically remove or correct "incorrect" polygons to avoid inaccuracies in the
initial results. The solution takes a few minutes depending from the performance of
the computer system on which the software is used. The algorithm developed in the
presented dissertation, allows the use of a mirror image of the polygons, rotation and
other operations, which can lead to a signi�cant improvement of the obtained approxi-
mate solution. Of course, for the purposes of large-scale research, the algorithm can be
implemented of a supercomputer as it allows signi�cant parallelization of calculations.

Metaheuristic Methods for Reducing Cutting Tasks  47

Abstracts of Dissertations 2022 (8) 4-57



5.4 Declaration of originality

Declaration of originality of resultså

I declare that the present dissertation contains original re-

sults obtained at research conducted by me with the support

and assistance of my supervisor. The results obtained, de-

scribed and / or published by other scientists, are duly and in

detail cited in the bibliography.

This dissertation is not applied for the acquisition of a sci-

enti�c one degree at another university, university or research

institute.

Signature:

48  Georgi Evtimov

Abstracts of Dissertations 2022 (8) 4-57



5.5 Thanks

I am very grateful to my supervisor Prof. Stefka Fidanova for her help valuable
advice, for the interpretation of the results of the decisions and for the overall guid-
ance during the work on the dissertation and especially for the introduction of theof
metaheuristic methods in the subject of automatic cutting.

I express special gratitude to Prof. Raycho Lazarov for his help in my work on
the article cite NMA'18. The missing link was made in this work in the technology
for approximate solution of this complex optimization problem. Without this article,
solving the problem would be very di�cult.

Thanks to Assoc. Prof. Ivan Georgiev and Assoc. Prof. Stanislav Harizanov for
their help in interpreting some mathematical models. Thanks to Dr. Todor Balabanov
for the advice during the writing of this dissertation.
Thanks to Prof. Stefka Dimova, who introduced me to this topic through the organi-
zation of the 113th and 120th European Study Group with Industry in So�a;
Thanks to Art. cor. Svetoslav Margenov and the whole team from the Institute of
Information and Communication Technologies in Bulgaria Academy of Sciences for the
trust and support during my work on the dissertation.

Metaheuristic Methods for Reducing Cutting Tasks  49

Abstracts of Dissertations 2022 (8) 4-57



Bibliography

[1] Valerio de Carvalho J.M. "Lp models for bin packing and cutting stock
problems", European Journal of Operational Research 141:253�273,(2002).

[2] Chen C.L.S., Hart S.M., Tham W.M. "A simulated annealing heuristic for
theone-dimensional cutting stock problem", European Journal of Operational
Research93:522�535,(1996).

[3] Foerster H., Wscher G. "Pattern reduction in one-dimensional cutting stock
problems", In: Proceedings of the 15th Trienal Conference of the International
Federationof Operational Research Societies, (1999).

[4] Falkenauer E., "A hybrid grouping genetic algorithm for bin packing",
Journal of Heuristics Vol. 2, 1996

[5] Song X., Chu C.B., Nie Y.Y., Bennell J.A. "An iterative sequential heuristic
procedureto a real-life 1.5-dimensional cutting stock problem". European
Journal of OperationalResearch 175:1870�1889, (2006).

[6] Suliman S.M.A. "Pattern generating procedure for the cutting stock prob-
lem", IntJ Production Economics 74:293�301, (2001).

[7] Vahrenkamp R. "Random search in the one-dimensional cutting stock
problem", European Journal of Operational Research 95:191�200, (1996).

[8] Vanderbeck F. "Exact algorithm for minimizing the number of se-
tups in theone-dimensional cutting stock problem", Operations Research
48:915�926, (2000).

[9] O'Rourke J., "Computational Geometry in C second edition", ISBN 0 521
64976 5, http://www.cambridge.org

[10] de Berg M., van Kreveld M., Overmars M., Schwarzkopf O.C. "Computational
Geometry: Algorithms and Applications, Second Edition", ISBN 3-540-
65620-0

[11] Graham, R.L. (1972). "An E�cient Algorithm for Determining the Con-
vex Hull of a Finite Planar Set", Information Processing Letters. 1 (4):
132�133. doi:10.1016/0020-0190(72)90045-2 , https://en.wikipedia.org/wiki/
Graham_scan

[12] Evtimov G., Fidanova S. "Subtraction of Two 2D Polygons with Some
Matching Vertices", pp. 80-87, Numerical Methods and Applications, 9th Inter-
national Conference NM&A'18, Borovets, Bulgaria, 2018, ISBN 978-3-030-10691-1,
doi:10.1007/978-3-030-10692-8_9

50  Georgi Evtimov

Abstracts of Dissertations 2022 (8) 4-57

http://www.cambridge.org
https://doi.org/10.1016/0020-0190(72)90045-2
https://en.wikipedia.org/wiki/Graham_scan
https://en.wikipedia.org/wiki/Graham_scan
https://doi.org/10.1007/978-3-030-10692-8_9


[13] Evtimov G., Fidanova S. "Heuristic Algorithm for 2D Cutting Stock Prob-
lem", pp.350-357, Large-Scale Scienti�c Computing, 11th International Confer-
ence, LSSC 2017, Sozopol, Bulgaria, Springer, Vol. 793, ISBN 978-3-319-73440-8,
doi:10.1007/978-3-319-73441-5_37

[14] Evtimov G., Fidanova S. "Analyses and Boolean Operation of 2D Poly-
gons", pp. 107-118, Advanced Computing in Industrial Mathematics, BGSIAM
2017, Springer, Vol. 793, ISBN 978-3-319-97276-3, doi:10.1007/978-3-319-97277-
0_9

[15] Evtimov G. Fidanova S. "2D Optimal Cutting Problem", pp. 33-40, Advanced
Computing in Industrial Mathematic, BGSIAM 2016, Springer, Vol. 728, ISBN 978-
3-319-65529-1, doi:10.1007/978-3-319-65530-7_4

[16] Evtimov G., Fidanova S. "Ant Colony optimization algorithm for 1D Cut-
ting Stock Problem", pp. 24, Advanced Computing in Industrial Mathematic,
BGSIAM 2016

[17] Fidanova S. "ACO Algorithm with Edditional Reinforcement, From Ant
Colonies to Arti�cial Ants", Lecture Notes in Computer Science, N2463, Sp-
inger, Germany, 2002,292-293

[18] Fidanova S., Marinov P., Alba E. "ACO for Optimal Sensor Layout, In Proc.
of Int. Conf. on Evolutionary Computing, Valencia, Spain, Joaquim Fil-
ipe and Janus Kacprzyk eds.", SciTePress-science and Tchnology Publications
Portugal, ISBN 978-989-8425-31-7, 2010, 5-9

[19] Fidanova S., Marinov P., Alba E. "Wireless Sensor Network layout, In
Monte Carlo Methods and aplications", K. Sabelfeld, I. Dimov eds., Chapter
9, De Gruyter Pub, Berlin, germany, 2012, 39-46

[20] Fidanova S., Shindarov M., Marinov P. "Mono-objective algorithm for Wire-
less Sensor Network layout, In Proc of OMKO-NET Int.", Conference,
Southampton, UK, 2012a, 57-63

[21] Fidanova S., Shindarov M., Marinov P. "Optimal Sensor Layou Using Multi-
objective Metaheuristic, In Proc of OMKO-NET Int.", Of Int. Conference
of information systems and Grid Technologies, So�a, Bulgaria, 2011, 114-122

[22] Fidanova S., Shindarov M., Marinov P. "Multi-Objective ant algorithm for
Wireless Sensor Network Positioning.", Proceedings of Bulgarian academy of
Science, Vol 66(3), 2013, 353-360.

[23] Fidanova S., Shindarov M., Marinov P. "Wireless Sensor Positioning ACO
Algorithm.", Studies of Computational intelligence, J.Kacprzyk and K. atanassov
eds., Spinger, Germany

[24] Gonalves J.F., �A hybrid genetic algorithm-heuristic for a two-
dimensional or-thogonal packing problem� Eur J Oper Res, Vol 183, No
3, 2007, 1212-1229.

[25] V. Bodurov, D. Dimov, G. Evtimov, I. Georgiev, S. Harizanov, G. Nikolov, V.
Pirinski, The 2D/3D Best-Fit Problem, 113th European Study Group
with Industry (ESGI'113), Problems & Final Reports, pp. 62-73, 2015.
ISBN:978-619-7223-12-5

Metaheuristic Methods for Reducing Cutting Tasks  51

Abstracts of Dissertations 2022 (8) 4-57

https://doi.org/10.1007/978-3-319-73441-5_37 
https://doi.org/10.1007/978-3-319-97277-0_9
https://doi.org/10.1007/978-3-319-97277-0_9
https://doi.org/10.1007/978-3-319-65530-7_4


[26] A. Avdzhieva, T. Balabanov, G. Evtimov, D. Kirova, H. Kostadinov, T. Tsachev,
S. Zhelezova, N. Zlateva, "Optimal Cutting Problem, 113th European Study
Group with Industry (ESGI'113)", Problems & Final Reports, pp. 49-61, 2015.
ISBN:978-619-7223-12-5

[27] Áîðîâñêà Ï., "Ñèíòåç è àíàëèç íà ïàðàëåëíè àëãîðèòìè", ISBN:978-
954-438-764-4

[28] https://www.sit.ac.jp/user/konishi/JPN/Tech_inform/Pdf/
GeometricalMoment.pdf

[29] Ð. Äàñêàëîâ, Å. Äàñêàëîâà, "Âèñøà ìàòåìàòèêà, ÷àñò I, Àíàëèòè÷íà
ãåîìåòðèÿ", Ãàáðîâî, 2012

[30] Antonio, Franklin "Chapter IV.6: Faster Line Segment Intersection", In
Kirk, David (ed.). Graphics Gems III. Academic Press, Inc. pp. 199�202. ISBN
0-12-059756-X, (1992).

[31] "Weisstein, Eric W. "Line-Line Intersection. From MathWorld", A Wolfram
Web Resource. Retrieved 2008-01-10.

[32] Shimrat, M., "Algorithm 112: Position of point relative to polygon", 1962,
Communications of the ACM Volume 5 Issue 8, Aug. 1962

[33] Eric Haines, "Point in Polygon Strategies" in Graphics Gems IV", (1994)
http://geomalgorithms.com/a03-_inclusion.html

[34] https://bg.wikipedia.org/wiki/Ð�ÐµÑ�Ð°ÐµÐ²Ñ�Ð¸Ñ�Ñ�Ð¸Ñ�Ð½Ð¸_
Ð°Ð»Ð³Ð¾Ñ�Ð¸Ñ�Ð¼Ð¸

[35] Glover F., "Future paths for integer programming and links to art�cial
intelligence", Computers and Operations Research,13,533-549 (1986).

[36] Glover F. and Laguna M., "Tabu Search", Kluwer, Boston, (1997).

[37] Balaban, I. J. "An optimal algorithm for �nding segments inter-
sections", Proc. 11th ACM Symp. Computational Geometry, pp. 211�219,
doi:10.1145/220279.220302, (1995).

[38] Bartuschka, U.; Mehlhorn, K.; N�aher, S. "A robust and e�cient implemen-
tation of a sweep line algorithm for the straight line segment intersection
problem", in Italiano, G. F.; Orlando, S. (eds.), Proc. Worksh. Algorithm Engi-
neering, (1997).

[39] Bentley, J. L.; Ottmann, T. A. "Algorithms for reporting and counting
geometric intersections", IEEE Transactions on Computers, C-28 (9): 643�647,
doi:10.1109/TC.1979.1675432, (1979).

[40] "Point in Polygon, One More Time...", Archived 2018-05-24 at the Wayback
Machine, Ray Tracing News, vol. 3 no. 4, October 1, 1990.

[41] http://www.theswamp.org/index.php?topic=1891.0

[42] Boissonat, J.-D.; Preparata, F. P. "Robust plane sweep for intersect-
ing segments", (PDF), SIAM Journal on Computing, 29 (5): 1401�1421,
doi:10.1137/S0097539797329373, (2000).

52  Georgi Evtimov

Abstracts of Dissertations 2022 (8) 4-57

https://www.sit.ac.jp/user/konishi/JPN/Tech_inform/Pdf/GeometricalMoment.pdf
https://www.sit.ac.jp/user/konishi/JPN/Tech_inform/Pdf/GeometricalMoment.pdf
http://geomalgorithms.com/a03-_inclusion.html
https://bg.wikipedia.org/wiki/Метаевристични_алгоритми
https://bg.wikipedia.org/wiki/Метаевристични_алгоритми
https://doi.org/10.1145/220279.220302
https://doi.org/10.1109/TC.1979.1675432
http://www.theswamp.org/index.php?topic=1891.0
https://doi.org/10.1137/S0097539797329373


[43] Brown, K.Q. "Comments on "Algorithms for Reporting and Counting
Geometric Intersections", IEEE Transactions on Computers, C-30 (2): 147,
doi:10.1109/tc.1981.6312179, (1981).

[44] Chazelle, Bernard; Edelsbrunner, Herbert (1992), "An optimal algorithm for
intersecting line segments in the plane", Journal of the ACM, 39 (1): 1�54,
doi:10.1145/147508.147511

[45] Alvarez-Valdes R, Parajon A, Tamarit J. M, �A computational study of
heuristicalgorithms for two-dimensional cutting stock problems� , 4th
metaheuristics inter-national conference (MIC2001), 2001, 16-20.

[46] Chen, E.Y.; Chan, T.M. "A space-e�cient algorithm for segment inter-
section", Proc. 15th Canadian Conference on Computational Geometry (PDF),
(2003).

[47] Clarkson, K.L. "Applications of random sampling in computational
geometry", II", Proc. 4th ACM Symp. Computational Geometry, pp. 1�11,
doi:10.1145/73393.73394, (1988).

[48] Eppstein, D.; Goodrich, M.; Strash, D. "Linear-time algorithms for geomet-
ric graphs with sublinearly many crossings", Proc. 20th ACM-SIAM Symp.
Discrete Algorithms (SODA 2009), pp. 150�159, (2009).

[49] Cintra G., Miyazawa F., Wakabayashi Y., Xavier E., "Algorithms for two-
dimensional cutting stock and strip packing problems using dynamic
programming and column generation", European Journal of Operational Re-
search, European Journal of Operational Research, Vol. 191, 2008,61-85.

[50] Mulmuley, K. "A fast planar partition algorithm", I", Proc. 29th
IEEE Symp. Foundations of Computer Science (FOCS 1988), pp. 580�589,
doi:10.1109/SFCS.1988.2197, (1988).

[51] Preparata, F. P.; Shamos, M. I. "Section 7.2.3: Intersection of line
segments", Computational Geometry: An Introduction, Springer-Verlag, pp.
278�287, (1985).

[52] Shamos, M. I.; Hoey, Dan "Geometric intersection problems", 17th
IEEE Conf. Foundations of Computer Science (FOCS 1976), pp. 208�215,
doi:10.1109/SFCS.1976.16, (1976)

[53] Dorigo M., Manieezz M., mColorni A., "The ant syste: Optimization by
a colony of cooperating agents", IEEE Transactions on Systems, Man and
Cybernetics B, Vol 26(1), 1996, pp 29-41

[54] Dorigo M., "Optimization, Learning and Natural Algorithms", PhD thesis,
Politecnico di Milano, Italie, 1992.

[55] Lodi, A., Martello S., Vigo D., �Recent advances on two-dimensional bin
packingproblems� , Discrete Applied Mathematics, Vol. 123, 2002, 379-396.

[56] Falkenauer E., "A hybrid grouping genetic algorithm for bin packing",
Journal of Heuristics, Vol. 2, 1996, pp. 5-30

Metaheuristic Methods for Reducing Cutting Tasks  53

Abstracts of Dissertations 2022 (8) 4-57

https://doi.org/10.1109/tc.1981.6312179
https://doi.org/10.1145/147508.147511
https://doi.org/10.1145/73393.73394
https://doi.org/10.1109/SFCS.1988.2197
https://doi.org/10.1109/SFCS.1976.16


[57] Hinterding R., Khan L., "Genetic algorithms for cutting stock problems:
with and without countiguity", InX. Yao, editor, Progress in Evolutionary
Computation, Berlin, Germany, Springer, 1995, pp. 166-186

[58] Jaromi M.H., Tavakkoli-Moghaddam, R., Makui, A. Shamsi A., "Solving an
one-dimensional cutting stock problem by simulated and tabu search",
J. of Industrial Engineering International, Vol. 8 (1), Spinger, 2012, pp. 24

[59] Reeves C., "Hybrid genetic algorithms for bin-packing and related prob-
lems", Annals of Opera Research 63, 1996, pp.371 396

[60] Vink M., Solving combinatorial problems using evolutionary algorithms,
1997 http://citeseer.nj.nec.com/vink97solving.html

[61] Parmar K., Prajapati H., Dabhi V., "Cutting stock problem: A survey of
evolutionary computing based solution", In Proc. of Green Computing Com-
munication and Electrical Engineering, 2014, doi:10.1109/ICGCCEE.2014.6921411.

[62] Dusberger, F., Raidl, G.R., "A variable neighborhood search using very
large neighborhood structures for the 3-staged 2-dimensional cutting
stock problem", In: Blesa, M.J., Blum, C., Voß, S. (eds.) HM 2014. LNCS, vol.
8457, pp. 85�99. Springer, Cham (2014). doi:10.1007/978-3-319-07644-7_7

[63] Dusberger, F., Raidl, G.R., "Solving the 3-staged 2-dimensional cutting
stock problem by dynamic programming and variable neighborhood
search.", Electron. Notes Discret. Math. 47, 133�140 (2015)MathSciNetCrossRe-
fzbMATH Google Scholar

[64] Lin Z., Li Y., "An E�cient Algorithm for Intersection, Union and Di�er-
ence between Two Polygons", In proc. of Computer Network and Multimedia
Technology, Wuhan, China, 2009, 1-4

[65] Gon�calves J.F., "A hybrid genetic algorithm-heuristic for a two-
dimensional orthogonal packing problem", European Journal of Operational
Research, Vol 183, No 3, 2007, 1212-1229.

[66] Alvarez-Valdes R., Parreno F., Tamarit J.M., "A Tabu Search algorithm for
two dimensional non-guillotine cutting problems", European Journal of Op-
erational Research , Vol.183(3), 2007, 1167-1182.

[67] Alvarez-Valdes R., Parajon, A., Tamarit, J.M. "A computational study of
heuristic algorithms for two-dimensional cutting stock problems", In: 4th
Metaheuristics International Conference (MIC 2001), pp. 16�20 (2001)

[68] Lodi A., Martello S., Vigo D., "Recent advances on two-dimensional bin
packing problems", Discrete Applied Mathematics, Vol. 123, 2002, 379-396.

[69] Delorme M., M. Iori, S. Martello, "Bin packing and Cutting Stock Prob-
lems: Mathematical models and exact algorithms", European Journal of
Operational Research 2016, 255, 1�20, doi:10.1016/j.ejor.2016.04.030

[70] W�ascher, G.; Haußner, H.; Schumann, H. "An Improved Typology of Cutting
and Packing Problems", European Journal of Operational Research Volume 183,
Issue 3, 1109-1130

54  Georgi Evtimov

Abstracts of Dissertations 2022 (8) 4-57

https://doi.org/10.1109/ICGCCEE.2014.6921411
https://doi.org/10.1007/978-3-319-07644-7_7
https://doi.org/10.1016/j.ejor.2016.04.030


[71] M.P. Johnson, C. Rennick and E. Zak "Skiving addition to the cutting stock
problem in the paper industry", SIAM Review, 472-483, (1997).

[72] Ra�ensperger, J. F. "The generalized assortment and best cutting stock
length problems", International Transactions in Operational Research. 17:
35�49, doi:10.1111/j.1475-3995.2009.00724.x., (2010).

[73] Kantorovich, V.L., "Mathematical methods of organizing and planning
production", Leningrad State University. 1939

[74] Kantorovich L.V. and Zalgaller V.A. "Calculation of Rational Cutting of
Stock", Lenizdat, Leningrad, (1951)

[75] Gilmore P.C., R.E. Gomory "A linear programming approach to the
cutting-stock problem", Operations Research 9: 849-859, (1961).

[76] Gilmore P.C., R.E. Gomory "A linear programming approach to the
cutting-stock problem - Part II", Operations Research 11: 863-888, (1963).

[77] Gradiar M., Kljaji M., Resinovi, G., Jesenko J. "A sequential heuristic proce-
dure for one-dimensional cutting", European Journal of Operational Research.
114. 3, 557-568, (1999).

[78] Gradisar M., Resinovic G., Kljajic, M. , "A hybrid approach for optimization
of one-dimensional cutting", European Journal of Operational Research. 119.
3, 719-728, (1999).

[79] Gradisar M., Resinovic G., Kljajic M. (2002) "Evaluation of algorithms for
one-dimensional cutting", Computers and Operations Research 29:1207�1220

[80] Dyckho� H., "A typology of cutting and packing problems", European
Journal of Operational Research. 44, 145-159,(1990).

[81] Vance P., Barnhart, C., Johnson, E.L., Nemhauser, G.L. "Solving binary cut-
ting stock problems by column generation and branch-and-bound", Com-
putational Optimization and Applications. 3. 111-130,(1994).

[82] Vance P., "Branch-and-price algorithms for the one-dimensional cut-
ting stock problem", Computational Optimization and Applications. 9, 211-
228,(1998).

[83] Goulimis C. "Optimal solutions for the cutting stock problem", European
Journal of Operational Research 44: 197-208, (1990)

[84] de Carvalho V. "Exact solution of cutting stock problems using column
generation and branch-and-bound", International Transactions in Operational
Research 5: 35�44, (1998)

[85] Berberler M.E., Nuriyev U.G., "A New Heuristic Algorithm for the
One-Dimensional Cutting Stock Problem". Appl. Compuy. Math. 9.1, 19-
30,(2010).

[86] Diegel A., E. Montocchio, E. Walters, S. van Schalkwyk and S. Naidoo (1996),
"Setup minimizing conditions in the trim loss problem", European Journal
of Operational Research 95:631-640

Metaheuristic Methods for Reducing Cutting Tasks  55

Abstracts of Dissertations 2022 (8) 4-57

https://doi.org/10.1111/j.1475-3995.2009.00724.x.


[87] McDiarmid C., "Pattern Minimisation in Cutting Stock Problems", Dis-
crete Applied Mathematics, 121-130, (1999)

[88] Garey M.R., Johnson, D.S., "Computers and Intractability: A Guide to
the Theory of NP-Completeness", WH Freemann, New York (1979).

[89] Kantorovich L.V., "Mathematical methods of organizing and planning
production", Management Science 6.4, 366-422,(1960).

[90] Jahromi, M.H., Tavakkoli-Moghaddam, R., Makui, A. Shamsi A. "Solving an
one-dimensional cutting stock problem by simulated annealing and tabu
search", Journal of Industrial Engineering International, Vol. 8(1), Springer, 2012,
paper 24.

[91] Jahromi, M.H., Tavakkoli-Moghaddam, R., Makui, A., Shamsi, A., "Solving an
one dimensionalcutting stock problem by simulated annealing and tabu
search", Journal of Industrial Engineering International. (2012).

[92] "Constantine Goulimis. Counterexamples in the CSP", arXiv:2004.01937

[93] Maria Garcia de la Banda, P. J. Stuckey., "Dynamic Programming to Mini-
mize the Maximum Number of Open Stacks", INFORMS Journal on Com-
puting, Vol. 19, No. 4, Fall 2007, 607-617.

[94] Chv�atal, V. "Linear Programming", W.H. Freeman. ISBN 978-0-7167-1587-0,
(1983).

[95] Cherri, A.C., Arenales, M.N., Yanasse, H.H., "The one-dimensional cutting
stock problems with usable leftover: a heuristic approach", European Jour-
nal of Operational Research. 196.3, 897-908,(2009).

[96] Cherri, A.C., Arenales, M.N., Yanasse, H.H., "The usable leftover one-
dimensional cutting stock problem-a priority-in-use heuristic", Intl. Trans.
in Op. Res. 20, 189-199,(2013).

[97] Valerio de Carvalho, J.M., "Exact solution of bin-packing problems using
column generation and branch-and-bound", Annals of Operation Research.
86, 629-659, (1999).

[98] Hatem Ben Amor, J.M. Val�erio de Carvalho, "Cutting Stock Problems in Col-
umn Generation", edited by Guy Desaulniers, Jacques Desrosiers, and Marius
M. Solomon, Springer, 2005, XVI, ISBN 0-387-25485-4.

[99] Waescher, G., Gau, T., "Heuristics for the Integer one-dimensional Cut-
ting Stock Problem", A Computational Study. OR Spektrum18. 3, 131-
144,(1996).

[100] Vanderbeck, F., "Computational study of a column generation algorithm
for binpacking and cutting stock problems", Mathematical Programming A.
86, 565-594, (1999).

[101] Vanderbeck, F., "On DantzigWolfe decomposition in integer program-
ming andways to perform branching in a branch-and-price algorithm",
Operations Research. 48, 111-128,(2000).

56  Georgi Evtimov

Abstracts of Dissertations 2022 (8) 4-57



[102] Mobasher, A., Ekici A., "Solution approaches for the cutting stock prob-
lem with setup cost", Computers and Operations Research. 40, 225-235,(2013).

[103] Johnston, R.E., Sadinlija, E., "A new model for complete solutions toone-
dimensional stock problems", European Journal of Operational Research. 153,
176-183,(2004).

[104] Johnston, R.E. "Rounding algorithm for cutting stock problems", Journal
of Asian-Paci�c Operations Research societies 3:166�171, (1986).

[105] Umetani, S., Yagiura, M., Ibaraki, T., "One-dimensional cutting stock prob-
lem to minimize the number of di�erent patterns", European Journal of
Operational Research. 146, 388-402,(2003).

[106] S. Umetani, M. Yagiura, and T. Ibaraki "One dimensional cutting stock
problem to minimize the number of di�erent patterns", European Journal
of Operational Research 146, 388�402, (2003)

[107] Scheithauer, G., Terno, J., Muller, A., Belov, G., "Solving one-dimensional
cutting stock problems exactly with a cutting plane algorithm", Journal
of the Operational Research Society. 52, 1390-1401,(2001).

[108] Belov, G., Scheithauer, G., "A branch-and-cut-and-price algorithm for
one-dimensional stock cutting and two-dimensional two-stage cutting",
European Journal of Operational Research. 171, 85-106,(2006).

[109] Belov, G., Scheithauer, G., "A cutting plane algorithm for the one-
dimensional cutting stock problem with multiple stock lengths", European
Journal of OperationalResearch. 141, 274-294,(2002).

[110] Mukhacheva, E.A., Belov, G., Kartak, V., Mukhacheva, A. S., "One-
dimensional cutting stock problem: Numerical experiments with the
sequential value correction method and a modi�ed branch-and-bound
method", Pesquisa Operacional. 2000.2, 153-168,(2001).

[111] Belov G., Scheithauer G. "Setup and open stacks minimization in one-
dimensional stock cutting", INFORMS Journal of Computing 19(1):27�35,
(2007).

[112] Belov G., Scheithauer G. "The number of setups (di�erent patterns) in
one-dimensional stock cutting", Technical Report, Desden University, (2003).

[113] Belov G., Scheithauer G. "A branch-and-cut-and-price algorithm for one-
dimensional stock cutting and two-dimensional two-stage cutting", Euro-
pean Journalof Operational Research 171:85�106, (2006).

[114] Dikili A.C., Sarz E., PekN. A., "A successive elimination method for one-
dimensional stock cutting problems in ship production", Ocean engineering.
34.13, 1841-1849, (2007).

[115] Reinertsen H., Vossen Thomas W.M., "The one-dimensional cutting stock
problem with due dates", European Journal of Operational Research. 201.3,
701-711, (2010).

Metaheuristic Methods for Reducing Cutting Tasks  57

Abstracts of Dissertations 2022 (8) 4-57



АВТОРЕФЕРАТ НА ДИСЕРТАЦИЯ 
 

за присъждане на образователна и научна степен “доктор” по научна 
специалност “Информатика и компютърни науки“ 

 
 

МЕТАЕВРИСТИЧНИ МЕТОДИ ЗА РЕШАВАНЕ НА 
ЗАДАЧИ ЗА РАЗКРОЯВАНЕ  

 
 

Георги Евтимов Евтимов 
 

    Ръководител: Проф. Стефка Фиданова 
            
                           Научно жури:  
 

                                                Проф. Красимир Атанасов 
                                           Проф. Олимпия  Роева 
                                           Доц. Десислава Иванова 
                                           Проф. Иван Димов 
                                           Доц. Леонид Кирилов 

 

                           БЪЛГАРСКА  АКАДЕМИЯ  НА  НАУКИТЕ 

                           
Институт по информационни и 

комуникационни технологии  
 

Секция „Паралелни алгоритми“ 



Ãëàâà 1

Óâîä

Íåîáõîäèìîñòòà îò îïòèìèçàöèÿ íà ÷îâåøêèÿ òðóä âîäè äî ìàñîâîòî ðàçïðîñòðà-
íåíèå íà èç÷èñëèòåëíè åëåêòðîííè óñòðîéñòâà, êîèòî â ïîâå÷åòî ñëó÷àè çàìåñòâàò
÷îâåøêîòî ïðèñúñòâèå. Îò òàì çàïî÷âà è åêñòðåìíîòî ðàçâèòèå íà èíôîðìàöèîí-
íèòå òåõíîëîãèè (ÈÒ) êàòî ñðåäñòâî çà óïðàâëåíèå íà èç÷èñëèòåëíèòå óñòðîéñòâà.
Çíà÷èòåëíîòî ïîåâòèíÿâàíå íà åëåêòðîíèêàòà äîïúëíèòåëíî ðàçâèâà òîçè ïðîöåñ.
Âñå ïîâå÷å ìàøèíè çà ïðîèçâîäñòâî ñå óïðàâëÿâàò îò êîìïþòðè, áåç çíà÷åíèå äàëè
ñå ïîëçóâàò îò ïðåäïðèÿòèå, êîåòî å ìàëêî, ñðåäíî èëè ãîëÿìî. Åñòåñòâåíî ïðî-
äúëæåíèå íà òîçè ïðîöåñ å ðàçâèòèåòî íà ìðåæà çà îáåäèíÿâàíå íà åëåêòðîííèòå
óñòðîéñòâà íàðå÷åíà Èíòåðíåò.

Ñúâðåìåííà òåíäåíöèÿ å âñè÷êè óñëóãè äà ñå ïðåíàñî÷âàò îò ðåàëíîñòòà âúâ
âèðòóàëíàòà ðåàëíîñò. Âèñîêî òåõíîëîãè÷íèòå èíäóñòðèè â ïðîèçâîäñòâåíèÿ ñåê-
òîð ìàñîâî èçãðàæäàò ñèñòåìè çà ïëàíèðàíå è óïðàâëåíèå íà ðåñóðñèòå íà ïðîèç-
âîäñòâîòî. Èíôîðìàöèîííèòå ñèñòåìè ïîçâîëÿâàò îïòèìèçèðàíå íà ðåñóðñèòå íà
âñè÷êè íèâà íà îðãàíèçàöèîííàòà éåðàðõèÿ. Òàçè îïòèìèçàöèÿ â ïîâå÷åòî ñëó÷àè
îêàçâà ïîëîæèòåëíî âëèÿíèå êàêòî âúðõó êîíêóðåíòíîñïîñîáíîñòòà íà ôèðìàòà,
òàêà è ñïîñîáñòâà çà ïî-ãúâêàâî è ïî-áúðçî íàìèðàíå íà íîâè ïàçàðè. Èçïîëçâàíå
íà èíôîðìàöèîííèòå ñèñòåìè îò ôèðìèòå äàâà âúçìîæíîñò íà êëèåíòèòå èì äà
ðåøàâàò ïî-äîáðå, ïî-áúðçî è ïî-åôåêòèâíî ñïåöèôè÷íè ïðîáëåìè â äàäåíà ïðåä-
ìåòíà îáëàñò. Îñîáåíî åôåêòèâåí å òîçè ïîäõîä â ñôåðàòà íà òåæêàòà èíäóñòðèÿ
è ñòðîèòåëñòâîòî.

Øèðîêîòî ïðèëàãàíå íà ÈÒ â Åâðîïà è Áúëãàðèÿ ñúçäàäå åäíà äèíàìè÷íà è
âèñîêî êîíêóðåíòíà ñðåäà, â êîÿòî ôèðìà áåç âíåäðÿâàíå íà ÈÒ ðåøåíèÿ å ÷åñòî
îáðå÷åíà íà ôàëèò. Íåîáõîäèìîñòòà îò ñúêðàùàâàíå íà ïðîèçâîäñòâåíè ðàçõîäè å
æèçíåíî âàæíà çà îöåëÿâàíåòî íà ïðåäïðèÿòèåòî. Îò äðóãà ñòðàíà èçèñêâàíèÿòà
íà êëèåíòèòå íàðàñòâà, êîåòî äîïúëíèòåëíî ïîäõðàíâà íåîáõîäèìîñòòà îò áúðçè
ðåøåíèÿ çà îïòèìèçàöèÿ íà ìàòåðèàëíèòå è ÷îâåøêè ðåñóðñè, êîåòî ñå ïîñòèãà
åôåêòèâíî ñ èçïîëçóâàíå íà ñîôòóåð. Òàçè ñèòóàöèÿ íà ïàçàðà îòêðèâà íîâè è
ïî÷òè íåîãðàíè÷åíè âúçìîæíîñòè çà ïðèëàãàíåòî íà ïðèëîæåí ñîôòóåð ïðè ðå-
øàâàíåòî íà íàé-ðàçëè÷íè çàäà÷è. Âñåêè ñîôòóåð, â êîéòî å ïðèëîæåíî çíàíèå,
ìîæå äà ñå ðàçãëåæäà êàòî ñòðàòåãè÷åñêè èçòî÷íèê íà èíîâàöèÿ. Äðóãà ãúâêà-
âîñò íà ÈÒ å âúçìîæíîñòòà òåõíîëîãèÿòà äà áúäå ðàçðàáîòåíà îò òðåòà ñòðàíà,
íåïðèíàäëåæàùà íà ôèðìàòà, íî äà ñå ïðèëàãà åôåêòèâíî îò ìíîãî äðóãè ôèðìè.

Íàêðàòêî, ôîêóñúò íà íàó÷íî-èçñëåäîâàòåëñêàòà ðàáîòà â ñú÷åòàíèå ñ òåõíî-
ëîãè÷íèòå èíîâàöèè å åäíà îò íàé-äèíàìè÷íèòå îáëàñòè íà ðàçâèòèòå íà ñúâðå-
ìåííàòà èíäóñòðèÿ. Íàñòîÿùàòà äèñåðòàöèÿòà ïðåäñòàâëÿâà óñèëèå â òàçè ïîñîêà.
Ìîòèâàöèÿòà è îáåêòúò íà ïðèëîæåíèå íà òàçè ðàáîòà ïðîèçëèçà îò ñòðîèòåëíàòà
èíäóñòðèÿ è ïî ñïåöèàëíî îò ïðîèçâîäñòâîòî íà ñòîìàíåíè êîíñòðóêöèè.

Åäíà îò íàé-âàæíèòå è øèðîêî ïðàêòèêóâàíè äåéíîñòè òàì å ñëåäíàòà: çà íóæ-
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äèòå íà ñòðîèòåëåí îáåêò å íåîáõîäèìî äà ñå ðàçêðîÿò îïðåäåëåíî ÷èñëî äåòàéëè
(ìíîãî ÷åñòî äîñòèãàù õèëÿäè) ñ ðàçëè÷íè ðàçìåðè, ôîðìè, äåáåëèíè, à â íÿêîé
ñëó÷àé è îò ðàçëè÷åí ìàòåðèàë. Ìàòåðèàëúò å äîñòàâåí ïîä ôîðìàòà íà ìåòàëíè
ëèñòîâå èëè îñòàòúöè îò ëèñòîâå, îò êîèòî ïðåäè òîâà ñà èçðÿçâàíè äåòàéëè. Ïðè-
ìåð íà òàêàâà ñòîìàíåíà êîíñòðóêöèÿ å ïîêàçàí íà Ôèãóðà 1.1. Íåîáõîäèìî å äà
ñå ðàçêðîÿò íóæíèòå äåòàéëè êàòî ñå ìèíèìèçèðà ðàçõîäà íà ìàòåðèàë.

Òàçè ïîñòàíîâêà å ÷àñòåí ñëó÷àé íà îáùàòà ìàòåìàòè÷åñêà çàäà÷à çà îïòèìà-
ëåí ðàçêðîé. Ïðàêòè÷åñêàòà çàäà÷à çà îïòèìàëåí ðàçêðîé ñå çàêëþ÷àâà â ñëåäíà-
òà ëåñíà ôîðìóëèðîâêà: çàäàäåí å îïðåäåëåí ìàòåðèàë (íàïðèìåð, â òåêñòèëíàòà
èíäóñòðèÿ òîâà å ïëàò, â ñòðîèòåëíèòå êîíñòðóêöèè òîâà ñà ìåòàëíè ëèñòîâå) è ãî-
ëÿìî êîëè÷åñòâî ÷åñòî ðàçëè÷íè, äåòàéëè. Íåîáõîäèìî å äà ñå ðàçêðîÿò íóæäèòå
äåòàéëè êàòî ñå ìèíèìèçèðà ðàçõîäúò íà ìàòåðèàë. Ïðàêòè÷åñêè, òîâà îçíà÷àâà äà
ñå ìèíèìèçèðà ìàòåðèàëúò, êîéòî îñòàâà ñëåä ðàçêðîÿ è íå ìîæå äà ñå îïîëçîòâîðè
îñâåí äà ñå ïðåäàäå çà âòîðè÷íà ïðåðàáîòêà èëè ðåöèêëèðàíå. Òîçè íåèçïîëçóâàí
ìàòåðèàë ñå íàðè÷à ÷åñòî ôèðà. Òàçè çàäà÷à ìàòåìàòè÷åñêè å ôîðìóëèðàíà ïðåäè
ïîâå÷å îò 80 ãîäèíè âúâ âðúçêà ñ èíäóñòðèàëèçàöèÿòà íà øèâàøêîòî ïðîèçâîä-
ñòâî. Ïîäîáåí òèï çàäà÷è âúçíèêâàò â ìíîãî äðóãè èíäóñòðèàëíè ïðîèçâîäñòâà
è èçïîëçóâàíåòî íà îïòèìèçàöèÿ íà ðåøåíèÿòà ìîæå äà äîâåäå äî ñúùåñòâåíè
èêîíîìèè íà ìàòåðèàë.

Ôèãóðà 1.1: Ñòîìàíåíà êîíñòðóêöèÿ

Ïðåäëîæåíèòå â òàçè ðàáîòà íàó÷íè ìåòîäè ùå áúäàò ïîëåçíè è íàé-ïîäõîäÿùè
çà íóæäèòå íà ñòàðòèðàùè êîìïàíèè, âêëþ÷èòåëíî è òàêèâà îò ñôåðàòà íà ñîô-
òóåðà. Ìåòîäèòå, êîèòî ñà ïðåäñòàâåíè òóê, ñà áàçèðàíè íà ìàòåìàòèêà è ëîãèêà
è íå ñå èçïîëçâàò âúíøíè áèáëèîòåêè, ìîãàò äà ñå íàïèøàò, íà êîèòî è äà å åçèê
çà ïðîãðàìèðàíå è ìîãàò äà ïîìîãíàò ðàçâèòèåòî íà êîÿòî è äà å êîìïàíèÿ.
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1.1 Àêòóàëíîñò íà òåìàòà

Òåìàòà çà îïòèìàëåí ðàçêðîé ïðèäîáèâà îùå ïî-ãîëÿìà àêòóàëíîñò ïðåç ïîñëåäíè-
òå äâå äåñåòèëåòèÿ, íàìèðàéêè ðàçíîîáðàçíè ïðèëîæåíèÿ â ìíîãî èíäóñòðèàëíè
ïðîèçâîäñòâà. Îñîáåíî âàæíà å çàäà÷àòà ñåãà, êîãàòî ïàçàðúò å îòâîðåí è ôèðìèòå
òðÿáâà äà ñå ñúñòåçàâàò ñ ãîëÿì áðîé êîíêóðåíòè ñ ìîäåðíî îáîðóäâàíå è íèñêà
öåíà íà òðóäà.

Îò äðóãà ñòðàíà ìàñîâîòî ïîòðåáëåíèå íà ñòîêè âîäè äî íåîáõîäèìîñòòà îò îï-
òèìèçèðàíå íà ïðîèçâîäñòâîòî íà òåçè ñòîêè. Òîâà âêëþ÷âà êàêòî ìèíèìèçèðàíå
íà ïîòðåáëåíèåòî íà åíåðãèÿ è ñóðîâèíè, òàêà è íàìàëÿâàíå íà èçïîëçóâàíå íà
÷îâåøêè òðóä. Ìíîãî îñòúð å ïðîáëåìúò ïðè òåæêèòå èíäóñòðèè, îñîáåíî êîãàòî
å íåîáõîäèìî èçðàáîòâàíåòî íà ãîëÿì áðîé åëåìåíòè îò ñêúïî ñòðóâàù ìàòåðè-
àë. Òåçè äâå îñîáåíîñòè ñà íàëèöå, íàïðèìåð, â ñòðîèòåëíàòà èíäóñòðèÿ. Çàòîâà
ïðîáëåìúò çà îïòèìàëíèÿ ðàçêðîé òàì ñòîè íà äíåâåí ðåä ñ îñîáåíà àêòóàëíîñò.

Îáçîð íà ñúùåñòâóâàùèòå ìåòîäè è òÿõíàòà ðåàëèçàöèÿ â ïðèëîæåí ñîôòó-
åð å íàïðàâåíî ïî-äîëó â Ñåêöèÿ 1.2. Òóê ùå îòáåëåæèì ñàìî, ÷å íà ïàçàðà íà
ñîôòóåð çà íóæäèòå íà îïòèìàëíèÿ ðàçêðîé èìà îñíîâíî äâà âèäà ïîäõîäè íà ðå-
àëèçàöèÿ. Â åäèíèÿ ïîäõîä ïëàíêèòå ñå àïðîêñèìèðàò äî ïðàâîúãúëíèöè, êîèòî
ñå ðàçïîëàãàò îïòèìàëíî âúðõó ëèñòà ñòîìàíà, à ïðè âòîðèÿ òå ñå ðàçïîëàãàò ñ
òî÷íàòà èì ãåîìåòðèÿ. Ïðè ìåòîäèòå, êîèòî ïðèëàãàò àïðîêñèìèðàíå äî ïðàâîú-
ãúëíèê íåäîñòàòúêúò å, ÷å ïðè ôèãóðè ðàçëè÷íè îò ïðàâîúãúëíèê îòïàäúêúò å
ãîëÿì. Â ðàçëè÷íèòå èíäóñòðèè ïîä ãîëÿì ìîæå äà ñå ðàçáèðàò íàé-ðàçëè÷íè ÷èñ-
ëà. Â íàñòîÿùèÿ òðóä 25-50% ùå ðàçáèðàìå çà ãîëÿì îòïàäúê, 10-25% çà ñðåäíî
ãîëÿì îòïàäúê, 0-10% ìàëúê îòïàäúê. Ïðè ðàáîòà ñ òðèúãúëíè ôèãóðè îáðàçóâà-
íè îò ïðàâè ïî òðèòå ñè ñòðàíè îòïàäúêà å 50%. Ãîëÿì îòïàäúê. Òîçè ïîäõîä èìà
îãðàíè÷åíî ïðèëîæåíèå, íî ñå èçïîëçóâà äîñòà ìàñîâî è äàâà äîáðè ðåçóëòàòè â
ñòúêëàðñêàòà è õàðòèåíàòà ïðîìèøëåíîñò. È â äâàòà âèäà ñîôòóåð âúâåæäàíåòî
íà îáåêòèòå çà ðàçêðîé ñòàâà ðú÷íî. Ïîëèãîíèòå ñå âúâåæäàò ïî êîîðäèíàòè íà
âúðõîâåòå èëè ïî ñåãìåíòè íà ñòðàíèòå. Òîâà îòíåìà ìíîãî âðåìå è å âúçìîæíî
äà ñå äîïóñíàò íåòî÷íîñòè è/èëè ãðåøêè ïðè âúâåæäàíåòî íà äàííèòå.

Ïðåç ïîñëåäíèòå òðè äåñåòèëåòèÿ çà ïðîåêòèðàíå íà ñòðîèòåëíè îáåêòè ñå èç-
ïîëçóâàò ìàñîâî CAD ñèñòåìè. Â ïðåäñòàâåíàòà äèñåðòàöèÿ ïðîáëåìúò çà îïòèìà-
ëåí ðàçêðèé íà ñòðîèòåëíè åëåìåíòè (èëè ïëàíêè) å ðåøåí ïðè ïðåäïîëîæåíèåòî,
÷å ïîëèãîíèòå (ïëàíêèòå) ñå ãåíåðèðàò è ïðåäîñòàâÿò íà ñòðîèòåëÿ îò CAD ñèñ-
òåìà. Ñëåä òîâà ñå ïðàâè ïðåäâàðèòåëíà îáðàáîòêà íà äàííèòå è íàêðàÿ ïëàíêèòå
ñå ðàçêðîÿâàò ñ òî÷íàòà èì ãåîìåòðèÿ.

Çàãîòîâêà íà ïëàíêè çà íóæäèòå íà ñòîìàíåíèòå êîíñòðóêöèè, ïðåäñòàâëÿâàò
îïðåäåëåí êëàñ ïîäçàäà÷è çà îïòèìàëåí ðàçêðîé, êîéòî ñå õàðàêòåðèçèðà ñ ðåäèöà
îñîáåíîñòè, êîèòî âîäÿò êàêòî äî îïðîñòÿâàíå òàêà è äî óñëîæíÿâàíå íà çàäà÷àòà
çà ðàçêðîÿ. Íàé-âàæíèòå îñîáåíîñòè ñà:

1. ÷åñòî ïëàíêèòå ñà ñúñ ñëîæíè ôîðìè, ÷èèòî ãðàíèöè ñà ïðîèçâîëíè íåñà-
ìîïðåñè÷àùè ñå ïîëèãîíè (â ðåäêè ñëó÷àè, íàïðàâàòà íà åëåìåíòè ñ åëèïñî-
âèäíè êîíòóðè ñå ñâåæäà êúì ãîðíèÿ ñëó÷àé ÷ðåç àïðîêñèìàöèÿ ñ ïîëèãîíè
ñ äîñòàòú÷íà çà ïðàêòèêàòà òî÷íîñò);

2. ìíîãî ÷åñòî ïëàíêàòà íÿìà "ëèöå� è "ãðúá�, êîåòî ïîçâîëÿâà îãëåäàëíî òúð-
ñåíå íà ìåñòîïîëîæåíèåòî é â ïðîöåñà íà ðàçêðîÿ; òàçè îñîáåíîñò ìîæå äà
äîâåäå äî èêîíîìèÿ íà ìàòåðèàë, íî óâåëè÷àâà ñëîæíîñòòà íà ïðîáëåìà.

3. â íàáîðà îò ïëàíêè, êîèòî òðÿáâà äà áúäàò ïðîèçâåäåíè, ìíîãî ÷åñòî èìà
çíà÷èòåëíî ðàçíîîáðàçèå íà ðàçìåðèòå, ïëîùèòå è ôîðìàòà.
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Â ðàáîòàòà óäàðåíèåòî å ïîñòàâåíî âúðõó ìåòîäè çà ðåøàâàíå íà çàäà÷àòà çà
ðàçêðîé íà ïëàíêè â 2D. Äâóìåðíàòà çàäà÷à çà ðàçêðîé å ïî-òðóäíà îò åäíîìåðíà-
òà, îñîáåíî êîãàòî èçðÿçâàíèòå ôèãóðè íå ñà èçïúêíàëè è ñà ñ íåïðàâèëíà ôîðìà.
È äâåòå çàäà÷è ñà NP -ïúëíè êîìáèíàòîðíè îïòèìèçàöèîííè çàäà÷è [12], [13].

Ôèãóðà 1.2: Ñòîìàíåíà êîíñò-
ðóêöèÿ 1.

Ôèãóðà 1.3: Ñòîìàíåíà êîíñò-
ðóêöèÿ 2.

Êàòî èëþñòðàöèÿ ùå ñå ïðåäñòàâÿò íÿêîè ïðèìåðè çà ñëó÷àÿ íà ñòîìàíåíè
êîíñòðóêöèè. Â ñòîìàíåíî õàëå ïîêàçàíî íà ôèãóðà 1.2 ìîæå äà èìà îêîëî 2000 -
3000 ñòîìàíåíè ïëàíêè çà ðàçêðîé. Òå ñà ñ ðàçëè÷íà äåáåëèíà, â ïðàêòèêàòà ÷åñòî
ñå íàëàãà äà ðàáîòèì ñ 6 ðàçëè÷íè äåáåëèíè. Ñëåäîâàòåëíî îò ìåòàëåí ëèñò ñ äà-
äåíà äåáåëèíà òðÿáâà äà áúäàò ðàçêðîåíè îêîëî 500 áðîÿ ïëàíêè ñ äîñòà ñëîæíà
ôîðìà. Â ðàçãëåæäàíèÿ ñëó÷àé ðîòàöèÿ è îãëåäàëåí îáðàç íà ïëàíêàòà ñà ïðåïî-
ðú÷èòåëíè ïðè îïòèìèçàöèÿòà íà ðàçêðîÿ. Íåùî ïîâå÷å, èìà ïëàíêè, ïðè êîèòî
ñúîòíîøåíèåòî äúëæèíà êúì øèðî÷èíà (òîâà ñå ðàçáèðà êàòî ïëàíêàòà ñå ïîñòàâè
â ïðàâîúãúëíèê ñ ìèíèìàëíè ðàçìåðè) å ïîâå÷å îò 100.
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1.2 Îáçîð íà îñíîâíèòå ðåçóëòàòè â îáëàñòòà

Ïðîáëåìúò ñ îïòèìàëíèÿ ðàçêðîé (CSP) âúçíèêâà â ìíîãî èíäóñòðèàëíè
îáëàñòè [61]. Ïîâå÷åòî àâòîðè ðåøàâàò 2D ðàçêðîÿ, êàêòî àïðîêñèìèðàò âõîäÿùè-
òå ïîëèãîíè (ôèãóðèòå) äî ïðàâîúãúëíèöè. Òåçè ðåøåíèÿ ñúùî ñà ïðèëîæèìè â
ìíîãî èíäóñòðèè. Íàïðèìåð ïðîèçâîäñòâîòî íà õàðòèÿ è ñòúêëî [24], çàðåæäàíå
íà êîíòåéíåðè, äèçàéí ñ ìíîãî ìàùàáíà èíòåãðàöèÿ (VLSI) è ðàçëè÷íè çàäà÷è çà
ïëàíèðàíå [55].

Ïî-ñëîæíàòà âåðñèÿ íà ïðîáëåìà å, êîãàòî âõîäÿùèòå ïîëèãîíè (ôèãó-
ðèòå) íå ñà àïðîêñèìèðàíè äî ïðàâîúãúëíèöè. Òîçè ïðîáëåì âúçíèêâà ïðè ñòðî-
èòåëíèòå êîíñòðóêöèè â ïðîèçâîäñòâîòî íà ñòîìàíåíè èçäåëèÿ, ïðîèçâîäñòâîòî
íà äðåõè, ïðîèçâîäñòâîòî íà îáóâêè è ò.í. Â [24] îñíîâíàòà òåìà å äâóèçìåðåí
îðòîãîíàëåí ïðîáëåì ñ îïàêîâàíåòî, ïðè êîéòî ôèêñèðàíà ãðóïà îò ìàëêè ïðà-
âîúãúëíèöè òðÿáâà äà ñå ìîíòèðà â ãîëÿì ïðàâîúãúëíèê è íåèçïîëçâàíàòà ïëîù
îò ãîëåìè ïðàâîúãúëíèöè äà ñå ñâåäå äî ìèíèìóì. Àëãîðèòúìúò êîìáèíèðà ìå-
òîä íà çàìåñòâàíå ñ ãåíåòè÷åí àëãîðèòúì. Â [45] å ðàçðàáîòåíà Greedy (àë÷íà)
ïðîöåäóðà íà ïðîèçâîëíî (ðàíäîìèçèðàíî) àäàïòèâíî òúðñåíå. Â òîâà ïðîó÷âàíå
èìà ãîëÿì ïúðâè÷åí çàïàñ, êîéòî òðÿáâà äà áúäå íàðÿçàí íà ïî-ìàëêè ïàð÷åòà,
çà äà ñå óâåëè÷è ìàêñèìàëíî ñòîéíîñòòà íà ïàð÷åòàòà. Cintra [49] ïðåäëàãà òî-
÷åí àëãîðèòúì, áàçèðàí íà äèíàìè÷íî ïðîãðàìèðàíå, êîéòî å ïîäõîäÿù çà ìàëêè
ïðîáëåìè, òúé êàòî ïðîáëåìúò å NP-òðóäåí. Dusberger è Raidl [62], [63] ïðåäëàãàò
äâà ìåòà-åâðèñòè÷íè àëãîðèòúìà, áàçèðàíè íà òúðñåíå íà ïðîìåíëèâè êâàðòàëè.
Ãîðåñïîìåíàòèòå ðàáîòè ðåøàâàò îïðîñòåíèÿ ïðîáëåì ñ ïðàâîúãúëíè åëåìåíòè.
Â èíäóñòðèÿòà íà ñòðîèòåëíèòå êîíñòðóêöèè ïëàíêèòå ñà ïîëèãîíè, êîèòî ìîãàò
äà èìàò íåïðàâèëíà ôîðìà è ìîãàò äà áúäàò èçïúêíàëè èëè âäëúáíàòè, íî íå è
ñàìî ïðåñè÷àùè ñå. Ïîäîáíî ðàçíîîáðàçèå îò ôîðìè çíà÷èòåëíî óâåëè÷àâà òðóä-
íîñòòà íà ïðîáëåìà. Êàòî ïëàíêèòå èëè âõîäÿùèòå ïîëèãîíè ìîãàò äà ïðèëàãàò
è îãëåäàëíî, òúé êàòî ñòîìàíåíèòå ëèñòà ñà õîìîãåííè îò äâåòå ñè ñòðàíè. Ñúùî
ñëîæíîñòòà íà çàäà÷àòà ñå óâåëè÷àâà è îò òîâà, ÷å òðèúãúëíà ïëàíêà ìîæå äà
áúäå îïèñàíà ñ ïîâå÷å îò òðè òî÷êè.
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1.3 Öåëè è çàäà÷è íà äèñåðòàöèÿòà

Îñíîâíèòå öåëè ïîñòàâåíè ïðåä äîêòîðàíòà ñà îò íàó÷íî-ïðèëîæåí è ïðèëîæåí
õàðàêòåð. Òå ìîãàò äà áúäàò îáîáùåíè ïî ñëåäíèÿ íà÷èí.
Öåëè íà äèñåðòàöèÿòà:

1. Îïòèìàëåí ðàçêðîé íà ëèíåéíè åëåìåíòè ïðè ìèíèìàëåí îòïàäúê;

2. Îïòèìàëåí ðàçêðîé íà äâóìåðíè åëåìåíòè ñ íåïðàâèëíà ôîðìà ïðè ìèíè-
ìàëåí îòïàäúê.

Çà ïîñòèãàíå íà òåçè öåëè áÿõà ôîðìóëèðàíè ñëåäíèòå çàäà÷è:

Çàäà÷à 1. Ðàçðàáîòâàíå íà àëãîðèòúì çà ðåøàâàíå íà çàäà÷àòà çà åäíîìåðòåí
(ëèíååí) ðàçêðîé;

Çàäà÷à 2. Ðàçðàáîòâàíå íà àëãîðèòúì çà ðåøàâàíå íà çàäà÷àòà çà ðàçêðîé
íà äâóìåðíè åëåìåíòè;

Çàäà÷à 3. Äà ñå íàïðàâè ïðîãðàìíà ðåàëèçàöèÿ íà ðàçðàáîòåíèòå àëãîðèòìè
è äà áúäàò ïðîâåäåíè ñðàâíâíèÿ íà ðåàëíè ñòðîèòåëíè îáåêòè ñúñ ñúùåñò-
âóâàùè â ïðàêòèêàòà ìåòîäè çà ðàçêðîé.

Áàçà íà ðàçðàáîòêàòà å CAD ñðåäà çà ïîëó÷àâàíå íà ãðàôè÷íà èíôîðìàöèÿ îò
äàäåí ñòðîèòåëåí îáåêò. Ñëåä îïòèìèçàöèÿòà ñå ãåíåðèðà èíôîðìàöèÿ â òåðìèíè-
òå íà ñúùàòà CAD ñðåäà. Çà öåëòà å ðàçðàáîòåí ÷èñëåí àëãîðèòúì çà ðàçêðîÿâàíå
(ðàçïîëàãàíå) íà ïðîèçâîëíè íå ñàìîïðåñè÷àùè ñå ïîëèãîíè (íàðè÷àíè ïëàíêè è
ãåíåðèðàíè îò CAD ñèñòåìà) îò çàäàäåí îò ïîòðåáèòåëÿ ïîëèãîí (ñòîìàíåí ëèñò).
Ôîêóñ íà äèñåðòàöèÿòà ñà ðàâíèííè åëåìåíòè (ëèñòîâ ìàòåðèàë) 2D ôèãóðè (íà-
ðè÷àíè òóê ïëàíêè). Ãåîìåòðè÷åñêè òîâà îçíà÷àâà îïðåäåëåí áðîé ôèãóðè â ðàâ-
íèíàòà äà ñå ïîäðåäè â ïëîù ñúñ çàäàäåí îò ïîòðåáèòåëÿ çàòâîðåí êîíòóð. Òîâà
å äîñòà îáùà ìàòåìàòè÷åñêà çàäà÷à, êîÿòî ìîæå äà ñå ïðèëîæè â íàé-ðàçëè÷íè
èíäóñòðèè. Àëãîðèòúìúò ïîçâîëÿâà è äîïúëíèòåëíè íàñòðîéêè è ðàçëè÷íè ïðèí-
öèïè â îïòèìèçàöèÿòà ïðè ïîäðåæäàíå íà ôèãóðèòå. Òåçè çàäà÷è ñà áàçèðàíè
èçöÿëî íà ïðèìåðè îò ïðàêòèêàòà, à âõîäíèòå äàííè ñà îò ðåàëíî ïðîåêòèðàíè è
èçïúëíåíè ñòðîèòåëíè îáåêòè.

1.4 Ïîäõîä íà èçñëåäâàíåòî

Òàçè äèñåðòàöèÿ ñå çàíèìàâà ñ ðåøàâàíåòî íà äâå îïòèìèçàöèîííè çàäà÷è: (1)
ðàçêðîé íà ëèíåéíè ïðîôèëè (ñòîìàíåíè ïðúòè, T - è Π-îáðàçíè ïðîôèëè, è ò.í.)
èëè 1D ðàçêðîé è (2) ðàçêðîé íà äâóìåðíè (ïëîñêè) ïëàíêè îò ñòîìàíåíè ëèñòîâå.

Ïúðâàòà çàäà÷à å åäíîìåðåí (ëèíååí), 1D ðàçêðîé. Çà 1D îïòèìèçàöèÿòà íå ñå
âúâåæäàò íÿêàêâè ñïåöèàëíè äåôèíèöèè, òúé êàòî ñå ðàáîòè ñ åäèí ïàðàìåòúð,
äúëæèíàòà íà åëåìåíòà. Çàäà÷àòà çà ìèíèìàëåí îòïàäúê ñå ñâåæäà äî íàìèðàíå
íà ìèíèìàëåí áðîé èçïîëçâàíè ïðîôèëè. Âúïðåêè, ÷å å ïî-ëåñíà îò äâóìåðíàòà
çàäà÷à, òÿ ñúùî å NP ñëîæíà. Ïîäõîäúò èçïîëçóâà ìåòîäà íà ìðàâêèòå.

Âòîðàòà çàäà÷à å 2D ðàçêðîé. Äàííèòå âêëþ÷âàò äàäåí âõîäÿù ñïèñúê îò n íà
áðîé ïëàíêè (íàðå÷åíè âõîäÿùè ïîëèãîíè), êîèòî òðÿáâà äà ñå ïîäðåäÿò âúçìîæíî
íàé-ïëúòíî â äàäåí ïîëèãîí, íàðå÷åì îñíîâåí. Ïðè òúðñåíåòî íà åäíî âúçìîæíî
ðàçïîëàãàíå íà âõîäÿùèòå ïîëèãîíè ìîæå äà ñå ïðèëîæè ðîòàöèÿ è îãëåäàëåí
îáðàç. Ñëåä êàòî å èçáðàíî ìåñòîïîëîæåíèå íà âõîäÿùèÿ ïîëèãîí å íåîáõîäèìî
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äà ñå ïðèëîæè àëãîðèòúìà çà "èçâàæäàíå� ("èçðÿçâàíå�) íà äâà ïîëèãîíà. Òîâà ñå
ïðàâè ñ öåë çà ñëåäâàùèÿ âõîäÿù ïîëèãîí äà ñå òúðñè ìåñòîïîëîæåíèå â îñòàòúêà
îò îñíîâíèÿ ïîëèãîí. Ñëåä òîâà òàçè (èçðÿçàíà) ïëàíêà ñå ïðåìàõâà îò ñïèñúêà ñ
âõîäÿùè ïëàíêè. Òîâà ñå ïîâòàðÿ äîêàòî ñå èç÷åðïÿò âñè÷êè ïëàíêè îò âõîäÿùèÿ
ñïèñúê. Ñëåä òîâà öÿëîñòíîòî ðåøåíèå (ñúâêóïíîñòòà îò ïëàíêè) ñå îöåíÿâà îò
ìåòàåâðèñòèêàòà. Âèæ òî÷êà 4.2.

Ôèãóðà 1.4:
Ïúðâîíà÷àëåí îñíîâåí
ïîëèãîí (çà çàïúëâàíå).

Ôèãóðà 1.5: Ïðèìåðíè âõîäÿùè
ïîëèãîíè (ðàçìåðèòå ñà ñúùåñò-
âåíî óâåëè÷åíè)

Ôèãóðà 1.6: Îñíîâåí ïîëèãîí
ïðåäè èçðÿçâàíåòî.

Ôèãóðà 1.7: Îñíîâåí ïîëèãîí
ñëåä èçðÿçâàíåòî.

Â ïðîöåñà íà èçó÷àâàíå íà ïðîáëåìà å èçïîëçâàíà øèðîê êðúã îò ëèòåðàòó-
ðà. Ñúçäàäåíèòå íîâè ìåòîäè è àëãîðèòìè ñà ïóáëèêóâàíè â ñòàòèè íà àâòîðà,
[12, 13, 15, 14]. Ñúçäàäåíè ñà òðè ìåòîäà. Ïúðâèÿ å çà îöåíêà íà âõîäÿùèòå ïîëè-
ãîíè (ìíîæåñòâà). Ñïðÿìî úãëèòå èì è äúëæèíèòå èì. Òîçè ìåòîä äàâà îöåíêàòà
îò 0. äî 1. çà íàé-ãîëÿìàòà âåðîÿòíîñò äàäåí ïîëèãîí äà ñå ïîñòàâè â ïîëèãîíà
íà çàïúëâàíå ïðè äàäåí âðúõ. Âòîðèÿ ìåòîä äàâà îöåíêà çà íàé-ãîëÿìà äîïèðíà
äúëæèíà (ïëîù) ìåæäó äâà ïîëèãîíà. Òðåòèÿ ìåòîä å õèáðèäíàòà ìåòàåâðèñòèêà.
Äàâà îöåíêà íà âñè÷êè äîïóñòèìè ðåøåíèÿ çà äàäåí âðúõ. Îöåíêàòà çà âñÿêî åäíî
ðåøåíèå å ìåæäó 0. è 1. Èçáèðà ñå òîâà ñ íàé-ãîëÿìà îöåíêà. Ïðè ïîëîæåíè, ÷å
èìà ïîâå÷å îò åäíî ðåøåíèå ñ ìàêñèìàëíà îöåíêà ñå èçáèðà ïðîèçâîëíî åäíî îò
òÿõ. Êîìáèíàöèÿòà å îò òðèòå ìåòîäà íè äàâà âúçìîæíîñò äà íå òúðñèì ïúëíî
èç÷åðïâàíå íà âúçìîæíèòå êîìáèíàöèè çà ïîñòàâÿíå íà âõîäÿùèòå ïîëèãîíè Πi â
ïîëèãîíà íà çàïúëâàíå ∆. Ðàçðàáîòåíèòå ñà äâà íîâè àëãîðèòúìà, êîèòî ñà ïîäîá-
ðåíèå íà äâà ñúùåñòâóâàùè àëãîðèòúìà. Åäèíèÿ å Ray ìåòîäà [40]. Äîáàâêàòà å,
÷å ïðåäè äà ñå ïðèëîæè Ray ìåòîäà ñå ïðîâåðÿâà äàëè äàäåíàòà òî÷êà å â box íà
ïîëèãîíà, àêî å òàêà òîãàâà ñå ïðîâåðÿâà çà öåëèÿ ïîëèãîí. Çà äåôèíèöèÿ íà box
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íà ïîëèãîíà âèæ òî÷êà 2.2. box íà ïîëèãîíà ùå ñå èçïîëçâà, àêî áðîÿ íà âúðõî-
âåòå íà äàäåíèÿ ïîëèãîí å ïî-ãîëÿì îò 4. Äðóãèÿò ìåòîä å "Bentley-Ottman� [39].
Äîáàâêàòà å, ÷å íå ñå îáõîæäàò âñè÷êè ñåãìåíòè, à àëãîðèòúìà ñïèðà ïðè ïúðâîòî
ïðåñè÷àíå íà äâàòà ñåãìåíòà.

Êàòî êðàåí ðåçóëòàò îò èçñëåäâàíåòî íà ïðîáëåìà å ðàçðàáîòåí ñîôòóåð, êîéòî
óñïåøíî ðåøàâà äâåòå çàäà÷è. Íàïðàâåíî å ñðàâíåíèå íà ïîëó÷åíèòå ðåçóëòàòè ñ
ðåçóëòàòèòå îò èçïîëçóâàíå íà êîìåðñèàëåí ñîôòóåð. Ïðåäèìñòâàòà íà ñúçäàäå-
íàòà ïðîãðàìà ïðåä òåñòâàíèÿ êîìåðñèàëåí ñîôòóåð ñà äàäåíè â 4.6 è â 5.
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Ãëàâà 2

Èç÷èñëèòåëíà ãåîìåòðèÿ.

Â òàçè ñåêöèÿ ñå èçïîëçóâàò äåôèíèöèè îò èç÷èñëèòåëíàòà ãåîìåòðèÿ - òî÷-
êà, ëèíååí ñåãìåíò è ïîëèãîí â äâóìåðíîòî ïðîñòðàíñòâî. Âñè÷êè òî÷êè ùå áúäàò
ïðåäñòàâåíè êàòî ñïèñúê îò íàðåäåíè ÷èñëà (êîîðäèíàòè), [9], â äâóìåðíèÿ ñëó÷àè
òîâà ñà äâîéêè ÷èñëà P = (x, y).

2.1 Îñíîâíè äåôèíèöèè

Äåôèíèöèÿ íà ñïèñúê
Ñïèñúêà ïðåäñòàâëÿâà ñòðîãî ïîäðåäåíè åëåìåíòè. Âñåêè åäèí åëåìåíò ìîæå

äà áúäå ÷èñëî, ñòðèíã èëè äðóã ñïèñúê. Ïðèìåðè:

1. list(X, Y ) - òî÷êà çàäàäåíà ñ íåéíèòå äåêàðòîâè êîîðäèíàòè;

2. list(pt0, pt1, . . . , pti) - ñïèñúê îò òî÷êè, êúäåòî pti å ñïèñúê, ïðåäñòàâÿù òî÷êà
ñ èíäåêñ i;

3. list (e0, e1, . . . , en−1) - ñïèñúê îò ñåãìåíòè, êúäåòî ei å ëèíååí ñåãìåíò ñ èíäåêñ
i, âèæ ïî-äîëó.

Äåôèíèöèÿ íà òî÷êà.
Òî÷êèòå â d-ìåðíîòî ïðîñòðàíñòâî ñà ïðåäñòàâåíè êàòî íàðåäåí ñïèñúê îò d ÷èñëà,
íàðå÷åíè êîîðäèíàòè, [9]. Òúé êàòî ðàçãëåæäàìå çàäà÷àòà â ðàâíèíà, òî â òàçè
ðàáîòà òî÷êà pti å äåôèíèðàíà êàòî pti = list (xi, yi), êúäåòî êîîðäèíàòèòå xi è yi
ñà ðåàëíè ÷èñëà. Ïðè ðàáîòà ñ ðåàëíè ÷èñëà èçïîëçóâàùè êîìïþòúðíà àðèòìåòèêà
ñå ïîñòàâÿ âúïðîñúò çà ãðåøêàòà ïðè çàêðúãëåíèå. Ãðåøêàòà îò çàêðúãëåíèå íà
ðåàëíèòå ÷èñëà å âàæíà è îáøèðíà îáëàñò â ìàòåìàòèêàòà. Òóê ñà ïðèåòè ñëåäíèòå
ïðàâèëà:

1. Ðàáîòèì ñ òî÷íîñò ÷åòèðè çíàêà ñëåä äåñåòè÷íàòà çàïåòàÿ .0001;

2. Ïðèåìàìå îòêëîíåíèå fuzz, êîåòî å ðåàëíî ÷èñëî, ïî-ãîëÿìî îò 0.

Òåçè ïðàâèëà ñà ïðîäèêòóâàíè îò íåîáõîäèìîñòòà äà ðàáîòèì ñ äàííè ïðîèçâåäåíè
îò CAD ñèñòåìè. Â îáëàñòòà íà ïðîåêòèðàíå íà îáåêòè èçïúëíåíè ñúñ ñòîìàíåíè
êîíñòðóêöèè, ðàçìåðèòå íà êîíñòðóêöèèòå ñå äàâàò â ìèëèìåòðè, òàêà ÷å âñè÷êè
÷èñëåíè äàííè (êîîðäèíàòè íà òî÷êè, ñåãìåíòè è ò.í.) ñà â ìèëèìåòðè. Çà íóæäèòå
íà ñòðîèòåëíàòà èíäóñòðèÿ (ñòîìàíåíè êîíñòðóêöèè), ðàçëèêàòà â äúëæèíèòå íà
ñòðàíèòå íà ïëàíêèòå îò 0.5ìì íà äàâà äåòàéëà ãè ïðàâè íåðàçëè÷èìè. Çàòîâà ãè
ïðèåìàìå, ÷å ñà åäíàêâè.
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Ïðèåìàìå, ÷å äâå òî÷êè ñúâïàäàò Pi ≡ Pq, àêî:

(xi − fuzz) ≤ xq ≤ (xi + fuzz) ∧ (yi − fuzz) ≤ yq ≤ (yi + fuzz) (2.1)

èëè
max{|xi − xq|, |yi − yq|} ≤ fuzz (2.2)

Äåôèíèöèÿ íà ëèíååí ñåãìåíò.
Ùå èçïîëçóâàìå äâà âèäà ñåãìåíòè:

(1) CAD ëèíååí ñåãìåíò CADei = list(pt0, pt1, . . . , pti) ñå çàäàâà ñúñ ñïèñúê îò
òî÷êè, êîèòî ëåæàò íà åäíà ïðàâà; òàêèâà ñåãìåíòè ñå ïîëó÷àâàò îò ðàáîòàòà íà
CAD ñèñòåìàòà, êîÿòî ãåíåðèðà âñè÷êè âõîäíè äàííè èçïîëçóâàíè â òàçè ðàáîòà.
(2) Ëèíååí ñåãìåíò ei = (pti, pti+1) å çàòâîðåíî ìíîæåñòâî îò òî÷êè ëåæàùè íà
åäíà ïðàâà ìåæäó äâå òî÷êè pti è pti+1, íàðå÷åíè êðàéíè òî÷êè, [9]. Òî÷êèòå â
ñïèñúêà ei ñà ïîäðåäåíè. Êàòî ïúðâàòà å íà÷àëíà, à âòîðàòà êðàéíà. Â íàøàòà
ðàáîòà ëèíåéíèòå ñåãìåíòè ñå ïîëó÷àâàò ñëåä ïðåìàõâàíå íà âúòðåøíèòå òî÷êè
íà CAD ñåãìåíòà.

Äåôèíèöèÿòà íà ïîëèãîí.

Ïîëèãîí Π = list (e0, e1, . . . , en−1) å çàòâîðåíà îáëàñò îò ðàâíèíàòà îãðàäåíà
îò n ëèíåéíè ñåãìåíòè îáðàçóâàùè çàòâîðåíà êðèâà, [9]. Îáðúùàìå âíèìàíèå, ÷å
òóê èçïîëçâàìå ëèíååí ñåãìåíò, à íå CAD ëèíååí ñåãìåíò. Íåêà pt0, pt1, . . . , ptn ñà
n òî÷êè îò äàäåíà ðàâíèíà, òàêèâà, ÷å pt0 = ptn. Òî÷êèòå pt0, pt1, . . . , ptn îáðàçóâàò
öèêëè÷åí ñïèñúê. Äîêàòî pt0 å ïîñëåäâàíà îò pt1, òî ptn−1 å ïîñëåäâàíà îò pt0 = ptn.
Ïîëèãîíúò ñå îïèñâà ñúùî è îò íåãîâèòå âúðõîâå, êðàéíèòå òî÷êè íà ñåãìåíòèòå
ìó, òàêà ÷å åêâèâàëåíòíî, Π = list (pt0, pt1,..., ptn). Êàçâàìå, ÷å äâà ñåãìåíòà ñà
ñúñåäíè êîãàòî èìàò ñàìî åäíà îáùà êðàéíà òî÷êà.

Ëèíåéíè ñåãìåíòè îáðàçóâàò ïîëèãîí òîãàâà è ñàìî òîãàâà, êîãàòî:

1. Ïðåñå÷íàòà òî÷êà ìåæäó âñÿêà äâîéêà ñúñåäíè ñåãìåíòè â öèêëè÷íèÿ ñïè-
ñúê, å : ei ∩ ei+1 = pti+1, çà âñè÷êè i = 0, ..., n− 1;

2. Íåñúñåäíè ñåãìåíòè íå ñå ïðåñè÷àò.

Òî÷êèòå pti ùå ãè íàðè÷àìå âúðõîâå íà ïîëèãîíà, à ñåãìåíò îò ïîëèãîíà ùå
íàðè÷àìå ëèíååí ñåãìåíò. Íåêà îòáåëåæèì, ÷å ïîëèãîí ñ n âúðõîâå èìà n ñåãìåíòà.

Ðîòàöèÿ íà òî÷êà
Äà ðàçãëåäàìå äâå ðàçëè÷íè òî÷êè ptA = list(xa, ya) è ptbase = list(xbase, ybase)

â êîîðäèíàòíà ñèñòåìà XOY . Æåëàåì äà çàâúðòèì òî÷êàòà ptA îêîëî áàçîâàòà
òî÷êà ptbase íà äàäåí úãúë β. Àêî úãúëúò β å ïîëîæèòåëíî ÷èñëî òîãàâà âúðòå-
íåòî ñå ðàçáèðà îáðàòíî íà ÷àñîâíèêîâàòà ñòðåëêà anti−CW , â ïðîòèâåí ñëó÷àé
âúðòåíåòî å ïî ÷àñîâíèêîâàòà ñòðåëêà CW . Ñëåä çàâúðòàíåòî ùå ïîëó÷èì íîâà
òî÷êà ptB = list(xb, yb) â êîîðäèíàòíàòà ñèñòåìà XOY . Çà äà íàïðàâèì íóæíè-
òå ïðåñìÿòàíèÿ è ïîëó÷èì èç÷èñëèòåëíèòå ôîðìóëè çà êîîðäèíàòèòå íà òî÷êàòà
ïîëó÷åíà ñëåä ðîòàöèÿòà, ùå âúâåäåì íîâà êîîðäèíàòíà ñèñòåìà X ′O′Y ′, ÷èåòî êî-
îðäèíàòíî íà÷àëî ñúâïàäà ñ ptbase. Îñèòå íà íîâàòà êîîðäèíàòíà ñèñòåìà X ′O′Y ′

ñå òðàíñëèðàò óñïîðåäíî íà îñèòå íà êîîðäèíàòíàòà ñèñòåìà XOY . Ñïðÿìî íîâà-
òà êîîðäèíàòíà ñèñòåìà ïîëó÷àâàìå êîîðäèíàòèòå íà òî÷êà ptA, x′

a = (xa − xbase)
è y′a = (ya − ybase) èëè ptA = list(x′

a, y
′
a) â íîâàòà êîîðäèíàòíà ñèñòåìà X ′O′Y ′.

Ðàäèóñà íà çàâúðòàíå R ñå íàìèðà ïî ôîðìóëàòà:

R =
√

x′
a
2 + y′a

2 (2.3)
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à úãúëúò íà çàâúðòàíå α ñå ïîëó÷àâà îò ôîðìóëàòà:

α = arccos
x′
a

R
(2.4)

Òîãàâà êîîðäèíàòèòå íà òî÷êà ptB â êîîðäèíàòíàòà ñèñòåìà XOY ñà:

xb = xbase +
R

cos(α + β)
(2.5)

yb = ybase +
R

sin(α + β)
(2.6)

Ïåðïåíäèêóëÿð îò òî÷êà êúì äàäåíà ïðàâà.
Ïðàâàòà å çàäàäåíà ñ äâå òî÷êè A = list(xa, ya) B = list(xb, yb) è òåñòî-

âàòà òî÷êà å T = list(xt, yt). Èñêàìå äà íàìåðèì òî÷êà C = list(xc, yc) îò ïðàâàòà
list(A,B) òàêàâà, ÷å âåêòîðúò îïðåäåëåí îò òî÷êèòå T è C å ïåðïåíäèêóëÿðåí
íà ïðàâàòà. Ïðåäè äà çàïî÷íåì òúðñåíåòî íà òî÷êàòà C, òðÿáâà äà ïðîâåðèì äàëè
òî÷êèòå A = list(xA, yA), B = list(xB, yB) è T = list(xt, yT ) íå ëåæàò íà åäíà ïðàâà.
Òîâà ñòàâà ÷ðåç íàìèðàíå íà ëèöåòî íà òðèúãúëíèêà F = list(A,B, T ). Ðåçóëòà-
òúò, êîèòî ùå ïîëó÷èì îò òîçè àëãîðèòúì, å îðèåíòèðàíîòî ëèöå íà òðèúãúëíèêà
list(A,B, T ). Íàñ íè èíòåðåñóâà ñàìî äàëè ëèöåòî F å íóëà èëè íå. Àêî ëèöåòî
F = 0, òî òî÷êèòå ëåæàò íà åäíà ïðàâà è íå å íóæíî äà òúðñèì ïåðïåíäèêóëÿðíèÿ
âåêòîð T⃗C êúì ïðàâàòà list(A,B). Àêî ëèöåòî F ̸= 0. òî àëãîðèòúìà ïðîòè÷à â
ñëåäíèòå ñòúïêè, ñúãëàñíî [41]:

1. Àêî xA = xB, òîãàâà ïðàâàòà å âåðòèêàëíà è òúðñåíàòà òî÷êà å ptC =
list(xA, yT ).;

2. Àêî yA = yB, òîãàâà ïðàâàòà å âåðòèêàëíà è òúðñåíàòà òî÷êà å ptC = list(xT , yA);

3. Àêî íå ñà èçïúëíåíè ãîðíèòå óñëîâèÿ, òîãàâà òúðñèì íàêëîíà m íà ïðàâàòà
list(A,B):

m =
yB − yA
xB − xA

(2.7)

xC =
(xT

m
+ yT +m.xA − yA)

m+ 1
m

(2.8)

yC = yA +m(xC − xA) (2.9)

Èëè êîîðäèíàòèòå íà æåëàíàòà òî÷êà C = list(xC , yC).
Îãëåäàëåí îáðàç íà ïîëèãîí.
Ïîä îãëåäàëåí îáðàç íà ïîëèãîí ùå ðàçáèðàìå îãëåäàëåí îáðàç ïî âñè÷êè

ñòðàíè îò ïîëèãîíà, êîèòî íå ñà óñïîðåäíè åäíà íà äðóãà.
Ïîëèãîíà Mirror1 = list(mpt0,mpt1,mpt2,mpt3) å ïîëó÷åí îò çàùðèõîâàíèÿ

ïîëèãîí Πi = list(pt0, pt1, pt2, pt3). Çà íàìèðàíåòî íà îãëåäàëíèÿ îáðàç íà ïîëèãîíà
Πi ñå èçïîëçâà ñëåäíàòà ïîñëåäîâàòåëíîñò:

1. Âçèìàìå ïúðâàòà pt0 è âòîðà pt1 òî÷êà îò ïîëèãîíà Πi.

2. Îáðàçóâàìå ïðàâàòà L1 − L1. Ïðàâàòà L1 − L1 ñå îáðàçóâà ïî äâå òî÷êè.
Ïúðâàòà òî÷êà å ptL1 = (polar(pt0; (angle = pt1, pt0); 10e10)). Âòîðàòà òî÷êà å
ptL2 = (polar(pt1; (angle = pt0, pt1)); 10e10). Íàìèðàìå ïîëÿðíèòå êîîðäèíàòè
íà òî÷êèòå ptL1 è ptL2 - áàçîâà òî÷êà, úãúë è äúëæèíà. Â ñëó÷àÿ äúëæèíàòà
å èçáðàíà äîñòàòú÷íî ãîëÿìà òàêà, ÷å äà áúäå äîïóñòèìà çà CAD ñèñòåìàòà.
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3. Çà âñåêè âðúõ íà ïîëèãîíà Πi íàìèðàìå ïåòàòà íà ïåðïåíäèêóëÿðà êúì ïðà-
âàòà L1− L1 è ÿ îçíà÷àâàìå ñ ptPerpi .

Îãëåäàëíàòà òî÷êà ñå ïîëó÷àâà:mpti = (polar(ptPerpi ; (angle = pti, ptPerpi); distance(pti, ptPerpi)).
Çà íàìèðàíå íà ïåòàòà íà ïåðïåíäèêóëÿðà âúðõó ïðàâàòà L1− L1 âèæ Ïîä-
ñåêöèÿ 2.1.

Ïðàâàòà L1 − L1 ùå áúäå êîëèíåàðíà ñúñ ñåãìåíòà list(pt0, pt1). Òîãàâà è ðàç-
ñòîÿíèåòî distance(pt0, ptPerpi) ùå áúäå íóëà è òî÷êèòå pt0 è mpti ùå ñúâïàäàò. Çà
íàìèðàíå íà ïðàâàòà L1 − L1 ìîæå äà ñå èçïîëçâà âñÿêà åäíà äâîéêà ïîñëåäîâà-
òåëíè âúðõîâå list = (pti, pti+1) íà ïîëèãîíà Πi.

Íàìèðàíå íà ïîñîêà íà ïîëèãîí (clock − wise, CW èëè anti− CW ).
Òóê ùå îáñúäèì íà÷èíè çà îïðåäåëÿíå çà ïîñîêàòà, (ïî ÷àñîâàòà ñòðåëêà,

CW , èëè îáðàòíà íà ÷àñîâàòà ñòðåëêà, anti−CW ), íà ãðàíèöàòà íà ïîëèãîí Π =
list (pt0, pt1,..., ptn). Îò îñíîâèòå èçâåñòíè â ëèòåðàòóðàòà ìåòîäè çà îðèåíòàöèÿ
íà ïîëèãîí, òóê ùå ïðåäñòàâèì åäèí îò íàé-áúðçèòå ìåòîäè çà ïðåñìÿòàíå íà
ïîñîêàòà íà îáõîæäàíå íà âúðõîâåòå ïî ãðàíèöàòà íà ïîëèãîíà Π [28].

Ôèãóðà 2.1: Ëèöå íà òðàïåö

Íåêà ei ∈ Π å ïðîèçâîëåí ñåãìåíò è íåêà ñðåäíàòà ìó òî÷êà Pm èìà êîðäèíàòè:

Pm =

(
xi + xi+1

2
,
yi + yi+1

2

)
. (2.10)

Ïëîùòà íà ôèãóðàòà ìåæäó ñåãìåíò ei ∈ Π è êîîðäèíàòíà îñ X å:

Fi =
(xi+1 − xi)(yi+1 + yi)

2
(2.11)

Äà îòáåëåæèì, ÷å ëèöåòî Fi ìîæå äà áúäå ïîëîæèòåëíî, îòðèöàòåëíî èëè íóëà.
Çíàêúò íà ëèöåòî çàâèñè îò ïîäðåäáàòà íà òî÷êèòå â ñïèñúêà îïðåäåëÿùè Π, òúé
êàòî ïîäðåäáàòà ìîæå äà áúäå list (pt0, pt1,..., ptn−1) èëè list (ptn−1, pt0,..., ptn−1).
Òîâà ëèöå ùå íàðå÷åì îðèåíòèðàíî ëèöå. Òàçè ïðîöåäóðà ñå ïðèëàãà çà âñè÷êè ei
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ñåãìåíòè. Çà äà ñå ïåñòè ïðîöåñîðíî âðåìå íÿìà ñìèñúë âñÿêî ëèöå äà ñå äåëè íà
2. Çàòîâà ñáîðúò îò îðèåíòèðàíèòå ëèöà ìîæåì äà çàïèøåì êàêòî ñëåäâà:

2F =
n−1∑
i=0

(xi+1 − xi)(yi+1 + yi) (2.12)

Àêî êîîðäèíàòèòå íà òî÷êèòå íà âúðõîâå list(pt0, pt1, . . . , pt5) óäîâëåòâîðÿâàò
óñëîâèÿòà x5 > x4 > x3 > x2 > x1 > x0, òî ñúîòâåòíèòå ïëîùè ñà ïîëîæèòåëíè è
F > 0. Àêî êîððäèíàòèòå íà òî÷êèòå íà âúðõîâå list(pt0, pt1, . . . , pt5) óäîâëåòâîðÿ-
âàò óñëîâèÿòà x5 > x6 > x7 > x8 > x9, òîãàâà F < 0

Úãúë ìåæäó äâà âåêòîðà. Âúòðåøåí úãúë íà ïîëèãîí.
Ñ öåë äà ïîëó÷èì ïî-äîáðà õàðàêòåðèñòèêà çà äàäåí ïîëèãîí ùå ñà íè íóæíè

âúòðåøíèòå ìó úãëè. Ïúðâî ùå íàìåðèì úãúëà ìåæäó äâà âåêòîðà a⃗ = list(T, pti)

è b⃗ = list(T, pti+1), äåôèíèðàíè â XY êîîðäèíàòíà ñèñòåìà.

Ïúðâî îïðåäåëÿìå äúëæèíàòà íà âåêòîðèòå a⃗ è b⃗, à ñëåä òîâà è òÿõíîòî ñêàëàð-
íî ïðîèçâåäåíèå. Çà äà íàìåðèì äúëæèíàòà íà âåêòîðà a⃗, ùå òðàíñëèðàìå òî÷êà
Ai äî íóëàòà, Ti = (list0, 0). Òîãàâà âåêòîðèòå a⃗ è b⃗ ùå èìàò êîîðäèíàòè ñúîòâåòíî
(xa, ya) è (xb, yb).

∥a⃗∥ =
√

x2
a + y2a (2.13)

∥⃗b∥ =
√

x2
b + y2b (2.14)

ñêàëàðíîòî ïðîèçâåäåíèå å:

a⃗ · b⃗ = xaxb + yayb (2.15)

è òàêà ïîëó÷àâàìå

cosα =
a⃗ · b⃗

∥a∥∥b∥
(2.16)

Çà íàìèðàíåòî íà âúòðåøíèòå úãëè íà äàäåí ïîëèãîí ùå òðÿáâà äà ïðîâåðèì
äàëè ïîëèãîíúò â îêîëíîñò íà äàäåí âðúõ å èçïúêíàë èëè íå èçïúêíàë. Çà äà ìîæå
äà ïðîâåðèì òîâà íèå òðÿáâà äà íàìåðèì îðèåíòàöèÿòà íà ïîëèãîíà. Çà äà íàìåðèì
âúòðåøíèòå úãëè ïîñîêàòà íà ïîëèãîíà òðÿáâà äà áúäå îáðàòíî íà ÷àñîâíèêîâàòà
ñòðåëêà anti − CW . Ñëåä òîâà çàïî÷âàìå äà ïðîâåðÿâàìå âñåêè òðè òî÷êè îò ïî-
ëèãîíà list(pti, pti+1, pti+2). Íàìèðàìå âúòðåøíèÿ úãúë α, êîéòî å ïðè âðúõ pti+1.
Ïðàâèì ïðîâåðêà çà îðèåíòàöèÿòà íà òðèòå òî÷êè. Àêî ñà îðèåíòèðàíè ïî ÷àñîâ-
íèêîâàòà ñòðåëêà CW , òî îò 2π òðÿáâà äà èçâàäèì úãúëà α. Àêî îðèåíòàöèÿòà íà
âúðõîâåòå list(pti, pti+1, pti+2) å îáðàòíî íà ÷àñîâíèêîâàòà ñòðåëêà (anti−CW ), òî
çàïèñâàìå úãúëà α áåç êîðåêöèÿ.
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Algorithm 1 InsidePolyAngle
/*Ôóíêöèÿ çà íàìèðàíå íà âúòðåøíè úãëè íà ïîëèãîí*/

procedure InsidePolyAngle(pt0, pt1, . . . , ptn)

if isClockWise pt0, pt1, . . . , ptn then return ptList = reverse pt0, pt1, . . . , ptn
i = 0
L = length of pt0, pt1, . . . , ptn
Repeat L

for pti, pti+1, pti+2 do α = getInsideAngle pti, pti+1, pti+2

if isClockWise pti, pti+1, pti+2 then return α = (2π - α)
else α

i = i + 1
End Repeat

Ïî òîçè íà÷èí ùå ìîæå êúì âñåêè åäèí ïîëèãîí äà ñå çàïèøå èíôîðìàöèÿ çà
âúòðåøíèòå úãëè è äúëæèíèòå íà ñòðàíèòå ìó.

Äîáàâÿíå íà òî÷êè â ëèíååí ñåãìåíò
Äîáàâÿíåòî íà òî÷êè â ëèíååí ñåãìåíò å íåîáõîäèìî çà íàìèðàíåòî íà ïîâå-

÷å âúçìîæíè âàëèäíè ðàçïîëàãàíèÿ íà ïîëèãîíèòå Πi, i = 1, . . . , â ïîëèãîíà ∆.
Âèæ òî÷êà 4.4. Ñåãà äà âçåìåì åäèí îïðåäåëåí ïîëèãîí Π = list(e1, e2, . . . en) îò
âõîäÿùèÿ ñïèñúê îò ïîëèãîíè. Âñåêè ñåãìåíò ei îò ïîëèãîíà Π = list(e1, e2, . . . en)
ñå ðàçäåëÿ íà òðè ïîäñåãìåíòà. Çà âñåêè ïîäñåãìåíò ñå äîáàâÿò ïîäðîáíè òî÷êè.
Ïðèíöèïà çà ïîñòàâÿíå íà ïîäðîáíè òî÷êè.

Ïîëó÷àâàíåòî íà ïîäðîáíè òî÷êè çà ñåãìåíò ei = list(pti, pti+1) ñòàâà ÷ðåç ïî-
ëÿðíè êîîðäèíàòè (áàçîâà òî÷êà, úãúë è äúëæèíà). Äåôèíèðàìå ôóíöèÿòà polar
êîÿòî âðúùà òî÷êà ïî çàäàäåíà áàçîâà òî÷êà, úãúë è äúëæèíà. Áàçîâàòà òî÷êà å
pti. Úãúëà íà ñåãìåíòà ei ñïðÿìî àáöèñíàòà îñ OX å angle(pti, pti+1). Íàìèðàíåòî
íà äúëæèíàòà íà âñåêè ñåãìåíò å êàêòî ñëåäâà:

1. Ðàçäåëÿìå ñåãìåíòà ei â ñúîòíîøåíèå L1 = 0.1(distance = pti, pti+1).

2. L1 ñå ðàçäåëÿ íà ñúîòâåòíèÿ áðîé ñåãìåíòè, êîèòî èñêàìå äà ïîñòèãíåì. Ìîæå
äà ñå èçïîëçâàò 3 èëè 5 äåëåíèÿ.

3. Ïúðâàòà ïîäðîáíà òî÷êà ùå áúäå ptL1,i = (polar(pt0, ange1,
L1

5
).

Èç÷èñëÿâàíåòî íà äðóãèòå ïîäðîáíè òî÷êè çà ñåãìåíòà ei ñòàâà â ñúùàòà ëîãèêà
êàêòî çà òî÷êà ptL1,i. Äîáàâÿíåòî íà òåçè ïîäðîáíè òî÷êè ïî ãðàíèöàòà íà ïîëèãîíà
â íÿêîè ñëó÷àè ïîâèøàâà êà÷åñòâîòî íà âàëèäíèòå ðåøåíèÿ. Ïðè òåñòâàíå, àêî
ïîñòàâÿì ïîëèãîíà Πi âúâ âðúõ pt0, òîãàâà íÿìà äà ïîëó÷èì âàëèäíî ðåøåíèå
(ðàçïîëàãàíå íà ïëàíêàòà). Íî, àêî ïîëèãîíà Πi ñå ïîñòàâè â íÿêîÿ îò ïîäðîáíèòå
òî÷êè âàëèäíî ðåøåíèå ùå èìà.

Ïðåìàõâàíå íà èçëèøíè òî÷êè îò ëèíååí ñåãìåíò Ïðîâåðêàòà ñå
èçïúëíÿâà ïðåäè äà çàïî÷íå ñàìîòî ïîäðåæäàíå íà ïîëèãîíèòå. Ïðè ïðåäñòàâÿ-
íåòî íà ïîëèãîíèòå êàòî ñïèñúê îò âúðõîâå list(pt0, pt1, . . . , ptn) å âúçìîæíî òðèú-
ãúëíèê äà ñå îïèøå ñ ïîâå÷å îò òðè òî÷êè. Òàêà, ÷å áðîÿ íà âúðõîâåòå (òî÷êèòå)
â åäèí ñïèñúê íå îïðåäåëÿ âèäà íà ôèãóðàòà.
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2.2 Íàìèðàíå íà box íà ïîëèãîí.

Ïîä box íà ïîëèãîí Πi = list(pt0, pt1 . . . ptn) ùå ðàçáèðàìå ïðàâîúãúëíàòà îáâèâêà
íà äàäåíèÿ ïîëèãîí Πi. Âèæ ôèãóðà 2.2.

Ôèãóðà 2.2: box íà ïîëèãîí

Çà äà íàìåðèì box íà ïîëèãîíà Πi òðÿáâà äà ïðåìèíåì ïðåç ñïèñúêà îò òî÷-
êè Πi = list(pt0, pt1 . . . ptn) è çà âñÿêà åäíà òî÷êà äà âçåìåì êîîðäèíàòèòå é ïî
X.pt è ïî Y.pt. Ñëåä òîâà äà ñîðòèðàìå äâàòà íîâè ñïèñúêà ïî íèçõîäÿù ðåä,
listX = (x0, x1 . . . xn) è listY = (y0, y1 . . . yn). Ïúðâàòà ñòîéíîñò îò listX ùå íè äà-
äå maxX ïîñëåäíàòà minX. Ñúùîòî ïðàâèì è çà ñïèñúêà listY . Òàêà ïîëó÷àâàìå
êîîðäèíàòèòå íà òî÷êèòå boxpt1 = list(minX,minY ) è boxpt3 = list(maxX,maxY ).
Òî÷êà boxpt1 e âèíàãè íàé-äîëó, íàé-âëÿâî. Òî÷êà boxpt3 e âèíàãè íàé-ãîðå, íàé-
âäÿñíî.

2.3 Ïðåñè÷àíå íà äâå ïðàâè

Íàìèðàíåòî íà ïðåñå÷íà òî÷êà ìåæäó äâå ïðàâè å "ñêúïî� ñòðóâàùà îïåðàöèÿ îò
ãëåäíà òî÷êà íà ïðîöåñîðíî âðåìå è áè ñëåäâàëî äà ñå èçïîëçâà â "êðàåí� ñëó÷àé.
Çàòîâà òóê ùå ðàçãëåäàìå äâå ôóíêöèè. Ïúðâàòà å íàìèðàíå íà êîîðäèíàòèòå íà
ïðåñå÷íàòà òî÷êà ptx íà äâà äàäåíè ñåãìåíòà e1 è e2, à âòîðàòà å ïðîâåðêà äàëè
äâà äàäåíè ñåãìåíòà e1 è e2 ñå ïðåñè÷àò, áåç äà ñå òúðñè ñàìàòà ïðåñå÷íà òî÷êà.
Ïúðâàòà ôóíêöèÿ ùå âðúùà êàòî ñòîéíîñò ïðåñå÷íàòà òî÷êà list = (xi, yi), à âòî-
ðàòà � true èëè false.

Íàìèðàíå íà êîîðäèíàòè íà ïðåñå÷íà òî÷êà ptx.

Ñúãëàñíî [31] è [30] ïðåñå÷íàòà òî÷êà ptX = (X, Y ) íà äâà äàäåíè ñåãìåíòà
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e1 = (x1, y1) è e2 = (x2, y2) èìà êîîðäèíàòè:

X =

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣x1 y1
x2 y2

∣∣∣∣ ∣∣∣∣x1 1
x2 1

∣∣∣∣∣∣∣∣x3 y3
x4 y4

∣∣∣∣ ∣∣∣∣x3 1
x4 1

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣x1 1
x2 1

∣∣∣∣ ∣∣∣∣x1 1
x2 1

∣∣∣∣∣∣∣∣x3 1
x4 1

∣∣∣∣ ∣∣∣∣x3 1
x4 1

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

, Y =

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣x1 y1
x2 y2

∣∣∣∣ ∣∣∣∣y1 1
y2 1

∣∣∣∣∣∣∣∣x3 y3
x4 y4

∣∣∣∣ ∣∣∣∣y3 1
y4 1

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣x1 1
x2 1

∣∣∣∣ ∣∣∣∣y1 1
y2 1

∣∣∣∣∣∣∣∣x3 1
x4 1

∣∣∣∣ ∣∣∣∣y3 1
y4 1

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

. (2.17)

Êàòî ïðåñìåòíåì äåòåðìèíàíòèòå â (2.17), ïîëó÷àâàìå ñëåäíèòå èçðàçè çà X è Y :

X =
(x1y2 − y1x2)(x3 − x4)− (x1 − x2)(x3y4 − y3x4)

(x1 − x2)(x3 − y4)− (y1 − y2)(x3 − x4)
(2.18)

Y =
(x1y2 − y1x2)(y3 − y4)− (y1 − y2)(x3y4 − y3x4)

(x1 − x2)(x3 − y4)− (y1 − y2)(x3 − x4)
. (2.19)

2.4 Òî÷êà â ïîëèãîí

Ùå ðàçãëåäàìå ñëåäíàòà çàäà÷à â ðàâíèíàòà XOY . Çà äàäåíà ïðîèçâîëíà òî÷êà
T = list(x, y) (íàðå÷åíà òåñòâàíà òî÷êà) è ïîëèãîí Π = list(pt0, pt1, . . . , ptn) äà ñå
îïðåäåëè äàëè òî÷êàòà å âúòðå â ïîëèãîíà èëè íå å. Âúðõîâåòå íà ïîëèãîíà ñà
çàäàäåíè ñ pti = list(xi, yi).

Òóê ùå áúäàò ðàçãëåäàíè äâà ìåòîäà çà ðåøàâàíà íà òàçè çàäà÷à - Ray crossing
method (ïðåñè÷àù ëú÷), [32], è Balanced sum of angles (Áàëàíñèðàíà ñóìà íà úã-
ëèòå). Â ðàçðàáîòåíèÿ êúì äèñåðòàöèîíèÿ òðóä ñîôòóåð ñå èçïîëçâà ñëåäíèÿò
ïîäõîä ïðåäè äà ñå ïðèëîæè ìåòîäà íà ïðåñè÷àùèÿ ëú÷ çà âñè÷êè ñåãìåíòè. Ïðà-
âè ñå ïðîâåðêà ÷ðåç ìåòîäà íà ïðåñè÷àùèÿ ñå ëú÷ äàëè äàäåíàòà òî÷êà T å â box
íà ïîëèãîíà Πi. Çà ïîâå÷å íàìèðàíå íà box íà ïîëèãîí âèæ 2.2.

è àêî å â box òîãàâà ñå ïðèëàãà Ray ìåòîäà çà âñè÷êè ñåãìåíòè íà ïîëèãîíà Π.
Òîçè ïîäõîä èçèñêâà îáõîæäàíå íà öåëèÿ ñïèñúê ñ òî÷êè (pt0, pt1, ..., ptn) è ñðàâ-
íåíèå çà íàìèðàíå íà ìèíèìóì è ìàêñèìóì íà âñÿêà êîîðäèíàòà. Òàçè ïðîâåðêà
ñå ïðàâè áúðçî, òúé êàòî ñå ñâåæäà äî ñðàâíÿâàíå íà äâå ÷èñëà. Òîçè ïîäõîä å
îïðàâäàí òúé êàòî áðîÿ íà ñåãìåíòèòå â åäèí ïîëèãîí ìíîãî áúðçî íàðàñòâà. Â
çàâèñèìîñò îò ñëîæíîñòòà íà âõîäíèòå ïîëèãîíè è ðàçðåøåíèòå úãëè íà ðîòàöèÿ,
ïîëèãîíà çà êîéòî ïðîâåðÿâàìå Π ìîæå äà äîñòèãíå 300-400 ñåãìåíòà. Êàòî òàçè
ïðîâåðêà ñå ïîâòàðÿ n íà áðîé ïúòè. Ñëîæíîñòòà íà àëãîðèòúìà å O(n2), íî àêî ñå
ïðèëîæè ìåòîäúò èçëîæåí â òî÷êà 2.5 òî ñëîæíîñòòà ìîæå äà ñå íàìàëè äî O(n).

Ray crossing method (ìåòîä íà ïðåñè÷àùèÿ ëú÷)
Ïðîâåðêà äàëè äàäåíà òî÷êà T å â äàäåí ïîëèãîí Π. Äà ïðèïîìíèì, ÷å îáëàñòòà
îãðàäåíà îò ïîëèãîíà å çàòâîðåíà, ò.å. âêëþ÷âàùà è ãðàíèöàòà. Çà öåëòà ïîñòðî-
ÿâàìå õîðèçîíòàëíà ïîëóïðàâà ñ íà÷àëî äàäåíàòà òî÷êà T è êðàéíà òî÷êà T∞,
êîéòî ùå íàðå÷åì ïðåñè÷àù ëú÷ Ray = list(T, T∞). Ïîä òî÷êà â áåçêðàéíîñòòà
ùå ðàçáèðàìå íàé-ãîëÿìîòî ÷èñëî êîåòî ìîæå äà ñå ãåíåðèðà îò äàäåíàòà CAD
ñèñòåìà. Â ïîâå÷åòî ñëó÷àè 1020 å äîñòàòú÷íî êàòî ïðèáëèæåíèå äî áåçêðàéíîñò.
Èäåÿòà íà ìåòîäà íà ïðåñè÷àùèÿ ëú÷ ñå áàçèðà íà áðîÿ ïðåñå÷íè òî÷êè ñ ïîëèãîíà
Π. Àêî áîðÿ íà ïðåñå÷íèòå òî÷êè å ÷åòåí, òî òî÷êà T å èçâúí ïîëèãîíà, èíà÷å òÿ
å âúòðå â ïîëèãîíà.
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Â ÷àñòíèòå ñëó÷àè, êîãàòî ïðåñå÷íèòå òî÷êè íà ëú÷à Ray ñúñ ñåãìåíòèòå íà
ïîëèãîíà Π ñúâïàäàò ñ äàäåí âðúõ ïîëèãîíà Π ñå ïîëó÷àâàò íåòî÷íè ðåçóëòàòè.
Çà ðåøàâàíå íà ïðîáëåìà ñúñ ñúâïàäåíèå íà ïðå÷íàòà òîêà ñ äàäåí âðúõ îò ïîëè-
ãîíà ñå âúâåæäà êðèòåðèé çà "Âúçõîäÿù� è "Íèçõîäÿù� ñåãìåíò.

Balanced sum of angles (Áàëàíñèðàíà ñóìà íà úãëèòå)
Çàäà÷àòà ñå ñâåæäà äî íàìèðàíåòî íà îðèåíòèðàíèÿ âúòðåøåí úãúë ìåæäó

âåêòîðèòå. a⃗ = list(T, pti) è b⃗ = list(T, pti+1).
Ñåãà ùå äàäåì êðèòåðèè êîãà äàäåíà òî÷êà T ñå íàìèðà âúòðå èëè âúí îò

äàäåí ïîëèãîí Π = list(pt0, . . . , ptn). Ïîñòðîÿâàìå âåêòîðèòå a⃗i îò òî÷êàòà T äî pti,
i = 0, . . . , n−1 è íàìèðàìå îðèåíòèðàíèòå úãëè αi ìåæäó a⃗i è a⃗i+1, i = 0, . . . , n−1.
Ñëåä òîâà ïðåñìÿòàìå

Sumα =
n∑

i=1

arccosαi (2.20)

Àêî òî÷êàòà T å âúòðåøíà çà ïîëèãîíà Π, òî ñáîðúò íà âñè÷êè âúòðåøíè úãëè
Sumα å ðàâåí íà ±2π. Ñ åäíî èç÷èñëåíèå íà âñè÷êè úãëè (îáõîæäàíå) òîçè ìåòîä
íè äàâà äâå âàæíè õàðàêòåðèñòèêè çà äàäåíèÿ ïîëèãîí Π:

1. Àêî Sumα = 2π ïîëèãîíà Π å îðèåíòèðàí CW ;

2. Àêî Sumα = −2π ïîëèãîíà Π å îðèåíòèðàí anti− CW .

Òîâà å ìíîãî íàäåæäåí ìåòîä, íî íå äîñòàòú÷íî áúðç ñúãëàñíî [14]. Ñúùî òàêà
îò êðèòè÷íî çíà÷åíèå å è ãðåøêàòà, êîÿòî ñå àêóìóëèðà ïðè ñúáèðàíåòî íà úãëè-
òå. Îáèêíîâåíî ñòîéíîñòèòå íà úãëèòå ñà ìàëêè ïðè ãîëÿì áðîé íà ñåãìåíòè íà
ïîëèãîíà è òîãàâà ìîæå äà ñå íàòðóïà äîñòàòú÷íî ãîëÿìà ãðåøêà, êîåòî îò ñâîÿ
ñòðàíà ùå çàòðóäíè ïðåöåíêàòà äàëè òî÷êàòà T å â ïîëèãîíà Π.

2.5 Ïðåñè÷àíå íà äâà ïîëèãîíà

Ôóíêöèÿòà çà íàìèðàíå íà ñå÷åíèåòî (ïðåñè÷àíå) íà äâà ïîëèãîíà A è B å åäíà îò
îñíîâíèòå îïåðàöèè ñ ìíîæåñòâà è ÷åñòî èçïîëçóâàíà â àëãîðèòìèòå çà ðàçêðîé.
Çà ñúæàëåíèå ðåàëèçàöèÿòà íà òàçè îïåðàöèÿ èçèñêâà ìíîãî ïðîöåñîðíî âðåìå.
Êëàñè÷åñêèÿò ïîäõîä ñå çàêëþ÷àâà â ïðîâåðêà äàëè âñåêè ñåãìåíò îò ãðàíèöàòà
íà B ïðåñè÷à ñåãìåíò îò ãðàíèöàòà íà A. Òîçè ìåòîä å ëåñåí çà ðåàëèçàöèÿ, íî
âúçìîæíî íàé-áàâåí, èìà ñëîæíîñòO(n2), [10], ñòð. 21. Òîçè ïîäõîä íå ñå èçïîëçóâà
â ðàçðàáîòåíèÿ îò àâòîðà ñîôòóåð.

Ïî-áúðçè ìåòîäè çà ïðîâåðêà äàëè äâà ïîëèãîíà ñå ïðåñè÷àò èçïîëçóâàò íà-
ìèðàíåòî íà òî÷êèòå íà ïðåñè÷àíå íà ãðàíèöèòå èì ñ òåõíèòå êîîðäèíàòè èëè
ïðîâåðêà çà ëîãè÷åñêî ïðåñè÷àíå. Â ïîâå÷åòî ñëó÷àè ùå èçïîëçóâàìå ëîãè÷åñêîòî
ïðåñè÷àíå íà äâàòà ïîëèãîíà, òîãàâà íå å íåîáõîäèìî äà çíàåì áðîÿ èëè êîîðäè-
íàòèòå íà ïðåñå÷íèòå òî÷êè, äîñòàòú÷íî å äà çíàåì, ÷å åäèí îò äâàòà ïîëèãîíà
èìàò ïîíå åäèí âðúõ, êîéòî å âúâ âúòðåøíîñòòà íà äðóãèÿ ïîëèãîí. Òîâà ñå èç-
ïîëçóâà ñúùî ïðè òúðñåíåòî íà âúçìîæíî ïîëîæåíèå íà äàäåí ïîëèãîí Πi ñïðÿìî
îñíîâíèÿ ïîëèãîí ∆. Â ñåêöèÿ 4.4 ïðè 2D ðàçêðîÿ ùå äàäåì ïîâå÷å èíôîðìàöèÿ.

Åäíà îò âúçìîæíèòå ïðîâåðêè çà ïðåñè÷àíå å êàòî çàïî÷íàò äà ñå ïóñêàò ëú÷è
îò âñåêè âðúõ îò ïîëèãîí B. È àêî äàäåí âðúõ îò ïîëèãîíà B å â ïîëèãîíà A, òî
äâàòà ïîëèãîíà A è B ñå ïðåñè÷àò. Â òîçè ïîäõîä íå å çàäúëæèòåëíî äà ñå ïðî-
âåðÿâàò âñè÷êè òî÷êè îò ïîëèãîí B äàëè ñà âúòðåøíè çà ïîëèãîí A. Ìåòîäúò å
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íàäåæäåí, íî ñëîæíîñòòà ìó å ïî÷òè O(n2), òúé êàòî âñåêè åäèí ëú÷ ðåàëíî å ñåã-
ìåíò ñ íà÷àëåí âðúõ Bi. Òîçè ïîäõîä å ñðàâíèòåëíî ïî-áúðç îò êëàñè÷åñêèÿ ìåòîä.

Åäèí îò áúðçèòå àëãîðèòìè å òîçè íà "Bentley�Ottmann algorithm�, [39],
êîéòî ñå çàêëþ÷àâà âúâ âúâåæäàíå íà âåðòèêàëíî èëè õîðèçîíòàëíî "ñêàíèðà-
ùà� ëèíèÿ ïðåìèíàâàùà ïðåç âñè÷êè ñåãìåíòè. Ïðè äîñòèãàíå íà÷àëîòî íà äàäåí
ñåãìåíò îò÷èòàìå "ñúáèòèå� è ïðè äîñòèãàíå êðàÿ íà ñåãìåíòà èìàìå ñúùî "ñúáè-
òèå�. Çà ðàçðàáîòâàíåòî íà àëãîðèòúìà ñå èçïîëçâà âåðòèêàëíà ñêàíèðàùà ëèíèÿ.
Ñúãëàñíî [43] ñëîæíîñòòà íà òîçè àëãîðèòúì çà âñè÷êè K ïðåñè÷àíèÿ ìåæäó N
ñåãìåíòà å O((N +K) logN).

2.6 Ðåäóöèðàíå íà âúðõîâåòå íà ïîëèãîí.

Â ïðîöåñà íà òúðñåíå íà âàëèäíî ðåøåíèå ïî êîíòóðà íà ïîëèãîíà ñå "âìúêâàò�
ïîäðîáíè òî÷êè, êîèòî ïîâèøàâàò ñúùåñòâåíî âåðîÿòíîñòòà äà ñå íàìåðè âàëèäíî
ðåøåíèå. Â àëãîðèòúìà ðàçðàáîòåí îò àâòîðà [13] íà âñåêè ñåãìåíò ñå ïîñòàâÿò ïî
15 ïîäðîáíè òî÷êè. Òðè èíòåðâàëà ïî ïåò òî÷êè. Òîâà å îáëàñòòà íà òúðñåíå íà
ðåøåíèÿ - òåçè ïîäðîáíè òî÷êè. Çà âñÿêà åäíà îò òÿõ âõîäÿùèÿ ïîëèãîí ñå òðàí-
ñëèðà è çàâúðòà äî íàìèðàíå íà âàëèäíî ðåøåíèå. Âàëèäíî ðåøåíèå å òîâà êîåòî
âõîäÿùèÿ ïîëèãîíà å â ïîëèãîíà íà çàïúëâàíå. Áåç ïðåñè÷àíå íà äâàòà ïîëèãîíà.

Ðåäóêöèÿòà íà ïîëèãîíà ùå ïîâèøè çíà÷èòåëíî ñêîðîñòòà íà àëãîðèòúìà è
ñúîòâåòíî ùå ñïåñòè èç÷èñëèòåëíî âðåìå. Çà ðåäóöèðàíåòî íà ïîëèãîíà òðÿáâà äà
îïðåäåëèì íåãîâàòà ïîñîêà íà ïîñòðîåíèå. Äà ïðèåìåì, ÷å ïîñîêàòà íà ïîñòðîåíèå
íà ïîëèãîíà∆ e CW . Îòâàðÿìå íîâ ïðàçåí ñïèñúê è çàïî÷âàìå îáõîæäàíå íà ïîëè-
ãîíà ∆ ñúñ âñåêè òðè òî÷êè list(pti−1, pti, pti+1), i = 1 . . . n. Èç÷èñëÿâàìå ïîñîêàòà
íà âúðòåíå íà òî÷êèòå list(pti−1, pti, pti+1). Àêî ïîñîêàòà èì ñúâïàäà ñ ïîñîêàòà
íà âúðòåíå íà ïîëèãîíà ∆, ïðàâèì ïðîâåðêà äàëè (getPolyArea(pti−1, pti, pti+1) <
minArea è àêî òîâà å òàêà òî íå çàïèñâàìå òî÷êà pti â ïðàçíèÿ ñïèñúê, èíà÷å çàïèñ-
âàìå pti â ïðàçíèÿ ñïèñúê. Àêî íå ñúâïàäà ïîñîêàòà íà âúðòåíå íà list(pti−1, pti, pti+1)
ñ ∆ òî çàïèñâàìå pti â ñïèñúêà.
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Ãëàâà 3

Çàäà÷à çà 1D ðàçêðîé.

3.1 Ôîðìóëèðîâêà íà çàäà÷àòà.

Ïðîáëåìúò çà îïòèìàëíî ðàçêðîÿâàíå íà åëåìåíòè îò çàäàäåíà çàãîòîâêà äàòè-
ðà îò íà÷àëîòî íà èíäóñòðèàëíàòà ðåâîëþöèÿ, âòîðàòà ïîëîâèíà íà 18-òè âåê è
íà÷àëîòî íà 19-òè âåê. Õàðàêòåðíî çà òîçè ïåðèîä îò âðåìå å åêñïîíåíöèàëíîòî
ðàçâèòèå íà ïðîèçâîäñòâåíèòå ñèëè. Èíäóñòðèàëíàòà ðåâîëþöèÿ å ñâúðçàíà íå ñà-
ìî ñ íà÷àëîòî íà ìàñîâîòî èçïîëçâàíå íà ìàøèíè, íî è ñ ðÿçêîòî ïîâèøàâàíå íà
ïðîèçâîäèòåëíîñòòà íà òðóäà. Âèñîêàòà ïðîèçâîäèòåëíîñò íà òðóäà å â ïðÿêà è
ïðàâîïðîïîðöèîíàëíà çàâèñèìîñò îò ðàçõîäà íà ñóðîâèíè. Îò òóê ñå ðàæäà íå-
îáõîäèìîñòòà îò îïòèìàëíî èçïîëçâàíå íà ðåñóðñèòå â ïðîèçâîäñòâîòî. Çàäà÷àòà
çà îïòèìàëåí ëèíååí ðàçêðîé çàñÿãà ïðåäèìíî ïðîìèøëåíîñòòà. Èíäóñòðèÿòà å
ñåêòîð, êîéòî âêëþ÷âà äîáèâà íà ïîëåçíè èçêîïàåìè è ïðåðàáîòêàòà íà ñóðîâèíè
â ìåæäèííè èëè êðàéíè ïðîäóêòè. Óñëîâíî ìîæå äà ðàçäåëèì èíäóñòðèÿòà íà äâà
ñåêòîðà äîáèâíà è ïðåðàáîòâàùà. Âúâ âòîðè÷íèÿ ñåêòîð ñå âêëþ÷âà è ñòðîèòåëñ-
òâîòî. Íàøàòà çàäà÷à ïðîèçëèçà îò âòîðè÷íèÿ ñåêòîð - ñòðîèòåëñòâîòî. Â ñòðîè-
òåëñòâîòî ñå èçïîëçâàò îñíîâíî íÿêîëêî âèäà ìàòåðèàëè: Ñòîìàíîáåòîí, ñòîìàíà,
äúðâî è äðóãè. Â ñëó÷àÿ ùå ñå ôîêóñèðàìå âúðõó ñòîìàíåíèòå è äúðâåíèòå êîí-
ñòðóêöèè. Òåçè êîíñòðóêöèè ïîçâîëÿâàò äà ñå ïðîèçâåäàò â öåõ è äà ñå ìîíòèðàò
íà ñòðîåæà. Ïðîèçâîäñòâîòî è íà äâàòà âèäà ìàòåðèàëè (ñòîìàíà è äúðâî) ïîçâî-
ëÿâàò ðàçêðîÿâàíå. Äà âçåìåì çà ïðèìåð ñòîìàíåíàòà êîíñòðóêöèÿ ïîêàçàíà íà
ôèãóðà 1.1.

Â òàçè êîíñòðóêöèÿ çà ïðúòîâèòå åëåìåíòè ñå èçïîëçâàò ñå÷åíèÿ îò íàé-ðàçëè÷åí
âèä. Äâîéíî Ò� ïðîôèëè, "L� ïðîôèëè, "Ñ� ïðîôèëè.

Ñå÷åíèÿòà ñòîìàíåíèòå ïðîôèëè ÷åñòî äîñòèãàò 100 êã/ì. Ïðè öåíà íà åäèí
êèëîãðàì ñòîìàíà îò ïîðÿäúêà íà 3,5 ëâ./êã. (êúì 2021 ãîäèíà) ïðàâè 350 ëâ. íà
ëèíååí ìåòúð. È êîãàòî ìîæåì äà íàïðàâèì èêîíîìèÿ, êîÿòî ñå ïîâòîðè çà âñåêè
ïðîôèë, òî ïîëçàòà îò îïòèìàëåí ðàçêðîé å î÷åâèäíà.

Äàäåí å ñïèñúê îò äúëæèíè íà âõîäÿùè ïðîôèëè L = li. Ðåøåíèåòî íà çàäà-
÷àòà çà 1D ùå áúäå ñâåäåíî äî íàìèðàíåòî íà ðåøåíèå çà åäèí Bari. Èëè òîâà å
ëèíåéíîòî ðàçïîëàãàíå íà ÷àñò îò ïðîôèëèòå li â äàäåíà äúëæèíà Bari. Ñëåäâà-
ùèòå åòàïè ñà äî èç÷åðïâàíåòî íà âñè÷êè ïðîôèëè îò ñïèñúêà L. Îïòèìèçàöèÿòà
ñå çàêëþ÷àâà â òàêîâà ðàçïîëàãàíå íà ïðîôèëèòå, ÷å äà ñå ïîëó÷è âúçìîæíî íàé-
ìàëúê îñòàòúê çà âñÿêà åäíà äàäåíà äúëæèíà Bari, âèæ ôèãóðà 3.1.
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Ôèãóðà 3.1: Äåôèíèðàíå íà ëèíååí ðàçêðîé.

Êúäåòî Bari, i = 1 . . . n, âèæ ôèãóðà 3.1 å èçîáðàçåíà öåëåâàòà äúëæèíà íà
çàïúëâàíå çà íàìèðàíå íà åäíî ðàçïîëàãàíå íà ïðîôèëèòå. Ïðîáëåìà ùå áúäå
ðåøåí ñ ìåòîäà íà ìðàâêèòå ACO. Ìåòîäà íà ìðàâêèòå å ìåòàåâðèñòè÷åí ìåòîä
çà ðåøàâàíå íà èç÷èñëèòåëíè çàäà÷è [16]. Òîçè àëãîðèòúì å ÷àñò îò àëãîðèòìèòå
íà Ñîöèàëíèÿ èíòåëåêò (SWARM ìîäåëè íà åâîëþöèÿòà íà êóëòóðàòà).

Â äàäåíèÿ ñëó÷àé òÿ å 12 000 åäèíèöè. Òÿ íå ìîæå äà áúäå ïî-ìàëêà îò íàé-
ìàëêàòà äúëæèíà íà âõîäÿùèòå ïðîôèëè. Çà íàìèðàíåòî íà åäíî âàëèäíî ðå-
øåíèå âçèìàìå òîâà ñ íàé-ìàëêà ñòîéíîñò íà îñòàòúêà waste1 èì ìåæäó âñè÷-
êèòå íàìåðåíè ðåøåíèÿ. Òðÿáâà äà îáúðíåì âíèìàíèå, ÷å waste1 å ñúñòàâåí îò
äâà îòïàäúêà. Åäèíèÿ îòïàäúê å ðåàëíèÿ - òîçè, êîèòî îñòàâà êàòî ìàòåðèàë,
çàïèñàí â ïðîìåíëèâà wasteReal. Äðóãèÿ å òåõíîëîãè÷åí, çàïèñàí â ïðîìåíëèâà
wasteCut. Òîâà å øèðèíàòà íà ðåæåùèÿ èíñòðóìåíò. Ñëåäîâàòåëíî îáùèÿ îòïà-
äúê å wastei = wasteReal+wasteCut. Ñëåä òîâà ïðîôèëèòå âêëþ÷åíè â èçáðàíîòî
ðåøåíèå (çåëåíèÿ öâÿò íà ôèãóðà 3.1) ãè èçêëþ÷âàìå îò âõîäÿùèÿ ñïèñúê. Çàäà-
÷àòà ñå ïîâòàðÿ äî êàòî âõîäÿùèÿ ñïèñúê ñòàíå ïðàçåí. Ñëåä òîâà çàïèñâàìå â
åäíà ïðîìåíëèâà sumWaste = (waste1 + waste2 + · · · + wasten) ôèðàòà îò âñè÷-
êè ïðîôèëè è çàïàçâàìå ðåøåíèåòî. Ñëåä êàòî ïîëó÷èì ñëåäâàùîòî ðåøåíèå ãè
ñðàâíÿâàìå ïî sumWaste. Èçáèðàìå òîâà ñ ïî-ìàëêèÿ sumWaste. Ðåøåíèÿòà ñå
ïîâòàðÿò èëè äîêàòî ïîëó÷èì ôèðà ïîä 5% èëè äî äàäåíî âðåìå çà èç÷èñëåíèå.
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3.2 Íàìèðàíå íà öÿëîñòíî ðåøåíèå çà 1D ðàçêðîé.

Íåêà å äàäåí ñëåäíèÿ âõîäÿù ñïèñúê ñ ïðîôèëè çà ðàçêðîÿâàíå. Âõîäÿùèÿò ñïè-
ñúê ñå ïîëó÷àâà äèðåêòíî îò CAD ñèñòåìàòà. Åäèí òàêúâ ñïèñúê å ïîêàçàí â
òàáëèöà 3.1.

Âõîäíè äàííè çà 1D ðàçêðîé:

Òàáëèöà 3.1: Âõîäíè äàííè çà ðàçêðîé íà ïðîôèëè.

n Ñå÷åíèå Áðîÿ Äúëæèíà
1 2 3 4

1 Pro�le 1 36 320
2 Pro�le 12 54 330
3 Pro�le 8 4 330
4 Pro�le 15 18 334
5 Pro�le 31 54 340
6 Pro�le 25 54 350
7 Pro�le 19 360 365

Ñ n ùå îòáåëåæèì "ñâèòèÿ"ñïèñúê ñ 18 áðîÿ åëåìåíòà. Ñ N ùå îòáåëåæèì
ðàçâèòèÿ ñïèñúê ñ 580 áðîÿ åëåìåíòè.

Èçïðîáâàíè ñà òðè ìåòîäà íà ïîäðåæäàíå. Ïúðâèÿò å êîìáèíàòîðíà îïòèìèçà-
öèÿ ïî ìåòîäà íà ìðàâêèòå ACO, [53] è [54]. Èçïîëçâàíà å åäíà ìðàâêà çà íàìèðàíå
íà ðåøåíèå çà åäèí Bari.

Ôèãóðà 3.2: Èëþñòðàöèÿ íà ìåòîäà ìðàâêèòå.

Ôèãóðà 3.3: Îöåíêà.
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Ìåòîäà íà ìðàâêèòå (Ant Colony Optimization) å ÷àñò îò ìåòîäèòå ñ ïîïóëàöèè.
Ìåòîäèòå ñ ïîïóëàöèè ñà ÷àñò îò Ìåòàåâðèñòèêàòà. Âèæ ôèãóðà 4.1. Íàé-îáùî
òîâà å âåðîÿòíîñòåí ïîäõîä çà ðåøàâàíå íà íàé-ðàçëè÷íè èç÷èñëèòåëíè çàäà÷è.
ACO ìåòîäà ðåøàâà çàäà÷è ïî çàäàäåíè ïàðàìåòðè. Çà ïúðâè ïúò òîçè ìåòîä å
ïðåäëîæåí îò ïðîô. Ìàðêî Äîðèãî ïðåç 1992 â íåãîâàòà äèñåðòàöèÿ.

Îò òîãàâà äî äíåñ ìåòîäúò ïðåäëîæåí îò ïðîô. Äîðèãî å ðàçøèðÿâàíå è ìî-
äèôèöèðàíà çà äà ìîæå äà ðåøàâà ïî-øèðîê êðúã îò çàäà÷è. Èäåÿòà å âçåòà îò
ïðèðîäàòà, çàòîâà òóê ùå èçïîëçâàìå òåðìèíè êàòî "ìðàâêà� è "ôåðîìîí�. Ôåðî-
ìîíà å õèìè÷åñêî âåùåñòâî êîåòî ñå îòäåëÿ îò ìðàâêèòå â ïðîöåñà íà èçìèíàâàíå
íà äàäåí ïúò. Òîçè ôåðîìîí ñëóæè çà êîìóíèêàöèÿ ñ äðóãè ìðàâêè. Â íà÷àëîòî
ìðàâêèòå ñå äâèæàò íà ñëó÷àåí ïðèíöèï. Ïðè îòêðèâàíå íà õðàíà ñå çàâðúùàò
â ãíåçäîòî ñè. Ïðåç öåëèÿ ïúò íà îòèâàíå è âðúùàíå òå îòäåëÿò ôåðîìîí. Òîçè
ôåðîìîí ñå îòëàãà ïî ïúòÿ èì. Ôåðîìîíà ïðèâëè÷à ìðàâêèòå. Êîëêîòî ïîâå÷å ôå-
ðîìîí èìà íà äàäåí ïúò òîëêîâà ïîâå÷å âåðîÿòíîñòòà ìðàâêèòå äà ñå äâèæàò ïî
íåãî å ïî-ãîëÿìà. Ïî òîçè íà÷èí êîëè÷åñòâîòî ôåðîìîí ñå óâåëè÷àâà è ïúòÿ äî
èçòî÷íèêà íà õðàíà ñòàâà ïî ïðèâëåêàòåëåí çà äðóãèòå ìðàâêè. Çà ðåøàâàíåòî
íà âñÿêà åäíà çàäà÷à ìîãàò äà ñå èçïîëçâàò ðàçëè÷åí áðîé ìðàâêè. Êîëêîòî ïî-
ìàëêî ìðàâêè ñå èçïîëçâàò çà íàìèðàíåòî íà ãëîáàëíèÿ îïòèìóì òîêîâà ïî-ìàëêî
èç÷èñëèòåëíè ðåñóðñè (ïðîöåñîðíî âðåìå) ùå ñà íåîáõîäèìè. Â íàñòîÿùèÿ ñëó÷àé
å èçïîëçâàíà åäíà ìðàâêà. Ìðàâêàòà èçáèðà åäèí ïðîèçâîëåí âàëèäåí åëåìåíò è
ãî ïîñòàâÿ âúâ âàëèäíèòå ðåøåíèÿ. Çà ñëåäâàùî ðåøåíèå èçïîëçâà ôóíêöèÿ íà-
ðå÷åíà âåðîÿòíîñò íà ïðåõîäà. Òàçè ôóíêöèÿ å ïðîèçâåäåíèå íà êîëè÷åñòâîòî ôå-
ðîìîí è åâðèñòè÷íà èíôîðìàöèÿ. Êîëè÷åñòâîòî ôåðîìîí ïðåäñòàâëÿâà îïèòà íà
ïðåäõîäíèòå èòåðàöèè íà ìðàâêèòå. Åâðèñòè÷íàòà ôóíêöèÿ å èíôîðìàöèÿ ïðåä-
ñòàâëÿâàùà ïðåäâàðèòåëíî ïîçíàíèå çà çàäà÷àòà. Ìðàâêàòà èçáèðà òîçè ïðåõîä,
êîèòî èìà íà ãîëÿìî ïðîèçâåäåíèå íà ôåðîìîíà è åâðèñòè÷íàòà èíôîðìàöèÿ. Òî-
âà å íàé-ãîëÿìàòà âåðîÿòíîñò íà âÿðíî ðåøåíèå. Àêî èìà ïîâå÷å îò åäíî ðåøåíèå
ñ åäíàêâà âåðîÿòíîñò, òî ñå èçáèðà åäíî îò òÿõ íà ïðîèçâîëåí ïðèíöèï. Ñëåä êà-
òî âñè÷êè ìðàâêè íàìåðÿò ðåøåíèÿòà ñè, ñëåäâà äà ñå îáíîâè ôåðîìîíà. Ïúðâî
ôåðîìîíà ñå íàìàëÿâà çà äà ñå íàìàëè âëèÿíèåòî îò ïðåäèøíè ðåøåíèÿ. Ñëåä
òîâà ñå äîáàâÿ íîâ ôåðîìîí ïðîïîðöèîíàëåí íà ñòîéíîñòòà íà öåëåâàòà ôóíêöèÿ.
Êàòî ëîãèêàòà å, ÷å ðåøåíèÿòà ñ ïîâå÷å ôåðîìîí ñà ïî-äîáðè îò òåçè ñ ïî-ìàëêî
ôåðîìîí è òàêà òå ùå ñòàíàò ïî-æåëàíè íà ñëåäâàùàòà èòåðàöèÿ. Â êîíêðåòíàòà
çàäà÷à ôåðîìîíúò ñå ïîñòàâÿ íà ïðåõîäèòå.

Âåðîÿòíîñò íà ïðåõîäà.

pi,j =
(ταi,j)(η

β
i,j)∑

(ταi,j)(η
β
i,j)

, (3.1)

êúäåòî:

� τi,j å êîëè÷åñòâîòî ôåðîìîí, ñúîòâåòñòâàùî íà ïðåõîäà îò âðúõ i âúâ âðúõ j;

� α å ïàðàìåòúð çà êîíòðîë íà âëèÿíèåòî íà τi,j ;

� ηi,j å åâðèñòè÷íà èíôîðìàöèÿ. Êîìáèíàöèÿ îò ïàðàìåòðèòå íà öåëåâàòà ôóí-
êöèÿ è îãðàíè÷åíèÿòà;

� β å ïàðàìåòúð çà êîíòðîë íà âëèÿíèåòî íà ηi,j.

Îáíîâÿâàíå íà ôåðîìîíà.
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X =

{
Lk, àêî ìðàâêà K ïðåìèíå ïðåç ðåáðîòî i, j
0, èíà÷å

(3.2)

Àëãîðèòúì íà ìåòîäà íà ìðàâêèòå ACO, ñúãëàñíî [26].

Algorithm 2 ACOAlgorithm
/*Àëãîðèòúì íà ìðàâêèòå*/

procedure ACOAlgorithm
Begin

Ïîñòàâÿíå íà íà÷àëåí ôåðîìîí
While äîêàòî êðèòåðèÿ å èñòèíà do

Ïîñòàâÿíå íà âñÿêà ìðàâêà â íà÷àëåí âðúõ
Repeat

For each , ïðèëîæè çà âñÿêà ìðàâêà
Èçáîð íà ñëåäâàù âðúõ

End Foreach , êðàé íà ïðèëîæè çà âñÿêà ìðàâêà
Until , âñÿêà ìðàâêà å ïîñòðîèëà ðåøåíèå

Îáíîâÿâàíå íà ôåðîìîíà
End While , êðàé íà while

End

Îò ñúçäàâàíåòî íà àëãîðèòúìà ïðåç 1992 ãîä. îò ïðîô. Äîðèãî äî äíåñ ñà ðàç-
ðàáîòåíè ðàçëè÷íè ìîäèôèêàöèè íà ACO àëãîðèòúìà. Åäíè îò íàé-ïîïóëÿðíèòå
âàðèàíòè íà àëãîðèòúìà çà îïòèìèçàöèÿ ïî ìåòîäà íà ìðàâêèòå ñà èçëîæåíè â
[17], [18], [19], [20], [21], [22], [23], [53], [54],

Â íàñòîÿùàòà çàäà÷à çà 1D ðàçêîðîÿ íàé-ãîëÿì ôåðîìîí ïîëó÷àâàò òåçè ïðî-
ôèëè, êîèòî äàâàò íàé-ìàëúê îñòàòúê îò Bari. Äúëæèíàòà íà ïðîôèëà å íåãîâàòà
òåæåñò, çàùîòî ñå÷åíèåòî å åäíî è ñúùî. Òî å êîíñòàíòà. Âèæ ôèãóðà 3.3. Ïðîôèë
Length2 ùå ïîëó÷è ïî-ãîëÿì ôåðîìîí (îöåíêà) ñïðÿìî ïðîôèë Length1. Èëè òîâà
ñà ïî-äúëãèòå ïðîôèëè ùå èìàò ïî-âèñîêà îöåíêà. Ñáîðà íà ôåðîìîíà çà Bari å
ïî-ãîëÿì ïðè ïî-äúëãèòå ïðîôèëè. Â òîçè ñëó÷àé ìåòîäà íà ìðàâêèòå ïðîÿâÿâà
Greedy õàðàêòåð.

Âòîðèÿò ìåòîä å äèíàìè÷íî îïòèìèðàíå. Ïðè òîçè ïîäõîä íå ñå ïðàâè êîì-
áèíàöèè ìåæäó ïðîôèëèòå, à çàïèñâà ñáîðà íà äúëæèòå íà ïðîôèëèòå äî äàäåí
èíäåêñ. Ïðè ñëåäâàùî òúðñåíå íà ñáîðà íà äúëæèíèòå íå ñå ïðåìèíàâà ïðåç öå-
ëèÿ ñïèñúê äî äàäåíàòà ïîçèöèÿ, à ñå èçïîëçâà ñáîðà èì îò ïðåäèøíè èç÷èñëåíèÿ.
Íåêà å äàäåí ñïèñúê ñ ïðîôèëè ñ òåõíèòå äúëæèíè Lp = list(p0, p1 . . . pn). Ñáîðà
îò äúëæèíèòå íà ïúðâèòå 5 ïðîôèëà ùå áúäå:

1. sum1 = p0 + p1;

2. sum2 = sum1 + p2;

3. sum3 = sum2 + p3;

4. sum4 = sum3 + p4;

5. . . .

6. sumi = sumi−1 + pi;
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Òðåòèÿò ìåòîä å êîìáèíàöèÿ Greedy è êîìáèíàòîðåí ìåòîä ñ ïúëíî èç÷åðïâàíå
íà n-åëåìåíòà, k-òè êëàñ. Â Greedy. ìåòîäà ïðîôèëèòå ñå ñîðòèðàò ïî äúëæèíà.
Îò íàé-ãîëÿì êúì íàé-ìàëúê. Ïîäðåæäàíåòî íà ïðîôèëèòå çàïî÷âà êàòî ïúðâè ñå
ïîñòàâÿò íàé-ãîëåìèòå äúëæèíè. Ñëåäâàùîòî ïîñòàâÿíå å êîìáèíàòîðíèÿ ìåòîä.
Ìåòîäà íàé-ãîëÿìàòà äúëæèíà îò ñáîðà íà äúëæèíèòå îò âñåêè äî òðè åëåìåíòà
â ñïèñúêà Lp. Êëàñà íà êîìáèíàöèÿòà å îãðàíè÷åí äî òðè åëåìåíòà. Âñÿêà êîìáè-
íàöèÿ ñå ðàçëè÷àâà åäíà îò äðóãà ñ ïîíå 1 åëåìåíò.

Ck
n =

V k
n

P k
n

=
n!

k!(n− k)!
(3.3)

Èëè ïðè äåñåò ïðîôèëà èìàìå ñëåäíèÿ áðîé êîìáèíàöèè ñ òðè åëåìåíòà:

10!

3!(10− 3)!
=

3628800

6.5040
= 120 (3.4)

Äúëæèíèòå íà ïðîôèëèòå ñ åäíàêâî ñå÷åíèå íå âàðèðàò â ãîëåìè ãðàíèöè. Ïðè
íàïðàâåíèòå ñðàâíåíèÿ ìåæäó òðèòå ìåòîäà, çà öåëèòå íà ñòîìàíåíèòå êîíñòðóê-
öèè õèáðèäíèÿ ïîäõîä Greedy + n3 àëãîðèòúìà äàâà íàé-äîáðè ðåçóëòàòè ïî îò-
íîøåíèå íà ïëúòíîñò è âðåìå. Êîìáèíàòîðíèÿò ìåòîä ðàáîòè ñúñ "ñâèòèÿ"ñïèñúê
ùå áåëåæèì ñ n åëåìåíòà = 18 áðîÿ. Ìàêñèìàëíèÿ áðîé èòåðàöèè å 73 = 343. Íå å
çàäúëæèòåëíî ñëåä âñÿêî ïîñòàâÿíå íà ïðîôèë áðîÿ íà åëåìåíòèòå n äà íàìàëåå
ñ åäíî. Ïðè ðàçâèòèÿ ñïèñúê ùå áåëåæèì ñ N = 580 áðîÿ. Ìàêñèìàëíèÿò áðîé
èòåðàöèè áè ñëåäâàëî äà áúäàò å 5803 = 195112000.

Äúëæèíè çà ðàçêðîÿâàíå 12000 ìì , øèðèíà ðåæåùèÿ íîæ 0. ìì. Áðîÿò íà
äúëæèíèòå (ïðîôèëèòå) çà ðàçêðîÿâàíå å íåîãðàíè÷åí. Áðîé ïðîôèëè çà ðàçêðîé
- 580. Îáùà äúëæèíà íà ïðîôèëèòå çà ðàçêðîÿâàíå å 205 332 ìì. Ñëåäîâàòåëíî
ãëîáàëíèÿò ìèíèìóì ùå áúäå îêîëî 205332

12000
= 17.11, èëè äî 18 áðîÿ ïðîôèëè ïî 12

000ì.
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3.3 Ðåçóëòàòè ïðè 1D ðàçêðîé. Ïðèìåðè.

Ùå èçïîëçâàìå ñëåäíèÿ êîìåðñèàëíèÿ ïðîäóêò:

Ôèãóðà 3.4:
Êîìåðñèàëåí ïðî-
äóêò çà 1D ðàçêðîé.

Ðåçóëòàòè îò èç÷èñëåíèÿòà:

Ôèãóðà 3.5: Ðåøåíèå íà 1D ðàçêðîé ñ êîìåðñèàëåí ïðî-
äóêò.
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Â ñèíèòå åëèïñè íà ôèãóðà 3.5 ñà ïîñî÷åíè áðîÿ íà íåîáõîäèìèòå ïðîôèëè. Òå
ñà 17 áðîÿ öåëè äúëæèíè ïî 12 000ìì + 1002 ìì îò 18-òà äúëæèíà.

Ðåçóëòàòè â íàñòîÿùèÿ ìåòîä:

Òàáëèöà 3.2: Ðåçóëòàòè ñ Ìðàâêè çà 1D ðàçêðîÿ.

N Äúëæèíè Îñòàòúê Ïðîôèëè
1 2 3 4

1 12000 120 pro�le 19 (360x33),
2 12000 120 pro�le 19 (360x33),
3 12000 120 pro�le 19 (360x33),
4 12000 120 pro�le 19 (360x33),
5 12000 120 pro�le 19 (360x33),
6 12000 120 pro�le 19 (360x33),
7 12000 120 pro�le 19 (360x33),
8 12000 120 pro�le 19 (360x33),
9 12000 120 pro�le 19 (360x33),
10 12000 120 pro�le 19 (360x33),
11 12000 120 pro�le 12 (330x36),
12 12000 120 pro�le 31 (330x36),
13 12000 100 pro�le 25 (350x34),
14 12000 120 pro�le 1 (320x36), pro�le 19 (360x1),
15 12000 160 pro�le 19 (360x29), pro�le 25 (350x4),
16 12000 120 pro�le 31 (330x18), pro�le 12 (330x18),
17 12000 130 pro�le 15 (330x18), pro�le 25 (350x16), pro�le 8 (330x1),
18 12000 11010 pro�le 8 (330x3),
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Òàáëèöà 3.3: Ðåçóëòàòè ñ Greedy + n3 ìåòîä çà 1D ðàçêðîÿ.

N Äúëæèíè Îñòàòúê Ïðîôèëè
1 2 3 4

1 12000 150 pro�le 1 (320x36), pro�le 12 (330x1),
2 12000 120 pro�le 12 (330x36),
3 12000 120 pro�le 12 (330x17), pro�le 8 (330x4), pro�le 15 (330x15),
4 12000 120 pro�le 15 (330x3), pro�le 31 (330x33),
5 12000 170 pro�le 31 (330x21), pro�le 25 (350x14),
6 12000 100 pro�le 25 (350x34),
7 12000 180 pro�le 25 (350x6), pro�le 19 (360x27),
8 12000 120 pro�le 19 (360x33),
9 12000 120 pro�le 19 (360x33),
10 12000 120 pro�le 19 (360x33),
11 12000 120 pro�le 19 (360x33),
12 12000 120 pro�le 19 (360x33),
13 12000 120 pro�le 19 (360x33),
14 12000 120 pro�le 19 (360x33),
15 12000 120 pro�le 19 (360x33),
16 12000 120 pro�le 19 (360x33),
17 12000 120 pro�le 19 (360x33),
18 12000 10920 pro�le 19 (360x3),

Òàáëèöà 3.4: Ñðàâíåíèå íà ðåçóëòàòèòå çà 1D ðàçêðîÿ.

Ñîôòóåð Áðîÿ èçïîëçâàíè ïðîôèëè Âðåìå[s]
1 2 3

Êîìåðñèàëåí ïðîäóêò 17õ12000 + 1002 ìì 7
Greedy + n3 17õ12000 + 1080 ìì < 1
Ìðàâêè ACO 17x12000 + 990ìì 1

ßâíî êîìåðñèàëíèÿ ïðîäóêò ïîëçâà ìíîãî ñëîæíà åâðèñòèêà èëè äðóãè ìåòîäè
çà îïòèìèçèðàíå. Êîìåðñèàëíèÿò ïðîäóêò å íàé-áàâåí ñïðÿìî äðóãèòå äâà ìåòîäà
Greedy + n3 è ACO. Êàêòî ñå âèæäà îò ñðàâíèòåëíàòà òàáëèöà 3.4, ìåòîäúò íà
ìðàâêèòå ACO äàâà íàé-äîáúð ðåçóëòàò îò ãëåäíà òî÷êà íà íàé-ìàëêo îòïàäúê,
êîåòî å ãëàâíàòà íè öåë. Êàòî âðåìå çà ïðåñìÿòàíå Greedy + n3 å ìàëêî ïî-áúðç
îò ACO çà ñìåòêà íà ïî-ëîøîòî ðåøåíèå. Êîìåðñèàëíèÿò ïðîäóêò å áàâåí è äàâà
ïî-ëîøî ðåøåíèå îò ìåòîäà íà ìðàâêèòå ACO. Çàòîâà ìîæå äà çàêëþ÷èì, ÷å
ïðåäëîæåíèÿò îò àâòîðà íà äèñåðòàöèÿòà ACO àëãîðèòúì ïðåâúçõîæäà äðóãèòå
äâà.

85  Георги Евтимов  

Автореферати на дисертации 2022 (8) 59-112



Ãëàâà 4

Çàäà÷à çà 2D ðàçêðîé.

4.1 Ôîðìóëèðîâêà íà çàäà÷àòà.

Èíäóñòðèÿòà ïîñòàâÿ çà ðåøàâàíå íàé-ðàçëè÷íè îïòèìèçàöèîííè çàäà÷è. Òåçè çà-
äà÷è ìîãàò äà ñå êëàñèôèöèðàò ïî ìíîãî ïðèçíàöè çàâèñåùè îò:

1. õàðàêòåðà íà ðåøàâàíèÿ ïðîáëåì;

2. ñòðóêòóðà íà çàäà÷àòà;

3. áðîÿ íà óïðàâëÿâàùèòå ïàðàìåòðè;

4. õàðàêòåðà íà çàâèñèìîñòòà íà êðèòåðèÿ è îãðàíè÷åíèÿòà íà ïàðàìåòðèòå;

5. íàëè÷èåòî íà ðàçëè÷íè îãðàíè÷åíèÿ;

6. õàðàêòåðà íà òúðñåíèÿ ìèíèìóì;

7. áðîÿ íà êðèòåðèèòå;

8. è äðóãè.

Ïðè ïðîèçâîäñòâîòî íà ñòîìàíåíè êîíñòðóêöèè ñå íàëàãà äà ñå èçðÿçâàò ïëàí-
êè îò äàäåí ñòîìàíåí ëèñò. Ïëàíêèòå èäâàò êàòî ïîëèãîíè îò äàäåíà CAD ñèñòåìà.
Òîâà íàëàãà ïîäðåæäàíå íà âõîäÿùèòå ïëàíêè âúðõó ëèñòà òàêà, ÷å äà ñå ïîëó÷è
ìèíèìàëíà ôèðà. Òîâà å èçðÿçâàíåòî íà îïðåäåëåí áðîé ôèãóðè îò äàäåí ìàòåðè-
àë, êîèòî â îáùèÿ ñëó÷àé ùå áúäå ïîëèãîí. Òîçè ïîëèãîí ùå íàðè÷àìå ïîëèãîí
çà çàïúëâàíå. Âèæ ôèãóðà 1.4.

Òàçè çàäà÷à å èçâåñòíà å îùå êàòî Cutting Stock Problem èëè (CSP), [69]. Òîçè
ïðîáëåì å NP- ñëîæíà êîìáèíàòîðíà çàäà÷à [88]. Â ëèòåðàòóðàòà ñå äàâàò òî÷íè
ðåøåíèÿ íà çàäà÷àòà çà ôèãóðè (ïëàíêè), êîèòî ñà ïðàâîúãúëíèöè. Ïî äîëó ùå
áúäå äàäåí àëãîðèòúì çà íàìèðàíå íà åäíî ðåøåíèå íà çàäà÷àòà çà ðàçïîëàãàíå
íà äàäåí áðîé ïðîèçâîëíè ãåîìåòðè÷íè ôèãóðè (ïëàíêè îïèñàíè ÷ðåç ïîëèãîíè)
âïèñàíè â ïðîèçâîëåí êîíòóð (ïîëèãîí çà çàïúëâàíå). Ìåòîäúò ïîçâîëÿâà èçïîë-
çóâàíå íà âúðòåíå è îãëåäàëåí îáðàç íà ôèãóðàòà. Ïðîöåñîðíîòî èç÷èñëèòåëíîòî
âðåìå ñå óâåëè÷àâà ñúùåñòâåíî ñ óâåëè÷àâàíå íà áðîÿ íà ôèãóðèòå è íà òÿõíà-
òà ñëîæíîñò êàòî ãåîìåòðèÿ. Íàìèðàíåòî íà ðåøåíèå ÷ðåç èç÷åðïâàíå íà âñè÷êè
âúçìîæíè êîìáèíàöèè å íåïðèåìëèâî êàòî òâúðäå ãîëÿì îáåì èç÷èñëåíèÿ. Ïðè
ñúâðåìåííîòî ðàçâèòèå íà èç÷èñëèòåëíàòà òåõíèêà å âúçìîæíî äà ñå ðåøè ñëîæíà
çàäà÷à íà ñóïåð êîìïþòúð, êîéòî äà íàìåðè âñè÷êè âúçìîæíè ðåøåíèÿ, íî â ïîâå-
÷åòî ñëó÷àè òîâà íå å îïðàâäàíî. Ðàçáèðà ñå, ðàçõîä íà çíà÷èòåëåí èç÷èñëèòåëåí
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ðåñóðñ çàâèñè îò âàæíîñòòà íà çàäà÷àòà. Ïðåäñòàâåíèÿò ïî-äîëó àëãîðèòúì èìà
âúçìîæíîñò çà ïàðàëåëèçàöèÿ íà èç÷èñëèòåëíèòå ïðîöåñè. Íî ìàñîâèòå çàäà÷è
ùå ñå ðåàëèçèðàò íà íàñòîëåí èëè ïåðñîíàëåí êîìïþòúð. Öåëòà å äà ñå ñúçäàäå
àëãîðèòúì, êîéòî äàâà çà êðàòêî âðåìå ïðèåìëèâî ðåøåíèå íà ñëîæíè êîìáèíà-
òîðíè çàäà÷è èçïîëçâàéêè ìîáèëíè èç÷èñëèòåëíè óñòðîéñòâà. Ùå âúâåäåì âñè÷êè
ìàòåìàòè÷åñêè ïîíÿòèÿ, êîèòî ñå èçïîëçâàò çà îïèñàíèå íà ìàòåìàòè÷åñêèÿ ìîäåë
è àëãîðèòúì çà ðåøàâàíåòî íà îïòèìèçàöèîííàòà çàäà÷à.

Îò CAD ñèñòåìàòà ñå ïîëó÷àâàò ïîëèãîíè, êîèòî ñà ñïèñúöè îò òî÷êè â êî-
îðäèíàòà íà ñèñòåìà XOY . Â îáùèÿ ñëó÷àé òåçè ïîëèãîíè ñúäúðæàò è òî÷êè,
êîèòî íå ñà âúðõîâå íà ïîëèãîíà, ò.å. òî÷êè ëåæàùè íà åäíà ïðàâà. Òåçè òî÷êè
ùå íàðè÷àìå èçëèøíè. Çàòîâà íà âñè÷êè ïîëèãîíè ãåíåðèðàíè îò CAD ñèñòåìàòà
ùå ïðèëîæèì ôóíêöèÿòà çà èç÷èñòâàíå íà èçëèøíèòå òî÷êè. Ñëåä ïðåìàõâàíå
íà èçëèøíèòå òî÷êè ïîëó÷àâàìå âõîäÿù äîïóñòèì ïîëèãîí îïèñàí ÷ðåç ñïèñúê îò
òî÷êè

Π = list(pt0, pt1, ...ptn), (4.1)

êúäåòî pti ñà âúðõîâå íà ïîëèãîíà. Òîçè ñïèñúê èìà ñëåäíèòå ñâîéñòâà: 1. Ñïèñú-
êúò å ïîäðåäåí; 2. Ñïèñúêúò å öèêëè÷åí ptn = pt0; 3. Íÿìà ñàìîïðåñè÷àíå.

Â ïðîöåñà íà ðàáîòà íà àëãîðèòúìà ùå íè áúäå íåîáõîäèìî ïîíÿòèåòî ñåãìåíò,
êîåòî å îòñå÷êà ìåæäó äâà ïîñëåäîâàòåëíè âúðõà. Ïî òîçè íà÷èí ãåíåðèðàìå ñåã-
ìåíòèòå e1 = list(pt0, pt1), . . . , en = list(ptn−1, ptn) è ïîëó÷àâàìå äðóãà õàðàêòå-
ðèçàöèÿ íà ïîëèãîíà Π = list(e1, e2, . . . , en). Ïëàíêè ñ êðèâîëèíåéíè ãðàíèöè ñå
àïðîêñèìèðàò ñ ïîëèãîíè ñ äîñòàòú÷åí áðîé âúðõîâå. Ïðèìåðè çà âõîäÿùè äîïóñ-
òèìè ïîëèãîíè ñà ïîêàçàíè íà ôèãóðà 1.5.

Ïîëèãîí çà çàïúëâàíå ∆, êîèòî òðÿáâà äà ñå çàïúëíè ñúùî ùå ñå îïèñâà ñúñ
ñïèñúê îò òî÷êè:

∆ = list(p0, p1, . . . , pm) (4.2)

Êîíòóðúò çà çàïúëâàíå íå òðÿáâà äà áúäå ñàìîïðåñè÷àù ñå.
Èìà äâà êðèòåðèÿ çà îïòèìèçàöèÿ íà çàäà÷àòà:

1. Îïòèìèçàöèÿ íà ìèíèìàëíà âèñî÷èíà íà çàïúëâàíå - minY ;

2. Îïòèìèçàöèÿ íà áðîÿ íà âúðõîâåòå íà îñòàòú÷íèÿ ïîëèãîí ñëåä èçðÿçâàíåòî
íà âõîäÿùèÿ ïîëèãîí îò ïîëèãîíà íà çàïúëâàíå - minV ertex.

Äà ðàçãëåäàìå îïòèìèçàöèÿ íà ìèíèìàëíàòà âèñî÷èíà.

Èç ìåæäó âñè÷êè ðàçïîëàãàíèÿ çà íàé-äîáðî ùå ñìÿòàìå îíîâà êîåòî ñ íàé-
ìàëêà îðäèíàòà â êîîðäèíàòà ñèñòåìà XOY . Àêî ñå ïîëó÷àò ïîâå÷å îò åäíî ðå-
øåíèå ñ åäíàêâè îðäèíàòè minY òî âçèìàìå òîâà ñ íàé-äîáúð êîåôèöèåíò íà
çàïúëâàíå. Àêî èìà ïîâå÷å îò åäíî ðåøåíèå ñ ìàêñèìàëåí êîåôèöèåíò íà çàïúë-
âàíå èçáèðàìå òåçè ðåøåíèÿ, êîèòî èçðÿçâàò ïîëèãîíà çà çàïúëâàíå ñ íàé-ìàëúê
áðîé âúðõîâå. Òîâà îçíà÷àâà, ÷å èçðÿçâàíåòî ïîñòèãà "ïðàâèëíè"ôèãóðè. Àêî èìà
ïîâå÷å îò åäíî ðåøåíèå ñ íàé-ìàëúê áðîé âúðõîâå, òîãàâà èçáèðàìå ïúðâîòî â
ñïèñúêà.

Çà íàìèðàíå íà ëèöå íà ïîëèãîí âèæ ôîðìóëà 2.12. Òàçè ôîðìóëà äàâà óäâî-
åíîòî ëèöå íà ïîëèãîíà.

Òîãàâà îïðåäåëÿìå êîåôèöèåíòà íà çàïúëâàíå ratio êàòî:

ratio =

∑n
i=1 Fi

AP

(4.3)
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Ñëåäîâàòåëíî ìèíèìàëíàòà ñòîéíîñò ratio = 0 íà êîåôèöèåíòà å ïðè íå çà-
ïúëâàíå íà ïîëèãîíà AP . Ìàêñèìàëíàòà ñòîéíîñò ratio = 1.0 å ïðè ìàêñèìàëíî
çàïúëâàíå íà AP .

Ðàçáèðà ñå, äåôèíèöèÿòà çàminY âîäè äî ïîëîæåíèåòî êàê å âúâåäåí ïîëèãîíà
çà çàïúëâàíå P . Àêî èñêàìå äà èçáåãíåì òîçè ïðîáëåì òî ðåøåíèåòî íà çàäà÷àòà
ùå òðÿáâà äà ñå ïðîâåäå çà íÿêîëêî ðàçëè÷íè úãëè íà ïîëèãîíà çà çàïúëâàíå P .
Úãëèòå íà ðîòàöèÿ ùå áúäàò úãëèòå, êîèòî âñåêè ñåãìåíò ñêëþ÷âà ñ àáöèñíàòà îñ.
Áðîÿ íà ðîòàöèèòå å ðàâåí íà áðîÿ íà ñåãìåíòèòå íà ñúîòâåòíèÿ ïîëèãîí.

Äà ðàçãëåäàìå îïòèìèçàöèÿ íà áðîÿ íà âúðõîâåòå íà îñòàòú÷íèÿ ïîëèãîí.

Èç ìåæäó âñè÷êè ðàçïîëàãàíèÿ çà íàé-äîáðî ùå ñå ñìÿòà îíîâà êîåòî ïðè
èçðÿçâàíåòî íà âõîäÿùèÿ ïîëèãîí â ïîëèãîíà íà çàïúëâàíå èìà íàé-ìàëêî âúðõîâå
íà îñòàòú÷íèÿ ïîëèãîí. Â íàñòîÿùèÿ äèñåðòàöèîíåí òðóä òîâà å êðèòåðèÿò åäèí
ïîëèãîí äà áúäå "ïî-ãëàäúê". Íàìèðàíåòî íà ïîäõîäÿù ïîëèãîí îò âõîäÿùèòå
ïîëèãîíè ùå ñòàâà ÷ðåç ñðàâíåíèå íà ñòðàíèòå íà äâàòà ïîëèãîíà - âõîäÿùèÿò è
ïîëèãîíà çà çàïúëâàíå. Àêî èìàìå ïúëíî ñúâïàäåíèå íà äúëæèíèòå íà ñòðàíèòå íà
äâàòà ïîëèãîíà, òî ùå èçáåðåì òîçè âõîäÿù ïîëèãîí. Àêî íÿìà íèêàêâî ñúâïàäåíèå
íà ñòðàíèòå íà âõîäÿùèÿ ïîëèãîí êúì òî ïîëèãîíà íà çàïúëâàíå, òî ùå èçïîëçâàìå
ñúâïàäåíèå íà úãëèòå íà äâàòà ïîëèãîíà.

Àêî ñå ïîëó÷àò ïîâå÷å îò åäíî ðåøåíèå ñ åäíàêúâ áðîé âúðõîâå íà îñòàòú÷íèòå
ïîëèãîíè minV ertex, òî âçèìàìå ïúðâîòî ðåøåíèå îò ñïèñúêà ñ âàëèäíè ðåøåíèÿ.
Ðàçëèêàòà ìåæäó minY è minV ertex å â òîâà, ÷å ïðè minV ertex ñå äàâà âúçìîæ-
íîñò íà ãîëåìè (äúëãè) ïîëèãîíè äà "âëåçíàò"ïúðâè â ïîëèãîíà íà çàïúëâàíå,
çàùîòî âåðîÿòíîñòòà äà ïðîèçâåäàò ãëàäúê îñòàòúê å ïî-ãîëÿìà. Ìèíèìàëíàòà
ãëàäêîñò íà îñòàòú÷íèÿ ïîëèãîí êîÿòî ìîæå äà ñå ïîëó÷è å ïîëèãîí ñ òðè âúðõà
list = (pt0, pt1, pt2) ñ ïëîù ðàçëè÷íà îò íóëà.
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4.2 Ñòðàòåãèÿ çà èçáîð íà âõîäÿù ïîëèãîí. Ìåòà-

åâðèñòè÷íè ìåòîäè.

Ìåòàåâðèñòèêàòà å ìîùåí èíñòðóìåíò çà íàìèðàíåòî íà îïòèìàëíî èëè ñóáîïòè-
ìàëíî ðåøåíèå íà ñëîæíè êîìáèíàòîðíè çàäà÷è. Îñíîâíà ðîëÿ çà ðàçâèòèåòî íà
ìåòàåâðèñòè÷íèòå ìåòîäè å íåîáõîäèìîñòòà äà ñå íàìåðè ïðèåìëèâî ðåøåíèå çà
ïðèåìëèâî âðåìå ïðè îãðàíè÷åíè õàðäóåðíè ðåñóðñè. Ñúãëàñíî [34] ìåòàåâðèñòè÷-
íèòå àëãîðèòìè (íà àíãëèéñêè: metaheuristic algorithms, íàêðàòêî: ìåòàåâðèñòèêè,
metaheuristics) â êîìïþòúðíèòå íàóêè ñà àëãîðèòìè çà ìàòåìàòè÷åñêà îïòèìè-
çàöèÿ, ñ êîèòî ñå ðåøàâàò êîìáèíàòîðíè îïòèìèçàöèîííè çàäà÷è. Òåçè çàäà÷è â
îáùèÿ ñëó÷àé ñà ñëîæíè, ïðåäñòàâÿíè ÷ðåç äèñêðåòèçàöèÿ íà âõîäÿùèòå äàííè.
Òàêèâà çàäà÷è îáèêíîâåíî ñå õàðàêòåðèçèðàò ñúñ ñèëíà íåëèíåéíîñò, ìíîæåñòâî
ïàðàìåòðè, ðàçíîîáðàçíè ñëîæíè îãðàíè÷åíèÿ çà óäîâëåòâîðÿâàíå è ìíîæåñòâî �
÷åñòî ïðîòèâîðå÷àùè ñè � îïòèìèçàöèîííè êðèòåðèè. Äîðè è ïðè åäèí îïòèìè-
çàöèîíåí êðèòåðèé ìîæå äà íå ñúùåñòâóâà íèòî åäíî äîïóñòèìî ðåøåíèå. Ñàìî
òîãàâà íå ñúùåñòâóâà îïòèìàëíî ðåøåíèå. Àêî èìà äîðè ñàìî åäíî äîïóñòèìî
ðåøåíèå, òî òîãàâà çàäúëæèòåëíî ñúùåñòâóâà è îïòèìàëíî ðåøåíèå.

Êàòî öÿëî îòêðèâàíåòî íà îïòèìàëíî èëè äîðè áëèçêî äî îïòèìàëíîòî ðåøåíèå
å òðóäíî ïîñòèæèìî.

Òåðìèíúò "ìåòàåâðèñòèêà� å âúâåäåí îò Ôðåä Ãëîóâúð â îñíîâîïîëàãàùàòà ìó
ñòàòèÿ îò 1986 ã. êàòî íàäãðàæäàíå íà òåðìèíà "åâðèñòè÷åí"àëãîðèòúì, ñ êîéòî â
íàé-îáù ñìèñúë ñå ðàçáèðà àëãîðèòúì çà òúðñåíå íà ðåøåíèå, áàçèðàí íà ïðîáàòà
è ãðåøêàòà. ×àñòèöàòà "ìåòà� îçíà÷àâà "îòâúä�, "ñâðúõ�, "íà ïî-âèñîêî íèâî� è
ñ ìåòàåâðèñòè÷íèÿ àëãîðèòúì ñå îçíà÷àâà "ïî-âèñøà� ñòðàòåãèÿ, êîÿòî íàïðàâëÿ-
âà è ìîäèôèöèðà äðóãè åâðèñòè÷íè àëãîðèòìè, çà äà ïîñòèãíå ðåøåíèÿ ïî-äîáðè
îò òåçè, êîèòî íîðìàëíî áèõà ñå ïîëó÷èëè ïðè òúðñåíå íà ëîêàëåí îïòèìóì [35],
[36]. Â äîïúëíåíèå âñè÷êè ìåòàåâðèñòè÷íè àëãîðèòìè áàëàíñèðàò ìåæäó ãëîáàë-
íî è ëîêàëíî òúðñåíå. Êà÷åñòâåíèòå ðåøåíèÿ íà òðóäíè îïòèìèçàöèîííè çàäà÷è
ìîãàò äà ñå ïîñòèãíàò â ðàçóìíî (ò.å. ïîëèíîìèíàëíî) âðåìå, íî áåç ãàðàíöèÿ, ÷å
ùå áúäàò ïîñòèãíàòè (ãëîáàëíèòå) îïòèìàëíèòå ðåøåíèÿ. Äâàòà îñíîâíè êîìïî-
íåíòà íà âñåêè ìåòàåâðèñòè÷åí àëãîðèòúì ñà: èíòåíçèôèêàöèÿ è äèâåðñèôèêàöèÿ
(intensi�cation and diversi�cation), èëè îùå èçñëåäâàíå è åêñïëîàòàöèÿ (exploration
and exploitation). Äèâåðñèôèêàöèÿòà îçíà÷àâà äà ñå ãåíåðèðàò ðàçíîîáðàçíè ðå-
øåíèÿ, òàêà ÷å ïðîñòðàíñòâîòî íà òúðñåíå äà ìîæå äà áúäå ïðîó÷âàíî â øèðîê
äèàïàçîí, äîêàòî èíòåíçèôèêàöèÿòà îçíà÷àâà äà ñå ôîêóñèðà òúðñåíåòî â ëîêà-
ëåí ðåãèîí, çíàåéêè, ÷å òåêóùîòî íàé-äîáðî ðåøåíèå ñå íàìèðà â òîçè ðåãèîí. Ïðè
ïîäáîðà íà íàé-äîáðèòå ðåøåíèÿ òðÿáâà äà ñå îòêðèå äîáúð áàëàíñ ìåæäó èíòåí-
çèôèêàöèÿòà è äèâåðñèôèêàöèÿòà ñ öåë äà ñå ïîäîáðè ñêîðîñòòà íà ñõîäèìîñò íà
àëãîðèòúì. Èçáîðúò íà íàé-äîáðîòî òåêóùî ðåøåíèå îñèãóðÿâà, ÷å ðåøåíèÿòà ùå
ñõîæäàò êúì îïòèìóì, äîêàòî äèâåðñèôèêàöèÿòà ïîñðåäñòâîì èçáîð íà ñëó÷àéíè
ñòîéíîñòè íà ïðîìåíëèâè ïîçâîëÿâàùè äà ñå èçáåãíå ïîïàäàíåòî â ëîêàëåí åêñ-
òðåìóì è â ñúùîòî âðåìå äà ñå ïîâèøè ðàçíîîáðàçèåòî íà ðåøåíèåòî. Äîáðàòà
êîìáèíàöèÿ îò òåçè äâà îñíîâíè êîìïîíåíòà îáè÷àéíî âîäè äî íàìèðàíå íà ãëî-
áàëåí îïòèìóì. Ñúãëàñíî [27] îñíîâíèòå ñâîéñòâà íà ìåòàåâðèñòèêàòà ìîãàò äà
áúäàò îáîáùåíè êàêòî ñëåäâà:

1. Ìåòàåâðèñòèêàòà îñèãóðÿâà ñòðàòåãèè çà íàïðàâëÿâàíå íà ïðîöåñà íà òúðñå-
íå;

2. Öåëòà íè å åôåêòèâíî äà ñå èçñëåäâà ïðîñòðàíñòâîòî íà òúðñåíå, çà äà ñå
îòêðèÿò îïòèìàëíè èëè ñóáîïòèìàëíè ðåøåíèÿ;
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3. Ìåòàåâðèñòè÷íèòå òåõíèêè îáõâàùàò øèðîê ñïåêòúð ïðîöåäóðè - îò ïðîöå-
äóðè çà ëîêàëíî òúðñåíå äî ñëîæíè ïðîöåäóðè ñ ìàøèííî îáó÷åíèå;

4. Ìåòàåâðèñòè÷íèòå àëãîðèòìè ñà ïðèáëèæåíè è îáèêíîâåíî íåäåòåðìèñòè÷-
íè;

5. Ìåòàåâðèñòè÷íèòå àëãîðèòìè â îáùèÿ ñëó÷àé îñèãóðÿâàò ìåõàíèçìè çà èç-
áÿãâàíå íà ñúñðåäîòî÷àâàíå íà òúðñåíåòî ñàìî â îãðàíè÷åíè îáëàñòè íà
ïðîñòðàíñòâîòî;

6. Îñíîâíèòå êîíöåïöèè íà ìåòàåâðèñòèêàòà ìîãàò äà áúäàò îïèñàíè íà àáñ-
òðàêòíî íèâî;

7. Ìåòàåâðèñòè÷íèòå àëãîðèòìè ñà óíèâåðñàëíè;

8. Ìåòàåâðèñòêàòà ìîæå äà èçïîëçâà çíàíèå, ñïåöèôè÷íî çà îáëàñòòà ïîä ôîð-
ìàòà íà åâðèñòèêà, êîÿòî ñå óïðàâëÿâà îò ñòðàòåãèÿ íà âèñîêî íèâî;

9. Çà íàïðàâëÿâàíå íà òúðñåíåòî ñúâðåìåííàòà ìåòàåâðèñòèêà èçïîëçâà íàòðó-
ïàíèÿ îïèò ïðè òúðñåíåòî;

10. Ìåòàåâðèñòèêàòà ïðåäñòàâëÿâà ñòðàòåãèè îò âèñîêî íèâî íà èçñëåäâàíå íà
ïðîñòðàíñòâîòî íà òúðñåíå ÷ðåç èçïîëçâàíå íà ðàçëè÷íè ìåòîäè;

11. Èçèñêâà äèíàìè÷åí áàëàíñ ìåæäó èçïîëçâàíåòî íà äâå ôóíäàìåíòàëíè êîí-
öåïöèè: äèâåðñèôèêàöèÿ è èíòåíçèôèêàöèÿ.
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Ôèãóðà 4.1: Êëàñèôèêàöèÿ íà ìåòàåâðèñòèêè ñ ïîïóëàöèè.

Õèáðèäíàòà ìåòàåâðèñòèêà îñèãóðÿâà âúçìîæíîñòè çà ïîâèøàâàíå íà åôåê-
òèâíîñòòà íà òúðñåíå êàòî êîìáèíèðà ðàçëè÷íèòå ìåòàåâðèñòè÷íè àëãîðèòìè. Â
íàñòîÿùàòà äèñåðòàöèÿ å èçïîëçâàíà õèáðèäíà ìåòàåâðèñòèêà. Èçïîëçâàíà å ñëåä-
íàòà ñòðàòåãèÿ :

1. "Ðàçïðúñíàòî òúðñåíå� îò Åâîëþöèîííèòå àëãîðèòìè îò Ìåòîäà ñ ïîïóëàöèè.
Âèæ ôèãóðà 4.1;

2. Âåðîÿòíîñòíî ïðåäâèæäàíå íà èçáîðà íà äàäåí åëåìåíò;

3. Éåðàðõè÷íî îöåíÿâàíå íà ðåøåíèÿòà.

Èìàìå äàäåí ñïèñúê îò ïîëèãîíè

ΠL = (list(list1(pt0, pt1, ...ptn), (list2(pt0, pt1, ...ptn), . . . (listn(pt0, pt1, ...ptn)), (4.4)
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êúäåòî listi ñà ïîëèãîíè îïèñàíèå ÷ðåç âúðõîâåòå èì. Âúðõîâåòå ñà îïèñàíè ÷ðåç
ñïèñúê îò äâå ðåàëíè ÷èñëà list(X, Y ), âèæ 2.1. Ñïèñúêúò ΠL ùå íàðè÷àìå ñïèñúê
îò âõîäÿùè ïîëèãîíè.

Ïîëèãîíà ∆, êîèòî òðÿáâà äà ñå çàïúëíè ñå îïèñâà ñúñ ñïèñúê îò òî÷êè:

∆ = list(p0, p1, . . . , pm) (4.5)

Êîíòóðúò çà çàïúëâàíå íå òðÿáâà äà áúäå ñàìîïðåñè÷àù ñå. Â äàäåíàòà çàäà÷à
ïîëèãîíà çà çàïúëâàíå ∆ å åäèí íà áðîé. Àêî èìàìå ïîâå÷å îò åäèí ïîëèãîí òî
ðåøåíèåòî íà çàäà÷àòà ñå ïîâòàðÿ çà âñåêè åäèí îò òÿõ.

Ïðåäè äà ñå èçáåðå âõîäÿùî ìíîæåñòâî å íåîáõîäèìî äà ñå íàïðàâè îöåíêà çà
ñúâïàäåíèåòî íà úãëèòå è ñòðàíèòå îò òåêóùèÿ âõîäÿù ïîëèãîí

Πi = (list(pt0, pt1, ...ptn), i = 1, . . . , n

êúì òî úãëèòå è ñòðàíèòå íà ïîëèãîíà çà çàïúëâàíå ∆ = (list(pt0, pt1, ...ptn). Çà
öåëòà ñå ñúñòàâÿò äâà íîâè ïðîèçâîäíè ñïèñúêà íà Πi è ∆. Òå ñúîòâåòíî ñúäúðæàò
ïîñëåäîâàòåëíî ïîäðåäåíè ñïèñúöè list(previosLength,Angle,NextLength). Äîáðå
å åëåìåíòèòå íà äâàòà ñïèñúêà äà ñå ñúñòàâÿò îò êîíñòðóêòèâíè äâîéêè. Êîíñòðóê-
òèâíàòà äâîéêà å ñúñòàâåíà îò äâà åëåìåíòà - ïúðâèÿò ñ èìå, âòîðèÿò ñ ïðîìåíëèâà.
Ìîæå äà ñå çàïèøå òàêà cons(”name”.AnyV alue). Â "name� çàïèñâàìå "angle� çà
úãúë èëè "length� çà äúëæèíà. Â AnyValue - ïðîèçâîëíà ñòîéíîñò êîÿòî ìîæå äà
áúäå Integer, Real, String èëè List.

Èëè íîâèòå ïðîèçâîäíè ñïèñúöè ñà:
Πi = list((list(cons”previosLength”(distanceptn,pt0))

(cons”angle”ptn, pt0, pt1)
(cons”NextLength”(distancept0,pt1)))
. . .
(list(cons”previosLength”(distanceptnptn−1))
(cons”angle”pt0, ptn, ptn−1)
(cons”NextLength”(distanceptn,pt0))))

Êúäåòî n áðîÿ íà âúðõîâåòå íà ïîëèãîíà Πi. Àêî (i + 1) > n òîãàâà i = 0.
Ñïèñúêà Πi å öèêëè÷åí.

Ñúñòàâÿ ñå è ïîäîáåí ñïèñúê è íà ïîëèãîíà çà çàïúëâàíå ∆. Ñïèñúêà ∆ å öèê-
ëè÷åí.

Âñåêè åëåìåíò îò Ñïèñúêà Πi ñå ñðàâíÿâà ñúñ ñúîòâåòíèÿ åëåìåíò îò ñïèñúêà
∆. Íàé-ãîëåìèÿò áðîé íà ïîñëåäîâàòåëíî ñúâïàäàùè ñå åëåìåíòè îò äâàòà ñïèñú-
êà ùå íè äàäå íàé-ãîëÿìàòà âåðîÿòíîñò ïîëèãîíà Πi äà ñúâïàäíå ñ ïîëèãîíà ∆.
Çà äà íàïðàâèì êîðåêòíî ñðàâíåíèå íà äâàòà ñïèñúêà ùå òðÿáâà äà èçáåðåì êîé
ñïèñúê ùå áúäå îñíîâåí. Ïîä îñíîâåí ñïèñúê ùå ðàçáèðàìå òîçè, êîèòî èìà ïî-
ãîëÿìà äúëæèíà (ïî-ãîëÿì áðîé åëåìåíòè). Â ñïèñúêà list(A) ìîæå äà áúäå èëè
Πi èëè ∆. Íå å çàäúëæèòåëíî áðîÿ íà âúðõîâåòå íà ∆ äà áúäå ïî-ãîëÿì îò áðîÿ
íà âúðõîâåòå íà Πi. Îáõîæäàíåòî íà äâàòà ñïèñúêà ùå ñòàâà íà áàçàòà èíäåêñè.
Ïúðâàòà èòåðàöèÿ å êîãàòî èíäåêñ 0 îò ñïèñúêà listB ñúâïàäà ñ èíäåêñ 0 íà ñïè-
ñúêà listA. Ñåãà ïúðâèÿ èíäåêñ îò listA ñå óâåëè÷àâà ñ 1. Ñëåäâà âòîðà èòåðàöèÿ
êîãàòî èíäåêñ 0 îò ñïèñúêà B ñúâïàäà ñ èíäåêñ 1 íà ñïèñúêà A. Êàòî èíäåêñ 0
îò listA îòèâà êàòî ïîñëåäåí â listA. Èëè ñïèñúêà listA èìà öèêëè÷íî ïîâåäåíèå.
Òîâà ñå ïîâòàðÿ äîêàòî ïðåìèíåì ïðåç âñè÷êè èíäåêñè íà listA èëè öèêúëúò ñå
ïîâòàðÿ òîëêîâà ïúòè êîëêîòî å äúëæèíàòà íà ñïèñúêà listA. Çà âñÿêà ïðîâåðêà
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çàïèñâàìå áðîÿ íà ïîñëåäîâàòåëíèòå ñúâïàäåíèÿ. Îöåíêàòà íà ñïèñúêà listB ñå
äàâà ñúñ ñëåäíàòà ôîðìóëà:

k =
∑

Ratioanglei +
∑

RatioLengthi
, (4.6)

êúäåòî

Ratioanglei = (if |(anglei − angleBi)| < fuzz → return1., else0.).

Ïðè úãëèòå òúðñèì ïúëíî ñúâïàäåíèå. Êàòî Ai å úãúë îò ñïèñúêà listA, à Bi å
ñúîòâåòíèÿ úãúë îò ñïèñúêà listB.

Ñëåä êàòî èìàìå ïúëíî ñúâïàäåíèå íà ñúîòâåòíèòå úãëè Ratioanglei = 1., òîãàâà
ïðèñòúïâàìå êúì îöåíêà íà ñúîòâåòíèòå èì äúëæèíè.

RatioLengthi
= (if(lengthAi > lengthBi) → return(

lengthBi

lengthAi

), else(
lengthAi

lengthBi

) (4.7)

Óñëîâèå 4.7 äàâà êîåôèöèåíòè áëèçêè èëè ðàâíè íà 1., áåç çíà÷åíèå êîÿ äúë-
æèíà å ïî-ãîëÿìà lengthAi èëè lengthBi. Òîâà å òàêà, çàùîòî òúðñèì ïîëèãîíè,
íà êîèòî ñòðàíèòå èì ïî÷òè ñúâïàäàò.

Êàêòî ñå âèæäà îò ôîðìóëà (4.6) ïîëèãîíèòå ñ ïî-ãîëÿì áðîé âúðõîâå ùå èìàò
ïî-ãîëÿìà âåðîÿòíîñò çà ïî-âèñîêè îöåíêè íà ñúâïàäåíèå. Òîâà å äîáðå, çàùîòî
ñëåä èçâàæäàíåòî íà äâàòà ïîëèãîíà A\B ùå ïîëó÷èì ïîëèãîí ñ ïî-ìàëêî âúðõîâå.
Êîåôèöèåíòúò îò ôîðìóëà (4.6) ìîæå äà ñå èçïîëçâà êàòî îöåíêà çà ïîäîáèå èëè
åäíàêâîñò íà ôèãóðè.

4.3 Ñòðàòåãèÿ çà èçáîð íà åäíî ðåøåíèå îò âàëèä-

íè ðàçïîëîæåíèÿ.

Íåêà ðàçãëåäàìå äâà ïîëèãîíà. Ïîëèãîíà çà çàïúëâàíå ∆ = list(pt1, pt2, pt3, pt4) è
âõîäÿù ïîëèãîí Πi = list(pt1, pt2, pt3, pt4, pt5, pt6). Äåñíèÿò Πi ïîëèãîí å âõîäÿùèÿ.
Ëåâèÿò ïîëèãîí ∆ å ïîëèãîíà çà çàïúëâàíå. Ïîëèãîíà Πi íå å òðèúãúëíèê! Íåîá-
õîäèìî å äîáàâÿíåòî íà ïîäðîáíè òî÷êè ïî ãðàíèöàòà íà ïîëèãîíà çà çàïúëâàíå
∆. Òåçè òî÷êè ùå áúäàò îáëàñòè íà ïîñòàâÿíå íà ïîëèãîíà Πi è ïðîâåðêàòà äàëè
ïîëèãîíà Πi å â ïîëèãîíà ∆. Àêî ïðîâåðêàòà å óäîâëåòâîðåíà, òî çàïèñâàìå òîâà
ðåøåíèå êàòî âúçìîæíî. Ðàçðåøåíà å ðîòàöèÿ íà ïîëèãîíà. Îãëåäàëåí îáðàç íå å
ïðèëîæåí. Îò òåçè âàëèäíè ðåøåíèÿ îöåíÿâàìå òåçè, êîèòî èìàò íàé-ãîëÿìà äî-
ïèðíà äúëæèíà ñ ïîëèãîíà∆ è ðàçñòîÿíèåòî LengthA = distance(pt0, ptM). Ìåæäó
äúëæèíàòà íà îïèðàíå è äúëæèíàòà LengthA èìà çàâèñèìîñò. Òàçè çàâèñèìîñò å
ïðèåòà îò àâòîðà. Ðàçáèðà ñå ìîãàò äà ñå íàïèøàò è äðóãè çàâèñèìîñòè. Îöåíêàòà
íà âñÿêî ðåøåíèå å eval = LengthOfTouch+(2.0 ∗LengthA). Òÿ äàâà ñå òåæåñò íà
ðàçñòîÿíèåòî îò öåíòúðà íà òåæåñòòà íà ïîëèãîíà äî èçáðàíà òî÷êà îò ïîëèãîíà
íà çàïúëâàíå. Â ñëó÷àÿ òîâà å òî÷êàòà íàé-äîëó, íàé-âëÿâî. Ìîæå äà ñå èçáåðå
äðóãà òî÷êà áåç çíà÷åíèå äàëè å îò ìíîæåñòâîòî òî÷êè îò ïîëèãîíà çà çàïúëâàíå.
Ñëåä êàòî ñìå îöåíèëè ðåøåíèÿòà, èçáèðàìå ðåøåíèåòî ñúñ çåëåíèÿ êîíòóð íà
ïîëèãîíà. Èçâàæäàìå ∆ \ Πi.

Ñëåä êàòî ñìå èçáðàëè ïúðâî ðåøåíèå ïðèñòúïâàìå êúì èçáîð íà âòîðî. Èç-
áîðà íà âõîäÿù ïîëèãîí ñòàâà ïî ïðîöåäóðàòà îïèñíà â òî÷êà 4.2. Òúé êàòî öåëòà
íè å ìàêñèìàëíî óïëúòíÿâàíå íà ðåøåíèÿòà òî èçáîðà íà âòîðîòî ðåøåíèå òðÿá-
âà äà ñå òúðñè ïî êîíòóðà íà âå÷å íàìåðåíèòå ðåøåíèÿ. Íà òîçè åòàï ñå ïðèëàãà
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éåðàðõè÷íî îöåíÿâàíå íà ðåøåíèÿòà. Îêîëî èçáðàíèòå ïîëèãîíè ïîñòðîÿâàìå ïðà-
âîúãúëåí êîíòóð. Ùå ãî íàðå÷åì box. Ïúðâî ùå òúðñèì ðåøåíèÿ, êîèòî âëèçàò â
box îò âàëèäíèòå ðåøåíèÿ, àêî íå íàìåðèì òàêèâà èçïîëçâàìå çà îöåíêà âñè÷êè
âàëèäíè ðåøåíèÿ. Îöåíÿâàíåòî íà ðåøåíèÿòà âúòðå â box ñúùî ñòàâà ïî ôîðìó-
ëàòà: eval = LengthOfTouch+(2.0∗LengthA). Òóê òðÿáâà äà ñå îòáåëåæè, ÷å òàçè
ïðîöåäóðà çà èçáîð íà ðåøåíèÿ ñëåä ïúðâîòî òðÿáâà äà îáõîäè âñè÷êè âõîäÿùè
ïîëèãîíè è òîãàâà äà ñå âçåìå òîâà ñ íàé-âèñîêà îöåíêà. Â ñîôòóåðà ðàçðàáîòåí
îò àâòîðà òîâà îáõîæäàíå íå ñå ïðàâè ïîðàäè ëèïñàòà íà èç÷èñëèòåëåí ðåñóðñ,
íî ïðåäëîæåíèÿ ìåòîä íå å îãðàíè÷åí â òàçè ïîñîêà. Ïðè íàëè÷èå íà äîñòàòú÷-
íî ìîùåí õàðäóåð ïëþñ ãðàôè÷íè ïðîöåñîðè àëãîðèòúìà ùå äàäå ìíîãî áëèçêè
ðåçóëòàòè äî ãëîáàëíèÿ îïòèìóì.

Ñëåä èçðÿçâàíåòî íà äâàòà ïîëèãîíà ñå ïîëó÷àâà íîâèÿ êîíòóð. Òîçè êîíòóð ùå
ïîñëóæè êàòî êîíòóð íà çàïúëâàíå çà ñëåäâàùèòå ïîëèãîíè. Êàêòî ñå çàáåëÿçâà
íîâè êîíòóð íå ñëåäâà íàïúëíî ñòàðèÿ. Íîâèÿ êîíòóð öåëåíàñî÷åío å ðåäóöèðàí.
Çà ïîâå÷å èíôîðìàöèÿ çà íà÷èíà íà ðåäóöèðàíå íà êîíòóðà âèæ òî÷êà 2.6.

ratioGlobal =
Abox

AΠL

≤ 1.0 (4.8)

4.4 Íàìèðàíå íà åäíî âúçìîæíî ðàçïîëîæåíèå íà

ïëàíêà â ïîëèãîíà çà çàïúëâàíå.

Íàìèðàíåòî íà åäíî âúçìîæíî ðàçïîëàãàíå íà ïëàíêèòå (ïðåäñòàâÿíè êàòî ïîëè-
ãîíè) ñòàâà ÷ðåç ïîñòàâÿíå íà âõîäÿù ïîëèãîí â ïîëèãîíà çà çàïúëâàíå è ïðèëà-
ãàíå íà ôóíêöèÿòà èçâàæäàíå íà äâà ïîëèãîíà. Ôóíêöèÿòà å îïèñàíà ïî-äîëó. Â
çàâèñèìîñò îò èçèñêâàíåòî íà êîíêðåòíèÿ ñëó÷àé ìîæå äà ïîñòðîèì ïðîèçâîäíè
ïîëèãîíè îò âõîäÿùèÿ ïîëèãîí ÷åñòî ñ ðàçðåøåíèå çà ïðèëàãàíå íà ðîòàöèÿ è
îãëåäàëíà ñèìåòðèÿ.

Áðîÿò íà ðîòàöèèòå, íà êîèòî ìîæåì äà ðîòèðàìå äàäåíèÿ ïîëèãîí å ïðîèç-
âîëåí. Êîëêîòî ïîâå÷å úãëè èìàìå â ñïèñúêà çà ðîòèðàíå òîëêîâà å ïî-ãîëÿìà
âåðîÿòíîñòòà äà ïîëó÷èì âúçìîæíî ðåøåíèå. Ñ öåë äà îãðàíè÷èì ïðîèçâîëíîòî
ðîòèðàíå íà ïîëèãîíà áåç äà èìà êà÷åñòâåíî ðåøåíèå (ïîëèãîíà äà áúäå â ïîëèãîíà
íà çàïúëâàíå) å íåîáõîäèìî äà èçáåðåì ïîäõîäÿùè úãëè íà ðîòèðàíå. Êàòî íà÷àëî
ìîãàò äà ñå âçåìàò úãëèòå íà ñåãìåíòèòå íà âõîäÿùèÿ ïîëèãîí ñ àáñöèñíàòà îñ X.
Ñëåä òîâà ìîãàò äà ñå äîáàâÿò òî÷íèòå úãëè (0; 0.5π; π; 1.5π). Àêî å íåîáõîäèìî è
îãëåäàíî ïðèëàãàíå íà âõîäÿùèÿ ïîëèãîí, òî áðîÿò íà äîïúëíèòåëíèòå ïîëèãîíè
ùå ñå óâåëè÷è. Íÿêîè ñúñòîÿíèÿ íà ðîòàöèÿ ùå áúäàò íàïúëíî èäåíòè÷íè êàòî
ãåîìåòðèÿ.

Ïðîâåðêàòà äàëè äàäåí ïîëèãîí ñå ñúäúðæà â äðóã ìîæå äà ñòaíå ïî äâà íà-
÷èíà:

1. Ïðîâåðêà çà âñåêè åäèí âúçåë äàëè å â ïîëèãîíà çà çàïúëâàíå. Òàçè ïðîâåðêà
å äîáðå äà ñòàíå ñ öèêúë while, àêî òåêóùàòà òåñòâàíà òî÷êà å èçâúí êîíòóðà
ðåøåíèåòî îòïàäà, áåç äà ïðîäúëæàâà íàòàòúê;

2. Ïðîâåðêà äàëè èìà òðèâèàëíî ïðåñè÷àíå íà äâàòà ïîëèãîíà. Àêî èìà ïðåñè-
÷àíå, òî ðåøåíèåòî îòïàäà, èíà÷å � ñå ïðèåìà.

Àêî ïúðâèÿò êðèòåðèé çà îïòèìàëíî ðåøåíèå å minY , òî ìîæå äà ñå ïðîâåðè
ñàìî âúðõà íà ïîëèãîíà P ñ íàé-ìàëêà îðäèíàòà (â ñëó÷àÿ p7). Íî íàé-äîáðå å äà
ñå íàïðàâè çà âñè÷êè âúðõîâå íà ïîëèãîíà çà çàïúëâàíå P . Äðóã êðèòåðèé çà èçáîð
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íà ðåøåíèå å êîãàòî ïðè èçðÿçâàíåòî íà äâàòà ïîëèãîíà ñå ïîëó÷è ãëàäêà ôèãóðà.
Êðèòåðèÿò çà ãëàäêà ôèãóðà ùå áúäå ìèíèìàëåí áðîè íà âúðõîâåòå ñëåä èçðÿç-
âàíå íà äàäåíèÿ ïîëèãîí îò ïîëèãîíà çà çàïúëâàíå. Âúçìîæíà å è êîìáèíàöèÿ çà
êðèòåðèèòå. Íà èçáðàíèòå âàëèäíè ðåøåíèÿ çà minY , ùå ñå ïðèëîæè êðèòåðèÿ çà
ìèíèìàëåí áðîé íà âúðõîâåòå ñëåä èçðÿçâàíåòî èì ñ ïîëèãîíà çà çàïúëâàíå.

Ïðè íàëè÷èå íà ìíîãîÿäðåí ïðîöåñîð è åçèêà íà êîèòî ñå ïèøå ïðèëîæåíèåòî
ïîçâîëÿâàò ïàðàëåëíè èç÷èñëåíèÿ. Ïàðàëåëíèòå èç÷èñëåíèÿ ìîãàò äà ñå íàïðàâÿò
è çà îñòàíàëèòå âúçìîæíè ñúñòîÿíèÿ íà âõîäÿùèÿ ïîëèãîí.

Àëãîðèòúìúò ñå ïîâòàðÿ çà ãåíåðèðàíèÿ îãëåäàëåí îáðàç íà âõîäÿùèÿ ïîëèãîí.
Çà îãëåäàëíèÿ ïîëèãîí ñà âàëèäíè âñè÷êè ãåíåðèðàíè úãëè íà ðîòàöèÿ.

4.5 Ïðåìàõâàíå íà ðåàëíàòà ôèðà ïðè 2D ðàçêðîÿ.

Çà èçðÿçâàíåòî íà ôèãóðèòå ñå èçïîëçâà ðåæåù èíñòðóìåíò ñ îïðåäåëåíà õàðà-
êåðèñòèêà íà ðÿçàíåòî. Ïî òàçè ïðè÷èíà òðÿáâà äà ñå îñèãóðè ðàçñòîÿíèå ìåæäó
ïîëèãîíèòå. Âúâåæäàìå ïàðàìåòúðà cutW çà øèðèíà íà ôóãàòà (íîæà) ìåæäó
ïîëèãîíèòå.

Òîçè ïðîáëåì å ðåøåí êàòî âõîäÿùèòå ïîëèãîíè ñà ðàçøèðåíè ñ èâèöà ñ øèðèíà
0.5cutW è âñåêè åäèí ñåãìåíò å îòìåñòåí èçâúí ïîëèãîíà ñ 0.5cutW .

4.6 Ðåçóëòàòè ïðè 2D ðàçêðîé. Ïðèìåðè.

Â ñëåäâàùèòå ñòðàíèöè ùå èëþñòðèðàìå ðàçêðîÿâàíå íà ñëåäíèòå âõîäÿùè ïîëè-
ãîíè (ïëàíêè). Ïðèìåðèòå ñà âçåòè îò ðåàëåí ñòðîèòåëåí îáåêò.

Ïîëèãîíúò çà çàïúëâàíå ùå áúäå ñòàíäàðòåí ïðàâîúãúëåí ëèñò ñúñ øèðî÷èíà
1500ìì. Çà âõîäÿùèòå ïîëèãîíè ùå ïîêàæåì ðåçóëòàòè ñ êîíòóðíàòà ëèíèÿ íà
ïîëèãîíà îòìåñòåíà ñúñ øèðî÷èíàòà íà íîæà. Øèðèíà íà íîæà 5ìì. Ðàçìåðèòå íà
ïëàíêèòå ñà â ìèëèìåòðè. Ïðåäè äà çàïî÷íåì èç÷èñëåíèå íà âõîäÿùèòå ïîëèãîíè
òå ìèíàâàò ïðåç ïðåïðîöåñîðíà îáðàáîòêà, êîÿòî âêëþ÷âà:

1. Ñîðòèðàíå íà ïëàíêèòå ïî äåáåëèíà;

2. Ïðî÷èòàíå íà áðîéêàòà èì;

3. Íàìèðàíå íà êîíòóðà íà ïëàíêèòå.
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Ôèãóðà 4.2: Âõîäÿùè ïîëèãîíè.
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Ñðàâíÿâàíå íà íàñòîÿùèÿ àëãîðèòúì ñ êîìåðñèàëåí ïðîäóêò.
Çà èçðàáîòâàíåòî íà åäíà ñòîìàíåíà êîíñòðóêöèÿ îò ôèãóðà 1.1 îòíåìà îêîëî

òðè ìåñåöà. Áðîè ïëàíêè â åäíà òàêàâà êîíñòðóêöèÿ å îêîëî 1000. Áðîè óíèêàëíè
ïëàíêè îêîëî 100. Áðîÿ èòåðàöèè å îòíîñèòåëåí. Òîé çàâèñè îò òîâà äàëè ìàòåðèà-
ëúò å ñêúï èëè íå å. Ìîãàò äà ñå ïóñíàò íÿêîëêî èòåðàöèè íà ðàçëè÷íè êîìïþòðè
è äà ñå âçåìå íàé-äîáðîòî îò òÿõ. Òîâà å âúïðîñ íà ðåøåíèå íà ïîòðåáèòåëÿ. Ïðè
íàëè÷èåòî íà õàðäóåð ìîãàò äà ñå íàïðàâÿò íÿêîëêî èòåðàöèè äîêàòî ñå ïîëó÷è
ïðèåìëèâ îòïàäúê.

Â íàñòîÿùåòî ñðàâíåíèå ùå èçïîëçâàìå ïëàíêèòå äàäåíè íà ôèãóðà 4.4. Îáùèÿ
áðîè å 106. Ñ òåçè ïëàíêè å íàïðàâåíî ñðàâíåíèå ìåæäó êîìåðñèàëíèÿ ïðîäóêò è
ðàçðàáîòåíèÿ ìåòîä â íàñòîÿùàòà äèñåðòàöèÿ. Íàìèðàíåòî íà êðàéíîòî ðåøåíèå
ñ ïðåäñòàâåíèÿ ìåòîä å çà åäíà èòåðàöèÿ. Ïðè ïî åäíîðîäíè ïëàíêè ìîæå äà ñå
íàïðàâÿò ïîâå÷å èòåðàöèè.

Èçïîëçâàí êîìåðñèàëåí ïðîäóêò.

Ôèãóðà 4.3: Êîìåðñèàëåí ïðîäóêò FP Opti2D.

Ñúãëàñíî ñàéòà íà ïðîèçâîäèòåëÿ, ïðîäóêòà ïðåäëàãà ñëåäíèòå ôóíêöèîíàë-
íîñòè:

1. User friendly graphical interface.

2. Handles panels, metal sheets and glazing.

3. Speci�c functions for aluminum composite panels.

4. De�nes the parts to be optimized.

5. Directly uses the panels and glazing lists generated by FP PRO.

6. Imports work lists from Excel and from external calculation programs.

7. Manages the stock of full sheets and short bars.

8. Graphic display and printing of the optimized sheets, with clear indication of the
cuts to be made and layout of the workpieces.

9. Provides statistical information on use of the sheets.
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Ôèãóðà 4.4: Ëèñò îò ðàçïå÷àòêàòà íà êîìåðñèàëíèÿ ïðîäóêò.

Êàêòî ñå âèæäà îò ðàçïå÷àòêàòà êîìåðñèàëíèÿ ïðîäóêò âåðñèÿ V.2.0/2 (Build
2) ðàáîòè ñàìî ñ ïðàâîúãúëíè ïëàíêè. Ðàçðåøåíî å çàâúðòàíå íà ïëàíêèòå. Ïî
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äàííè íà îïåðàòîðà îïòèìèçàöèÿòà å ïðîäúëæèëà îêîëî 20 ìèíóòè èëè 1200 ñåê.
Ðàçìåðè íà ëèñòà çà çàïúëâàíå 1500ìì / 6000ìì. Âðåìå çà ðàáîòà íå å ïîñî÷åíî
â ðàçïå÷àòêàòà. Îòïàäúê 18.2%. Âñè÷êè ïëàíêè ñà ñ îòìåñòåí êîíòóð íà 5mm. Ñ
òîçè êîíòóð ùå ðàáîòèì â èç÷èñëåíèÿòà. Ðåàëíèÿò îòïàäúê ìîæå äà ñå èç÷èñëè
êàêòî ñëåäâà:

1. Îáùà èçïîëçâàíà ïëîù - 2 ëèñòà õ 1500mm õ 6000mm = 18 000 000 2;

2. Ðåàëíà ïëîù íà âñè÷êè 106 ïëàíêè - 9 859 421 2;

Ðåàëíàòà ôèðà å 8 140 579 2. Èëè 45% ôèðà. Ðåàëíî çàïúëâàíå 54%.
Ðåçóëòàòè îò ïðåäñòàâåíèÿ ìåòîä â íàñòîÿùèÿ òðóä. Áðîé ïëàíêè 106. Âñè÷êè

ïëàíêè ñà ñ îòìåñòåí êîíòóð íà 5ìì îò äåéñòâèòåëíèÿ èì êîíòóð. Ðàçðåøåíî
çàâúðòàíå íà ïëàíêèòå : Äà. Êîíòóð : offsetP tL.

Òàáëèöà 4.1: Ñðàâíåíèå íà êîìåðñèàëåí ïðîäóêò è ïðåäñòàâåíèÿ àëãîðèòúì

Âêëþ÷åíè ïàðàìåòðè Êîíòóð Áðîé ïëàíêè Ratio Âðåìå [s]
1 2 3 4 5

(a) Mirror:Yes, Rortate:Yes, Intervals:No box 106 0.72 18 776
(b) Mirror:Yes, Rortate:Yes, Intervals:No Offset 106 0.70 109 519
(c) Mirror:Yes, Rortate:Yes, Intervals:No Offset 106 0.71 227 846
(d) Mirror:Yes, Rortate:Yes, Intervals:No Offset 106 0.69 7 555
(e) Mirror:Yes, Rortate:Yes, Intervals:No Offset 106 0.76 41 031
(f.1) Mirror:Yes, Rortate:Yes, Intervals:No box 51 0.71(0.67) 2 194
(f.2) Mirror:Yes, Rortate:Yes, Intervals:No box 55 0.57 (0.44) 2 454

(Êîìåðñèàëåí ïðîäóêò)
Mirror:N/A, Rortate:Yes, Intervals:N/A box 106 0.54 1200

Çà ñëó÷àé f.1 è f.2 â ñêîáè ñà äàäåíè çàïúëâàíèÿòà íà ïëàíêèòå ñïðÿìî îñíîâ-
íèÿ ëèñò 1500ìì õ 6000ìì. Èçïîëçâàíè ñà ñúùèòå ïàðàìåòðè êàêòî ïðè êîìåðñè-
àëíèÿ ïðîäóêò. Êîìåðñèàëíèÿò ïðîäóêò èìà ðåäèöà îãðàíè÷åíèÿ. Íÿêîè îò òÿõ
ñà, ÷å ôèãóðèòå ñå àïðîêñèìèðàò äî ïðàâîúãúëíèê, îãëåäàëåí îáðàç íà ôèãóðèòå
íå ñå èçïîëçâà. Úãëèòå íà çàâúðòàíå ñà ñâåäåíè äî äâà: 0◦ è 90 ◦. Ïî îòíîøåíèå
íà êîåôèöèåíòà íà çàïúëâàíå Ratio, ïðåäñòàâåíèÿ àëãîðèòúì å ìíîãî ïî-äîáúð.
âèæ òàáëèöà 4.1. Êîåôèöèåíòèòå ñà 0.71 çà íàñòîÿùèÿ àëãîðèòúì ñúïîñòàâåí ñ
0,67 çà êîìåðñèàëíèÿ ïðîäóêò. Âòîðîòî ñðàâíåíèå å 0,57 çà íàñòîÿùèÿ àëãîðè-
òúì ñúïîñòàâåí ñ 0,44 çà êîìåðñèàëíèÿ ïðîäóêò. Ïðè ãîëåìè îáåìè îò ðàáîòà èëè
ñêúï ìàòåðèàë, îò êîèòî ùå ñå èçðÿçâà ðàçëèêàòà íàðàñòâà îùå ïîâå÷å â ïîëçà
íà ïðåäñòàâåíèÿ àëãîðèòúì. Ïðåäñòàâåíèÿò àëãîðèòúì â íàñòîÿùàòà äèñåðòàöèÿ
å ïî-äîáúð îò êîìåðñèàëíèÿ ïðîäóêò, çàùîòî äàâà ïî-ãîëÿì ïðîöåíò íà óïëúòíå-
íèå íà ôèãóðèòå. Äðóãî íåãîâî ïðåäèìñòâî å ìíîãî äîáðàòà ìó ïðèãîäíîñò êúì
ïàðàëåëèçàöèÿ íà èç÷èñëåíèÿòà.
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Ãëàâà 5

Çàêëþ÷åíèå

1D ðàçêðîé.
Êàêòî ñå âèæäà îò ñðàâíèòåëíàòà òàáëèöà 3.4 ìåòîäà íà ìðàâêèòå (ACO) äàâà
íàé-äîáúð ðåçóëòàò çà ìíîãî êðàòêî âðåìå. Â ñëó÷àÿ ACO ìåòîäà ïðîÿâÿ õàðàê-
òåð íà Greedy àëãîðèòúì. ACO àëãîðèòúìà å ïî-äîáúð îò êîìåðñèàëíèÿ ïðîäóêò
è ïî âðåìå è ïî îïòèìèçèðàíå. Çà ãîëåìè îáåìè íà ðàçêðoÿâàíå è êîìïþòðè ñ
ïî-ñëàáè ïðîöåñîðè ACO ìåòîäà å ìíîãî ïîäõîäÿù.

2D ðàçêðîé.
Ñëåä ïðîâåäåíèòå òåñòîâå íà ðàçëè÷íè âèäîâå ïëàíêè çàêëþ÷åíèåòî å, ÷å çà ïðè-
åìëèâî ðåøåíèå íà äàäåíà çàäà÷à ñà íåîáõîäèìè ïî-ãîëÿì íà áðîé èòåðàöèè. Ðå-
çóëòàòèòå â íàñòîÿùàòà äèñåðòàöèÿòà ñà ïðè 3 áðîÿ èòåðàöèè. Ïðèåòè ñà òðè áðîÿ
èòåðàöèè, çàùîòî íàìèðàíåòî íà åäíî ðåøåíèå îòíåìà çíà÷èòåëíî âðåìå. Çà íÿ-
êîè âèäîâå ïëàíêè òîçè áðîé ñå îêàçâà íåäîñòàòú÷åí. Òåñòîâåòå áÿõà íàïðàâåíè
íà íàñòîëåí êîìïþòúð ñ îïåðàöèîííà ñèñòåìà Windows ®10 Pro, x64. Ïðîöåñîð
Intel ®Core (TM) i5-9500@3.0 GHz. Èçïîëçâàíè ïðîöåñîðè åäèí. Òèï íà ïðîöå-
ñîðà CPU. Âúïðåêè, ÷å ïðîöåñîðúò å åäíî îò ïîñëåäíèòå ïîêîëåíèÿ êúì äàòà íà
ïèñàíå íà íàñòîÿùèÿ òðóä ñå îêàçâà ñëàá çà ïî-âèñîêà ñòåïåí íà óïëúòíÿâàíå íà
ïëàíêèòå. Íî àêî ñå òúðñè ñðàâíèòåëíî áúðçî ïîäðåæäàíå è íåãîëÿì áðîé ïëàí-
êè íàñòîëíèÿò êîìïþòúð ìîæå äà ñïðàâè. Ïðåäñòàâåíèÿò ïîäõîä çà ðåøàâàíå íà
ïðîáëåìà ìîæå äà ñå ïðèëîæè â 90% îò ñëó÷àèòå â ïðàêòèêàòà. Òðÿáâà äà ñå îò-
áåëåæè, ÷å çà ìàëêî ïî-ãîëÿìà ïëúòíîñò íà ðåøåíèåòî å íåîáõîäèìî çíà÷èòåëíî
ïî-ãîëÿìî âðåìå çà èç÷èñëåíèå. Äàëè ùå ñå æåðòâà âðåìå çà ñìåòêà íà ìàòåðèàë
çàâèñè îò òîâà äîêîëêî å ñêúï äàäåíèÿò ìàòåðèàë, îò êîèòî ùå ñå èçðÿçâàò ôèãó-
ðèòå. Êàòî ñëåäâàùî ðàçâèòèå íà ïðîáëåìà ùå áúäå ðàçðàáîòâàíåòî ìó çà õàðäóåð
ñ äîñòàòú÷íè èç÷èñëèòåëíè ðåñóðñè áàçèðàí íà GPU ïðîöåñîðè. Ðåçóëòàòèòå îò
íàñòîÿùàòà äèñåðòàöèÿ ñà äîêëàäâàíè íà ðàçëè÷íè íàöèîíàëíè è ìåæäóíàðîäíè
êîíôåðåíöèè.
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5.2 Aïðîáàöèÿ íà ðåçóëòàòèòå

Ðåçóëòàòèòå â íàñòîÿùèÿ äèñåðòàöèîíåí òðóä ñà äîêëàäâàíè íà ðàçëè÷íè ìåðîï-
ðèÿòèÿ íà ñåêöèÿ "Ïàðàëåëíè àëãîðèòìè� êúì ÈÈÊÒ-ÁÀÍ êàòî:

1. 113th European Study Group with Industry (BGSIAM - 2015);

2. 11th Annual Meeting of the Bulgarian Section of SIAM (BGSIAM - 2016);

3. 120th European Study Group with Industry (ESGI'120 - 2016);

4. 12th Annual Meeting of the Bulgarian Section of SIAM (BGSIAM - 2017) ;

5. 13th Annual Meeting of the Bulgarian Section of SIAM (BGSIAM - 2018);

6. Conference on Large-Scale Scienti�c Computations LSSC'17, Sozopol, 2017;

7. Ninth International Conference on Numerical Methods and Applications NM&A'18,
Borovets.
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5.3 Ïðèíîñè

Ïðèíîñèòå â òàçè äèñåðòàöèÿ ìîãàòäà áúäàò ðàçäåëåíè íà íàó÷íè è íàó÷íî-
ïðèëîæíè, êàòî íàó÷íèòå ïðèíîñè êàñÿò ðàçðàáîòâàíåòî íà ìåòîäè è àëãîðèòìè
çà 1D è 2D ðàçêðîé, à íàó÷íî-ïðèëîæíèòå ñå îòíàñÿò êúì òÿõíàòà ïðîãðàìíà
ðåàëèçàöèÿ.

Íàó÷íèòå ïðèíîñè ñà:

� Ðàçðàáîòåí å àëãîðèòúì çà îïòèìàëåí ðàçêðîé â åäíîìåðíîòî ïðîñòðàíñòâî;

� Ðàçðàáîòåí å àëãîðèòúì çà îïòèìàëåí ðàçêðîé â äâóìåðíîòî ïðîñòðàíñòâî;

� Ðàçðàáîòåí å ìåòîä çà äâóìåðåí ðàçêðîé íà áàçàòà íà õèáðèäíà îïòèìèçàöèÿ;

Íàó÷íî-ïðèëîæíèòå ïðèíîñè ñà:

� Íàïðàâåíà å ïðîãðàìíà ðåàëèçàöèÿ íà àëãîðèòúìà çà åäíîìåðåí ðàçêðîé;

� Íàïðàâåíà å ïðîãðàìíà ðåàëèçàöèÿ íà àëãîðèòúìà çà äâóìåðåí ðàçêðîé;

Ðåçóëòàòèòå íà íàñòîÿùèÿ äèñåðòàöèîíåí òðóä ìîãàò äà ñå èçïîëçóâàò â íàé-
ðàçëè÷íè îáëàñòè îò íàóêàòà è èíæåíåðíàòà ïðàêòèêà:

� Ïðîåêòèðàíåòî íà ñãðàäè è ñúîðúæåíèÿ;

� Ïðîåêòèðàíåòî íà èçíîñâàíåòî íà äåòàéëè ïðè ìàøèíèòå êàêòî è ïðîåêòè-
ðàíåòî íà ìåõàíèçìè;

� Çåìíà ìåõàíèêà - êîíñîëèäàöèÿ íà ïî÷âèòå;

� Àâèàöèîííàòà òåõíèêà - íàìèðàíå íà îïòèìàëåí ïúò â ñðåäà ñ ïðåïÿòñòâèÿ;

� È â ìíîãî äðóãè îáëàñòè, êúäåòî ñå èçïîëçóâàò CAD-ñèñòåìè.

Ïðèëîæíèòå ïðèíîñè ìîãàò äà ñå ðàçâèÿò è âúâ ôèðìè êîèòî ïðîèçâåæäàò ñòî-
ìàíåíè êîíñòðóêöèè. Ïðèëîæíèÿ ñîôòóåð ìîæå äà ñå âíåäðè è â äðóãè îòðàñëè
êîèòî íå ñà ñâúðçàíè ñúñ ñòðîèòåëñòâîòî íà ñãðàäè è ñúîðúæåíèÿ. Äðóãî ìíîãî
ãîëÿìî ïðèëîæíî ïðåäèìñòâî å, ÷å âõîäíèòå äàííè ñå âçåìàò äèðåêòíî îò áàçàòà
äàííè íà CAD ñèñòåìàòà, ñ êîÿòî å ïðîåêòèðàíî ñúîðúæåíèåòî. Òîâà ìíîãîêðàòíî
ïîâèøàâà ñêîðîñòòà íà ïîëó÷àâàíå è òî÷íîñòòà íà äàííèòå, ñ êîèòî ðàáîòè ïðîãðà-
ìàòà. Ñ íÿêîëêî êëèêâàíèÿ ìîãàò äà ñå èçáåðàò õèëÿäè ïîëèãîíè è äà ñòàðòèðà
ïðîãðàìàòà çà ðàçêðîé. Ñîôòóåðúò ìîæå ñàì äà îòñòðàíè èëè êîðèãèðà "íåïðà-
âèëíèòå� ïîëèãîíè çà äà ñå èçáåãíàò íåòî÷íîñòè â èçõîäíèòå ðåçóëòàòè. Ðåøåíèåòî
ïðîòè÷à â ðàìêèòå íà íÿêîëêî ìèíóòè â çàâèñèìîñò îò ïðîèçâîäèòåëíîñòòà íà êîì-
ïþòúðíàòà ñèñòåìà, íà êîÿòî ñîôòóåðúò ñå èçïîëçóâà. Àëãîðèòúìúò, ðàçðàáîòåí
â ïðåäñòàâåíèÿò äèñåðòàöèîíåí òðóä, ïîçâîëÿâà èçïîëçóâàíå íà îãëåäàëåí îáðàç
íà ïîëèãîíèòå, ðîòàöèÿ è äðóãè îïåðàöèè, êîèòî ìîãàò äà äîâåäàò äî ñúùåñòâåíî
ïîäîáðåíèå íà ïîëó÷åíîòî ïðèáëèæåíî ðåøåíèå. Ðàçáèðà ñå, çà öåëèòå íà øèðîêî-
ìàùàáíè íàó÷íè èçñëåäâàíèÿ àëãîðèòúìúò ìîæå äà ñå âíåäðè íà ñóïåð-êîìïþòúð
òúé êàòî ïîçâîëÿâà çíà÷èòåëíà ïàðàëåëèçàöèÿ íà èç÷èñëåíèÿòà.
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