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4 Dimitar Slavchev

General characteristic of the dissertation

Relemance of the topic

Numerical solution of large-scale problems requires the use of high-performance
computer systems, as well as specialized hardware and software — graphics cards,
accelerators, high-speed communication between the system’s servers, software
standards and packages for communication between processor cores and servers,
software packages implementing effective numerical methods and much more.

There are a number of methods for discretization of differential equations.
For example the mesh method such as finite element method, boundary elements
method and finite differences method. After applying such methods the problem
is reduced to solving large systems linear equations. The Gaussian eliminated is
the universal method for solving such problems. In the general case it has high
computational complexity — O(n?), where n is the number of unknowns [34].

When the discretization of the differential equation is carried out with the
boundary element method and when the finite element method is applied to non-
local problems (such as the examined in this dissertation anomalous (fractional)
diffusion) [2[, the arising matrix is dense. One way of lowering the computational
complexity of solving problems with such matrices is the hierarchical compression
introduced by Hackbusch [10]. In it the structure of the matrix is utilized. The aim
is to reduce the required memory and to improve the computational complexity.
Here the term dense matrix structure is understood as the presence of low-rank
off-diagonal blocks. This property allows the representation of the off-diagonal
blocks as the product of smaller matrices. There are several types of hierarchical
matrices: H, H?, Hierarchically Semi-Separable (HSS) and so on.

Overview of key results in the field

The huge progress in the capabilities of modern high-performance computing sys-
tems further underlines the role of efficient numerical methods and parallel al-
gorithms. Supercomputer simulations are crucial for development in a number
advanced areas. Examples are in silico molecular biology and medicine design,
analysis of turbulent flows,non-destructive testing,3D image processing,fluid dy-
namicsand many others.

After suitable discretization, mathematical models are usually reduced to prob-
lems of linear algebra, among which central role has the solution of systems of linear
algebraic equations. For this purpose, specialized software tools are developed.

In the general case variants of the Gaussian method are employed in order to
solve systems of linear algebraic equations with dense matrices. Such methods
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COMPOSITE NUMERICAL METHODS AND SCALABLE TILE ALGORITHMS 5

utilize the sequential elimination of the unknowns. In general, the dense matrix is
thought to be homogeneous, as it is not assumed to contain zeros. The Gaussian
elimination method has computational complexity O(n?). In this dissertation an
alternative approach based on hierarchical compression is investigated. The goal is
to reduce the computational complexity of the solution process. Here by structure
of dense matrices we understand the existence of low-rank off-diagonal blocks.
More to the point, such property is found in a matrix approximating the original.
The existence of such suitable structure is the basis of the hierarchical compression
and the arising methods for solving systems of linear algebraic equations for classes
of computational mathematics problems. Hierarchical compression is introduced
by Hackbusch in [10], where the so-called H-matrices are studied. Other types
of hierarchical compression are H*-matrices [11] and hierarchical semi-separable
matrices (HSS) [15]. A theoretical basis for HSS compression methods can be
found in [33].

A large part of this dissertation is dedicated to the numerical solution of frac-
tional diffusion problems. Fractional (also known as anomalous) diffusion describes
non-local processes observed in different physical and social media. Unlike ordi-
nary (local) diffusion, anomalous diffusion includes the so-called fast transitions
or tunnel effects. Various examples of mathematical models have been published
in the literature for processes and phenomena described by fractional diffusion.
Some examples are: flows in strongly non-homogeneous porous media, supercon-
ductivity, diffusion of polymers in supercold media [4]; electrodiffusion of ions into
nerve cells [14] and photon diffusion diagnostics [30]; image processing and ma-
chine learning [19]; spread of viral diseases, computer viruses and crime [6]. The
fractional Laplace operator describes anomalous diffusion in space. There are dif-
ferent definitions of the fractional Laplacian. It is important to note that they are
not equivalent. For example, in [13] the difference between integral and spectral
definitions is studied (see also articles [16] and [12| and the literature in them).

Goals and objectives of the dissertation
The major goals of the thesis are:

e Comparative analysis of the performance and parallel speed-up of frequently
used software packages applying direct Gaussian elimination for solving sys-
tems of linear algebraic equations with dense matrix on CPUs and accelera-

tors (MICs).

e Analysis of the performance, parallel speed-up and accuracy of an ap-
proximate method for solving systems of linear algebraic equations based
on hierarchical semi-separable compression from the software package
STRUMPACK for systems with suitable structure.
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6 Dimitar Slavchev

e Development of reordering algorithms for the unknowns for systems of linear
algebraic equations arising from discretization with finite element method of
fractional diffusion. The reordering is aimed at improving the effectiveness of
hierarchical semi-separable compression when applied on the stiffness matrix.

e Numerical solution of elliptic and parabolic problems in the field of fractional
diffusion, modeled with the integral formulation of the fractional Laplacian
and discretized with finite elements.

Research methodology

In this thesis we analyze the effectiveness, in terms of performance, parallel speed-
up and accuracy (for approximate solutions), of tile methods for solving dense
systems of linear algebraic equations. For this purpose, software packages are
used, in which the studied methods are applied.

For the problem, examined in Chapter 2 we utilize the parallel program devel-
oped in [22] for the discretization and generation of the system of linear algebraic
equations. For the fractional diffusion problems, examined in Chapters 3 and 4,
the MatLab program developed in [2] is used for the generation of the system of lin-
ear algebraic equations. We developed Matlab programs for the calculation of the
reordering schemes (Appendix A) and the lumped matrix of mass (Appendix B).

Content structure

The Introduction Chapter provides the motivation for the current work. A short
description of the methods and problems is provided.

Chapter 1 has an introductory character and describes the utilized tile methods
for solving dense systems of linear algebraic equations, as well as an estimation of
their computational complexity. In Section 1.1 we provide a short description of
the universal direct method Gaussian elimination and the LU factorization based
on it. Section 1.4 examines the hierarchical methods for solving systems of linear
algebraic equations, developed for solving systems with structured matrices (both
dense and sparse). The advantages of HSS compression are also described — lower
computational complexity for problems with suitable matrix structure.

Chapter 2 presents numerical results for laminar flow around Zhukovsky airfoils.
The arising system has a dense matrix and is used as a benchmark for the the
comparative analysis of the analyzed tile algorithms.

In Chapter 3 we examine a two dimensional anomalous diffusion problem mod-
eled with the fractional Laplace operator. Finite element method is utilized for
the discretization in time.
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Chapter 4 examines a parabolic in time problem for two dimensional anomalous
diffusion.

Chapter Conclusion presents the concluding remarks summarizing the results
obtained in the thesis. We also present a list of the papers and reports in scientific
forums on which this work is based on.

Chapter 1 Methods for solving systems of linear
algebraic equations with dense systems

Many problems in the calculation practice are solved numerically by reduction into
a system of linear algebraic equations. For example, when utilizing the boundary
element method or the finite element method with on a fractional power Laplace
operator (fractional diffusion), the arising system has a dense coefficient matrix.

1.1 Direct methods

Gaussian elimination is an universal method for solving systems of linear algebraic
equations. It is the basis of most direct methods. For example the LU factorization
is based on the sequential elimination of unknowns in the Gauss method. The LU
factorization is a primary method, implemented in the high performance software
libraries for computational linear algebra.

1.2 Gauss method

The Gauss method for solving systems of linear algebraic equations Ax = b in-
volves two parts: (i) Forward elimination. Applies elementary row operations to
to transform the system into one with an Upper triangular matrix; (ii) Back sub-
stitution. Recursively in reverse order the off-diagonal elements in the i-th row of
the matrix are eliminated for i =n—1,n—2,...,1.

The computational complexity of the Gauss method is determined by the for-
ward elimination [34]:

2 3
NG’auss ~ % — O(?’LS)

1.3 LU factorization

The LU factorization is expressing the matrix A as a product of two triangle
matrices A = LU. Here L is a lower triangular matrix with ones on the main
diagonal, and U is an upper triangular matrix. This factorization is calculated
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8 Dimitar Slavchev

with a modified Gaussian elimination and is used in high performance libraries
(LAPACK, MKL, ACML, PLASMA, ATLAS, etc.) for solving systems of linear
algebraic equations.

The forward elimination can be written as

Lnfan,Q RPN L2L1 A == U,

(.

=g

where Lq, Lo, ..., L,_1 are~lower triangular matrices with ones on the main diag-
onal. We can check that L and L = L™! are also lower triangular matrices with
ones on the main diagonal. Thus:

LA=U <= A=LU, L=L"

After factorization of A, the system of linear algebraic equations is reduced to
solving two systems with triangular matrices. We denote

LUx =0,
y

afterwards we will:
1. Solve the system Ly = b with forward substitution;
2. Solve the system Uy = y with backward substitution;

The numerical complexity of the factorization is O (%nS), while the forward
and backward substitutions have — O (n?).

1.4 Hierarchical matrices. Methods for solving systems
of linear algebraic equations with hierarchical semi-
separable compression

Hierarchical semi-separable matrices is applied for the approximation of data-
sparse matrices. By data-sparse we understand such matrices, that have structure
that allows approximation by compressed matrices, which could be expressed with
lower amount of elements. In the general case the data-sparse matrices do not
satisfy the condition to have O(n) nonzero elements. Hackbusch introduced the
term Hierarchical matrices in [10] by developing the theory and algorithms for the
so called ‘H-matrices.

Methods utilizing hierarchical matrices are a part of the wider group of methods
for solving systems with the so called structured matrices. An overview of the
existing methods for such methods can be found inside [3], including hierarchically
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semi-separable matrices. in this work we will examine the efficiency of algorithms
based on this class of methods.

STRUMPACK (STRUctured Matrices PACKage) is a parallel software library,
that implements hierarchical semi-separable compression for solving dense systems
of linear algebraic equations [20]. The algorithm involves three steps:

1. Hierarchically Semi-separable compression (approximation) of the matrixz of
the system. When certain conditions are satisfied this step has computational
complexity of O(r?n), where r is the maximum rank of the off-diagonal blocks
of the approximating matrix. It is calculated during the compression. In the
general case the complexity is O(r’n).

2. ULV-like factorization. In this step the compressed matrix is factorized.
For this step a variant of the Gauss method is applied, similar to the one
described in the LU factorization above. First O(r) unknowns are eliminated,
then the rest of the O(n — r). Computational complexity of this step is
O(r’n).

3. Solution. In this step the compressed and factorized matrix is used along the
right hand side to obtain the solution. Computational complexity is O(rn).

The overall computational complexity of the method is O(r?n). As seen later

this evaluation is valid for certain assumptions. In the general case the complexity
is O(rn?).

1.5 Hierarchical Semi-Separable compression

In this subsection we will examine in short the hierarchical semi-separable matrices
(HSS). They are first introduced by Martinsson in [15]. Algorithms implementing
it are described in [20] as a part of the STRUMPACK project, fir solving systems
of linear algebraic equations with dense matrices. Hierarchical compression may
be applied to any non-singular matrix, however it is effective only if the original
matrix A has suitable structure — meaning that it’s off-diagonal blocks have low
rank. By effective compression we mean one that approximates the matrix, such
that the memory needed to store it is much lower and we can apply transformations
on the compressed matrix with lower computational complexity.

We will denote the compress matrix of A with H. The algorithm could be
written as:

1. We divide the matrix A in four blocks. We assume that the off-diagonal
blocks have low rank (and Singular Value Decomposition, or another rank

Abstracts of Dissertations 2022 (4) 4-45



10 Dimitar Slavchev

calculating factorization, can be applied to them):

Al 1 Al 2
A = ’ ? =
|:A2,1 A2,2:|

big big*
D, U B2V,
big big*
Uy, ° By, V) D,

The matrices U, B and V are called generators. If the off-diagonal blocks
have low rank, U will be “tall and slim”, B will be small and square (or close
to) and V' will be “short and wide”. The relation between rows and columns
will depend on the rank r. D are unchanged diagonal blocks. The “big”
notation will be described below.

2. Assuming, that the diagonal blocks D also have off-diagonal low rank blocks,
they are compressed in the same fashion, the process continues recursively.
The second level of recursive compression can be written as:

bi big*
Dy U B2V, e, ybist
Ubig By 1Vbig* Dy 3 3,6Ve
A — 2 AV _ )

bi big*

e, ybie* Dy U BysVs
6 6,373 big big*
Us °Bs5 4V, Ds

3. There is a recursive property between the generators of different levels of
compression. This is denoted with the “big” notation. The following relations

apply o o
ig 1g
big Uy 0 big Vi 0
Uy° = { | U3 and V5% = | V- (1)
3 big 3 3 big 3
0 U, 0
The third level of recursive HSS compression can be written as:
big big* big big*
b Dl big* Ul Bl,2v2 Ul gig U3B3,6V6* V4 191 .
Ubiep, Ve Ds 0o U 0o v
Uflg o UsBg,3V5* Vlblg 0 " _ Da * UflgB4‘5V5blg
0 ubs R IR A UYEBs 4V, 8 Ds

Generators with the notation “big” can be computed outside of the highest
levels of recursive compression. U ca be computed from the U, and UP® at the
higher level of compression. At the last level U = U",

In the general case equation 2 isn’t exact, but approximate. This means that
as a result we obtain an approximation of A, that we will denote as H ~ A.

To achieve this a suitable threshold £ must be supplied. It is necessary for the
calculation of the generators. When a larger threshold is used, the generators are
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smaller and the compressed matrix takes less memory and allows more effective
arithmetic operations with it, but this is at the price of lower accuracy. If a smaller
threshold is chosen it is exactly the opposite.

As we will show in the later chapters, the ordering of the unknowns while
assembling the matrix A is pivotal for the effectiveness of the HSS compression. I
A is scrambled randomly, that will almost assuredly destroy any suitable for this
method structure.

For certain classes of problems it is possible to reorder the unknowns in such
a way, that the arising structure of the matrix is improved. For example in [18§],
several methods for clusterization are studied for Kernel Ridge Regression. In
Chapter 3 we will propose and analyze several methods for reordering of the un-
knowns for a system of linear algebraic equations, arising from the discretization
of an elliptic problem with a fractional power of the Laplace operator (fractional
diffusion problem).

1.6 Compression with randomized sampling

The HSS algorithm deployed in STRUMPACK is based on applying randomized
sampling, which utilizes multiplication of random vectors with the original matrix
A. This method is first proposed by Martinsson in [15]. This algorithm doesn’t
need the explicit form of A. Instead a function that accesses (or calculates on
demand) and another one that calculates a product of A with a vector is needed.
The advantages of this approach, as well as an adaptive random sampling algorithm
are studied by Gorman et al. in [9]. The Randomized sampling is also useful when
integrating HSS kernels in sparse solvers [§].

In the general case the computational complexity of a matrix-vector product
is O(n?). This leads to O(rn?) for the HSS compression algorithm. For certain
classes of problems 7 is much smaller than . For example for 2D Poisson problems
(FEM) r is a constant, while for 3D Helmholtz (BEM) it rises slowly with n. If
a fast algorithm for multiplying the compressed matrix with a vector is supplied,
the complexity of the compression can be lowered to O(r’n).

1.7 ULV-like factorization and solution

The compressed matrix H in HSS form can be factorized with a special form of LU
factorization known as ULV factorization [5]. This factorization uses orthogonal
transformations to first eliminate n — . The rest » unknowns are then eliminated
with LU factorization. The factorization employed inside STRUMPACK is realized
as ULV-like factorization, that instead uses orthogonal transformations utilizes the
HSS structure of the compressed matrix H.

The process is visualized in Figure 1.

Abstracts of Dissertations 2022 (4) 4-45
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Figure 1: ULV-like factorization.

After applying the ULV-like factorization, the system of linear algebraic equa-
tions Ax = b is reduced to solving two systems with triangular matrices. The
computational complexity of this step is O(rn) [20].

Chapter 2 Boundary Element Method for numer-
ical solution of a two dimensional flow
around airfoils problem

This chapter studies a numerical method for a computational simulation of laminar
flow around Zhukovsky airfoils. This work employs the method described in [17].
We have developed an implementation for a cascade of airfoils in ideal fluid. The
method is based on spline collocation with interpolation in parts. A parallel C
program is developed in [22] for this problem.

After discretization of the integral equation with the boundary element method
the problem is reduced to a dense system of linear algebraic equations. The re-
sults from the studied in the thesis hierarchical method are compared with re-
sults obtained with Gaussian elimination, implemented in several popular soft-
ware packages. On the CPUs we compare the performance of Intel Math Kernel
Library (MKL) and Parallel Linear Algebra for Scalable Multi-core Architectures
(PLASMA), while on the Intel Xeon Phi coprocessors (abbreviated as MICs from
the Many Integrated Core architecture) the performance of MKL is compared
with Matrix Algebra on GPU and Multicore Architectures (MAGMA) for MIC
architecture (abbreviated as MAGMA MIC).

Abstracts of Dissertations 2022 (4) 4-45



COMPOSITE NUMERICAL METHODS AND SCALABLE TILE ALGORITHMS 13

2.1 Problem statement

2.2 Boundary Element Method calculating the flow function
in an ideal fluid in unbounded two dimensional domain

Let Q C R? be an unbounded multi-connected domain with a smooth enough
internal border S. The flow function ¥ satisfies the Laplace equation:

U 90
2\11 = — _— =
\ 2 + e 0 (3)
in Q C R? and can be written as
1
W(P) == [ 4(0)In (*(P,Q)) dog + Vee(P) + Co, P EQ. (4)
S

where r2(P, Q) = (z—£)*+(y—n)?, P = (z,y), Q = (£,n) and dog is a measure on
S. The first term on the right hand side represents a simple layer (stream function
of the vortex layer), where (o) is the density of the layer, ¥;nfty is a harmonic
function added to the potential of the layer in order to satisfy the condition at
infinity for external boundary problems. The velocity field 8 = (u,v) is defined
by

ov ov

-, V= —
oy ox
satisfying the equations

1 — 1 —
U= — fy(a)y nda, v=—— ”y(a)x Cda.
2 S

2.3 Fluid flow around airfoils

In this section we will examine the problem of fluid flow around Zhukovsky airfoils.
We assume that the flow at infinity has homogeneous velocity C', = (1,0). Here
S denotes the contours of the airfoils. For the examined problem the flow function
U satisfies the Laplace equations (3). The airfoils S are impermeable, therefore
the following boundary condition is in force W|, = K = const. In order to satisfy

the conditions at 800, we should choose ¥, such that

800 _ (8\1100 8\1!00> '

oy = O

Here, we have
Voo (P) = 7so(P).
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14 Dimitar Slavchev

The boundary condition takes the form

1

Cdr

+(P) / (o) In (r(P,Q)) dog + C = 0. (5)

Finally, the Kutta-Joukowsky’s condition v(A) = 0, is used to obtain a unique
solution of the boundary value problem, where A are the points on the sharp tip
of the airfoils.

2.4 Discretization

For the numerical solution of the integral equation (5) we apply the boundary
element method. The problem is reduced to a system of linear algebraic equation
of the form:

(A7)s = £(s).

We look for a numerical solution
(S) = Z%@(S)y
i=1

where {¢;(s)};_, is the Lagrangian basis, corresponding to the discretization mesh
Sy, on the airfoils and ~; = v, (s;) ,7 = 1,...,n are the BEM nodal unknowns. The
collocation method is applied to the mid points of the boundary elements from Sj,.
Following [22] we obtain the system of linear algebraic equations

Zyl\lljz:fj7 ]:17277n7 (6)
=1

kbgeto Vi, = V,(s;), f(s;) = f;, Vi(s) = (Api)(s).

2.5 Analysis of numerical experiments on computers with
shared memory

Computing the matrix D has computational complexity O(n?). The calculation

of drag and lift forces have complexity O(n). The focus of this work is on the

most computationally complex part — the solving of the system of linear algebraic
equations.
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2.6 LU factorization

2.6.1 CPU processors with shared memory

PLASMA (Parallel Linear Algebra Software for Multicore Architectures) [7] is a
software library for solving systems of linear algebraic equations implementing the
standard LAPACK library. The effectiveness of PLASMA is based on using highly
optimized BLAS library (Basic Linear Algebra Subprograms) in which the basic
linear algebra operations are implemented — vector, matrix-vector and matrix-
matrix multiplications. For this level of computation we employ the libraries MKL
BLAS and ATLAS ATLAS (Automatically Tuned Linear Algebra Software) BLAS
[32].

In Table 1 we present the results of the numerical experiments for solving sys-
tems of linear algebraic equations obtained when applying the boundary element
method for discretization of a flow around airfoils problem. We compare the se-
quential and parallel execution times for PLASMA + ATLAS, PLASMA + MKL
and MKL solvers for n = 5 000 and n = 40 000 and varying the number of threads
used.

Table 1: Sequential and parallel execution times on CPU processors with shared
memory

Library Plasma + ATLAS PLASMA + MKL MKL
Threads n time [s] speed-up time [s] speed-up time [s] speed-up
1 5 000 8.42 1.00 5.03 1.00 5.30 1.00
16 5 000 0.67 12.57 0.47 10.69 0.47 11.26
32 5 000 0.88 9.59 0.65 7.76 0.65 8.12
1 40 000  4008.76 1.00 2497.12 1.00 2233.93 1.00
16 40 000 282.94 14.17 166.41 15.01 147.64 15.13
32 40 000 325.17 12.33 169.58 14.73 148.59 15.03

The results show good parallel speed-up for all tested libraries up to 16 threads.
The speed up achieved comes close to 15, which is close to the theoretical maximum
of 16.

The parallel effectiveness of PLASMA with MKL and MKL is quite similar,
increasing up to 94% for the larger problem. They outperform more than 1.5
times PLASMA with ATLAS. One possible reason for this could be that the gcc
compiler doesn’t employ vectoring as well as icc.

2.6.2 MIC coprocessors

In this subsection we analyze the parallel effectiveness of the Intel Xeon Phi 7120P
accelerators (MICs). The MICs are designed for massive parallelism and vector-
ization as required in High Performance computing. Every MIC has 61 cores and
each core can run 4 threads simultaneously for a total of 244 threads. We use the
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Table 2: Sequential and parallel times and speed up for solving systems of linear
algebraic equations on MIC coprocessors

Library MAGMA MIC MKL
Threads n time [s] speed-up  time [s] speed-up
1 5 000 11.70 1.00 17.64 1.00
60 5 000 5.81 2.01 2.86 6.16
120 5 000 6.76 1.73 3.55 4.97
240 5 000 5.39 2.17 3.80 4.64
1 40 000  4896.49 1.00 2101.93 1.00
60 40 000  665.53 7.36 154.23 13.63
120 40 000 432.89 11.31 93.80 22.41
240 40 000 208.48 23.49 64.43 32.62
(a) Sequential (b) Parallel with 16 threads

Figure 2: Comparison of the performance of LU solvers for CPU and MIC

Offload mode which reserves one of the cores for communication with the CPU,
thus we can use up to 60 cores (240 threads).

In Table 2 we present the results from numerical experiments with sizes n =
5 000 and n = 40 000, varying the number of threads from 1 to 240. The results
show very good performance of MKL in comparison with MAGMA MIC. This may
be because of better communication between the threads in MKL. For the biggest
problem we achieve parallel speed-up of 32.

On Figure 2 we compare the performance of the studied software libraries for
the CPU and MIC architectures. The performance of PLASMA with MKL is
better than that of MAGMA MIC. That may be due to better communication.

In conclusion we note that the MKL package has better performance both in
the CPUs and the MIC coprocessor. The best time on the coprocessor is 4 times
faster than the best on the CPU.
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2.7 Hierarchical Semi-Separable compression

The Hierarchically Semi-Separable compression, implemented in the software
library STRUMPACK is approximate. This means that the compressed matrix
H approximates the original matrix A. The user must provide two thresh-
olds — absolute e,,s and relative e, [9]. In the results presented on this
thesis we fix the absolute threshold at e, = 107® and vary the relative one
Erel = 1072,107%,107°,10® and 10712

2.7.1 Comparative analysis of hierarchical and LU factorization on
CPUs with shared memory

In this subsection we analyze the performance of the HSS compression method
and its software implementation in STRUMPACK in comparison with Gaussian
elimination and its best (based on the analysis above) implementation MKL, where
we use LU factorization. The sequential Figure 3a and parallel times Figure 3b
are presented. The results affirm the better computational complexity of the HSS
compression O(rn?) in comparison to the LU factorization O(n?). The impact of
the relative threshold £, can be seen clearly.

(a) Sequential (b) Parallel with 16 threads

Figure 3: Performance of STRUMPACK in comparison with MKL

For the sequential experiments STRUMPACK is more efficient than the best
direct solver employed — MKL. STRUMPACK shows lower parallel speed up -
around ~2 to ~5. This is due to the more complex recursive structure of the HSS
compression.

2.7.2 Error analysis for the HSS-based solver

Let us remind that the HSS compression is approximate, i.e. the compressed
matrix H is an approximation of A. The solution of the system of linear algebraic
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equations, obtained with HSS compression, is thus an approximation of the exact
solution. In order to estimate the error of the method we use the solution obtained
with the LU solver as a reference (see Subsection 2.6). Here we analyze the relative
error Riepative With the following definition:

HxGauss o mHSS HZQ \/E:'Lzl (l,iGrauss _ x?SS)Q

Bl Sy

Rrelative -

(7)

()

where 2G2S ig the reference solution obtained with the MKL solver, while 275 is
the solution obtained with HSS compression.

In Table 3 we show the relative errors Ry cative, varying the size of the problem
n € {5 005,10 005, 15 005,20 005, 25 005, 40 005}, as well as the relative thresholds
el € {107,108, 10712}

Table 3: Relative accuracy Rielative

Erel Erel
1076 1078 10712 1076 1078 10712

5005 1.1 0.085 0.00019 || 15005 | 0.29 0.23  0.00097
20005 | 0.28 0.34  0.0038 25005 | 0.3 148 0.013
10005 | 0.75 0.17  0.00075 || 40005 | 0.37 1.59  0.027

The accuracy and computational effectiveness of the hierarchical method rely
on the max rank of the off-diagonal blocks r, which is in turn dependent on the
chosen error thresholds and the structure of the original matrix A. Higher rank r
will result in smaller relative error Riepative as well as longer solution time and vice
versa.

The analysis of the presented results shows that in order to achieve high accu-
racy for the method we require very small threshold corresponding to higher rank
r. In these case HSS compression may not be sufficiently effective.

2.8 Parallel scalability on computer systems with dis-
tributed memory

This section is concentrated on some specifics and hardships when working with
HPC systems with hybrid architecture. Those machines have distributed memory
on the server level and shared memory on each server. As in the previous section
the comparative analysis includes the parallel libraries MKL and STRUMPACK.
In order to solve the system of linear algebraic equations, arising from the BEM
discretization of flow around Zhukovsky airfoils, we employ one or two servers
connected with Ethernet. We analyze the following variants with MKL and
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(a) Rank r (b) Relation r/n
Figure 4: Maximum off-diagonal rank r
STRUMPACK: Sequential; Parallel with 24 OpenMP threads; Parallel with 24

MPI processes on 1 server; Parallel with 48 MPI processes on 2 servers; Hybrid
parallelization with 2 MPI processes on 2 servers, each with 24 OpenMP threads.

2.9 LU factorization

On Figure 5 we show the execution times for solving the system of linear algebraic
equations with MKL. The best times are obtained when using a single server with
OpenMP, followed by MPI Figure 5b. This is explained by the slower Ethernet

communications when employing more than a single server.

(a) MKL times (b) MKL parallel speed up

Figure 5: Parallel times and speed up with MKL.

2.10 HSS compression

When solving the system with HSS compression, the obtained parallel speed up is
lower than when using the direct Gaussian solver Figure 6. This can be explained
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with the recursive structure of the HSS compression.

In the numerical experiments with the lowest relative threshold e, we obtain
the best computational time when using MPI on a single server. This could likely
be explained by the fact that OpenMP parallelization is implemented later than
the MPI optimization.

(1) STRUMPACK times(b) STRUMPACK times(c) STRUMPACK times
with with with
Erel = 1072 Erel = 1076 Erel = 108

Figure 6: Times and parallel speed up for STRUMPACK.

The behavior of the parallel speed up is drastically changed when employing
two servers. This is due to the much slower (relatively) connection between them
— 1000 Mb Ethernet. We can conclude that effectiveness could significantly be
improved with faster communication medium, like InfinBand, as well as increasing
the size of the solved systems of linear algebraic equations.

2.11 Concluding remarks

Central part in the presented results is given to the examination of the Hierarchi-
cally Semi-Separable compression method. The experimental comparative analysis
is based on the implementation in the STRUMPACK package. It shows much bet-
ter performance than the Gaussian solvers, utilizing LU factorization. In the same
time the parallel speed up of STRUMPACK is found lacking. This is explained
with the more complex hierarchical structure of the algorithm.

The accuracy and computational effectiveness of the HSS compression depends
on the choice of the absolute and relative thresholds. These parameters must
be determined by the user. The presented analysis shows how to achieve best
performance with the given accuracy.
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Chapter 3 Finite Element Method for numerical
solution of a two dimensional fractional
diffusion problem

The fractional elliptic in space problems of power « € (0, 1) are utilized in model-
ing anomalous diffusion problems. The arising boundary problems or non-local in
in the general case the numerical solution of such problems is a extremely compu-
tationally expensive process. Such models are used in image processing, financial
mathematics, electromagnetostatics, peridynamics, modeling flow in porous media
and many others.

The presented numerical experiments are for model problems in a square and
circle domain, and this abstract will show results only for the former. The frac-
tional Laplacian is defined through the Riesz potential. The theoretical basis and
the specialized finite element method for its numerical solution can be found in [1]
by Acosta et. al. The algorithmic implementation of the method can be found in
[2] from the same authors

The performance of several software packages implementing Gaussian elimina-
tion was analyzed in Chapter 2. Here we will use only the most effective of them:
Intel’s math Kernel Library (MKL). In this chapter we will analyze the perfor-
mance of the HSS compression based algorithm, implemented in the STRUMPACK
library. We will employ several reordering schemes in order to improve the struc-
ture of the stiffness matrix.

3.1 Problem Statement

The fractional Laplacian can be defined as

(—A)* u(z) = C(d, ) P.V. / ) — uly) (8)

R® |ZL’ _ y|d+2a

where P.V. means principal value, d is the number of dimensions, a € (0,1). The
normalized constant C'(d, &) can be written as

2%al (o + %)

720 (1 — )’

C(d,a) =

where I' is the gamma function.
In this chapter we utilize the integral definition of the fractional Laplace oper-
ator according to the definitions in 2] by Acosta et. al. The examined boundary
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value problem can be defined as

(CAYulr) = f(z), e
{u(x) =0, x € Q. (9)

Here  C R is a bounded domain, Q¢ is the compliment of  in R? and f(x),
x €  is the right hand side with enough smoothness.
The variational formulation is obtained from (9) by multiplying with a test

function and integrating by parts. The equation for the weak solution is: find
u € HY(R), such that

C<C;’ @) (U, V) gaga = /va, v E f[“(Q). (10)

The scalar product of u and v can be defined in the Hilbert space H*(Q2) with
norm || - || ge() = || - lz2¢) + | - |« (2). Here |- |paq) is the Aronszajn-Slobodeckij
half norm. (u,v)apa can be written as

SRV | g CCEL TG EOI

|z — y|+t2e

We will point out that integration is carried out over the whole space R?
Correctness of the variational definition of the problem (10 as well as the exis-
tence and uniqueness of the solution H%(£2) follow from the Lax-Milgram lemma.

3.2 Finite element settings

Let 7 be an admissible triangulation of the domain €2 containing N triangular
elements. We examine the finite element space V; of continuous linear in part
functions over 7. Let {¢1,...,on} C V, be the Lagrangian nodal basis, corre-
sponding to the internal nodes zy,...,zy. Then ¢;(z;) = 5f Let T € T is a
an element on the triangulation and let’s denote with Az and pr the diameter
and the inner radius. We also write h = maxpc7 hy. We examine shape-regular
triangulations, such that 7 > 0 independent of 7 such that

hT S TpT, VT € T

Under these conditions for any a € (0,1) the discreet analog of the variational
problem (10) can be written as

C(d, a
(2 ) <uh7vh>Ha(]R") = / f’Uh, Vp € Vh. (11)
Q

Abstracts of Dissertations 2022 (4) 4-45



COMPOSITE NUMERICAL METHODS AND SCALABLE TILE ALGORITHMS 23

Here u, = > ; uj, ¢ denotes the numerical FEM solution of the stationary diffu-
sion problem (9).

Solving the discrete variational problem (11) is reduced to solving the system
of linear algebraic equations KU = F, where U = (u;) € R" are the nodal
unknowns. The stiffness matrix K is symmetrical and positively defined, therefore
the system has a single solution.

In the proposed in [1] FEM variant integration is
reduced to a ball domain B D €2, such that the dis-
tance between the border Q and the compliment B¢
is sufficient. This introduces the additional triangula-
tion T4 over V\Q, such that the summary triangulation
T = T UTx over B is admissible. An example of such
triangulation is shown on Figure 7. The nodes denoted
with bold font correspond to the unknowns ;.

Let’s denote the elements in the triangulation over B
with Mz. Then the elements inside the stiffness matrix Figure 7: Admissible tri-

K may be written as angulation ) with an
auxiliary ball B.
. C(d,a) . i, i\j
KZJZT; mZ:lJ&mﬁLng , fmell,..., N5, (12)

where for the integrals I and J the following equations hold true

// vi(y)) (p;(z) — %(y))dwdy (13)

|x_y|2+2o¢
J%] d dx. 14
/ﬂ/cu_ e (14

3.3 Reordering of the unknowns

In Section 1.5 we have mentioned that for certain classes of problem it is possible
to significantly improve the structure of the matrix by reordering the unknowns.
The analysis carried out in this subsection shows that for the fractional diffusion
problem this is necessary.

The original ordering of the triangulation nodes is shown on Figure 9a. This
ordering is obtained from the MatLab function initmesh when generating the

finite element mesh. The structure of the matrix corresponding to this ordering is
not suitable for the HSS solver from STRUMPACK.
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3.4 Reordering by “Y” coordinate — “top”

With this reordering scheme the nodes in () are reordered by their “Y” coordinate.
The obtained reordering and matrix structure can be seen on Figure 9b.

3.4.1 Reordering by lines — ,stripes*

With this reordering scheme the nodes are reordered on horizontal lines. An
example of this reordering and matrix structure can be see on Figure 9c.

3.4.2 Reordering on a spiral — ,snake*

This algorithm reorders the unknowns on a spiral, similar to a coiled snake. The
reordering and the structure of the arising matrix can be seen on Figure 9d

3.4.3 Reordering with Nested Dissection

The Nested Dissection method applies a “divide and conquer” heuristic for the
division of a graph representing a sparse symmetrical matrix. The algorithm is
executed in three steps:

1. Construction of an undirected graph corresponding to the triangulation, such
that the vertices are the mesh nodes and the edges are the sides of the
corresponding triangles.

2. Recursive partitioning of the graphs with separators (small sets of vertices
which, when removed, divide the graph in subgraphs).

3. Reordering of the nodes in accordance with the recursive structure: First on
subgraphs and then by separators.

The separators for an example square domain can
be seen on Figure 8. The reordering and the matrix
structure are visualized on Figure9d.

3.4.4 Reordering with recursive bisection

Recursive Bisection [21] is examined as another method

for division of graphs. Unlike the Nested Dissection the

graph is divided in two subgraphs by removing edges. Figure 8: Reordering

This process continues recursively. The subgraphs in with nested dissection.

each recursive partitioning are numbered sequentially.  “X” marks the first node,
Recursive Bisection is used to balance the load on diiibugeRs tleenloxy. HPC

machines [21].
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(a) No reordering (b) ,top* (c) ,stripes”

(d) ,snake* (e) Nested Dissection (f) Recursive bisection

Figure 9: Reordering of the nodes in a square domain €2 and the structure of the
corresponding matrix. Dark gray lines represent the ordering of the nodes from
the first (marked with“X”) and the last (marked with “O”).

3.5 Analysis of numerical experiments on computational
systems with shared memory

The experimental results presented in this section are obtained on a single server of
the AVITOHOL supercomputer. The original ordering is obtained from the mesh
generation implemented in the program from [2|. In order to improve the effective-
ness of the hierarchical solver from STRUMPACK we analyze several reordering
schemes.

The numerical experiments are for a fractional Laplacian with power o = 0.5.
Visualization of the numerical solutions for the problem in a square and circle
domain are shown on Figure 10. In the abstract we show results only for the
square domain.

(a) Square domain (b) Circle domain

Figure 10: Solution of a fractional diffusion problem in square and circle domains.

In this section we analyze the performance of the two examined solver, based on
their software implementation: LU factorization from MKL and HSS compression
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from STRUMPACK.

3.6 Square domain

On Figure 11 we present the sequential execution times for solving the system
of linear algebraic equations. In most experiments the hierarchical solver shows
better times with recursive bisection, followed by the nested dissection, “top” and
“stripes”. Experiments show that MKL has better performance for all values of the
relative threshold except for e,q = 1072, where the recursive bisection, “stripes”
and “top” reorderings show better results.

We can also conclude that, except for the results without reordering and with
the “snake” algorithm, STRUMPACK shows similar performance to MKL.

(a) e = 1072 (b) erer = 1074 (c) €peg = 1076 (d) reg = 1078

Figure 11: Comparative analysis of the execution times for solving the system of
linear algebraic equations with MKL and STRUMPACK with reorderings “top”,

296

“snake”, “stripes”, nested dissection and recursive bisection.

3.6.1 Off-diagonal rank

On Figure 12 we present the off diagonal rank r, calculated in the HSS compression
step. On Figure 13 we show the relation n/r. The value of r is a measure for the
effectiveness of the HSS compression on a given matrix. The smaller the rank
is, the more effective the compression is. With the original ordering r has higher
ranks that vary between 1/3 and 1/4 of the number of unknowns. The “snake”
reordering shows the next highest ranks. The rest of the reorderings have similar
values for the ranks with the recursive bisection having the edge on most of the
experiments. The role of the maximum off-diagonal rank is visible from the results
analyzed in the previous section, shown on Figure 11.

3.6.2 Parallel times and speed-up

In this subsection we analyze the parallel speed up. The numerical experiments
are carried out with increasing problem size n € [2 131,32 302]. The parallel

Abstracts of Dissertations 2022 (4) 4-45



COMPOSITE NUMERICAL METHODS AND SCALABLE TILE ALGORITHMS 27

(a) Without reorder- (b) ,top* (c) ,snake”
ing

(d) ,stripes” (e) Nested dissection (f) Recursive bisec-
tion

Figure 12: Maximum off-diagonal rank r.

results obtained with 16 threads are presented in Figure 14. The graphs have
similar behavior an for the larger values of n the acceleration becomes linear. This
is according to the theoretical assessments. We will also note that for e, = 1072
and “top” reordering HSS compression has better times for the two largest sizes
n = 24 892 and 32 302. In the rest of the case the MKL solver is faster. This is
due to the more complex recursive structure of the HSS compression. For larger
problems we can expect STRUMPACK to show better times than MKL when
using smaller thresholds, too.

3.6.3 Analysis of the accuracy of the HSS based solver

When applying the HSS solver from STRUMPACK we obtain an approximation
of the solution. This is because the compressed matrix H is an approximation of
the original stiffness matrix K. As with the previous chapter we will analyze the
error of the method by calculating the relative error Riejative (7). Again we will
utilize the direct Gaussian solution as reference.

The relative errors for the original ordering and the analyzed reorderings is
presented in Table 4. For most of the experiments the relative error is similar to
the relative threshold €,..,. There are a few exceptions, where the accuracy is lower
than expected. For example when using the “stripes” and “top” reorderings for the
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(a) Without reorder- (b) ,top* (c) ,snake”
ing

(d) ,stripes” (e) Nested dissection (f) Recursive bisec-
tion

Figure 13: Relation of the number of unknowns and maximum off-diagonal rank
r.

(a) epeg = 1072 (b) ey = 1076 (c) ey = 1078

Figure 14: Comparison of the parallel times with MKL and STRUMPACK with
the studied reorderings

the largest problems (n = 32 302, the relative error is substantially larger than
€rel. This is another indicator of the need for suitable reordering methods.

The relative error depends on the effectiveness of the compression. This means
that when the maximum off-diagonal rank r is small, the compression is more
effective. This leads to smaller computational times, but larger relative error
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Table 4: Relative error for square domain.

No reorder ‘ »top*
n Ryclative 32 Tiol Ryclative 38 Ttol
1072 104 10~ 10~8 1072 104 10~ 10~8

2131 | 0.0125 0.000124 1.633e-06 1.088e-08 | 0.122  0.00014 1.469e-06 1.003e-08
4167 | 0.0244 0.000211  2.195e-06 1.414e-08 | 0.194 0.000345 1.868e-06 1.95e-08
8030 | 0.0435 0.000422  7.515e-06 5.049e-08 | 0.237 0.00681 5.732e-06 3.446e-08
12805 | 6.74 0.0212 6.258e-06 5.04e-08 | 0.329  0.00976 4.3e-06  6.554e-08
16184 | 0.136  0.000818  1.307e-05 1.035e-07 | 0.335 0.00117 5.96e-06 6.16e-08
24892 | 0.115 0.000955 1.791e-05 1.659e-07 | 0.45 0.00192 4.920e-06 9.5e-08

32302 | 0.145 0.0011 3.409e-05 1.533e-07 | 0.479  0.00246 9.788e-06 9.09e-08

snake" ‘ ,stripes®
n Rrelative 3a T'tol RTelative 3a Ttol
10~2 104 10~ 10-8 102 10~ 10~ 10-8

2131 | 0.0786 0.000229  1.353e-06 1.144e-08 | 0.111  0.000324  2.01le-06 1.283e-08
4167 | 0.172  0.000355  2.212e-06 2.357e-08 | 0.193  0.000623  2.178e-06 4.491e-08
8030 | 0.206  0.00107 2.737e-06 5.342-08 | 0.287  0.00108 7.943e-06 4.421-08
12805 | 0.324  0.00286 6.105e-06 1.995e-07 | 0.382  0.00117 6.793e-06 7.977e-08
16184 | 0.397  0.00363 8.919e-06 9.394e-08 | 0.393  0.00163 5.446e-06 7.988e-08
24892 | 0.513 0.00753 1.32e-05 1.174e-07 | 0.478  0.00176 7.613e-06 1.211e-07
32302 | 0.587 0.00647 3.129e-05 1.774e-07 | 0.497  0.00231 9.161-06 1.088e-07

Nested dissection ‘ Recursive bisection
Ry clative for STRUMPACK with 74 Ry elative for STRUMPACK with 74
" 10-2 10—4 10-6 10-8 10-2 10—4 10-6 10-8

2131 | 0.145 0.000403 2.837e-06 3.022e¢-08 | 0.0892 0.000338  2.694e-06 2.373e-08
4167 | 0.247  0.00138 2.866e-06 6.963e-08 | 0.223  0.000987  3.28e-06 5.245e-08
8030 | 0.378  0.00221 6.636e-06 7.277e-08 | 0.373  0.00172 6.402e-06 7.322e-08
12805 | 0.469  0.00342 8.211e-06 1.159e-07 | 0.424  0.000929  7.06e-05 1.043e-07
16184 | 0.499 0.00268 8.668e-06 1.542e¢-07 | 0.487  0.00217 8.736e-06 1.745e-07
24892 | 0.583 0.00318 1.04e-05 1.536e-07 | 0.536  0.0033 1.738e-05 2.e-07

32302 | 0.615 0.00539 1.432e-05 2.159¢-07 | 0.612  0.0031 1.419e-05 3.386e-07

Rrelative .

3.7 Concluding remarks

The experimental comparative analysis is based on the realization of HSS com-
pression and ULV-like factorization in the software library STRUMPACK. Th
analysis shows the better performance of the sequential algorithms in comparison
with tile LU factorization. In the same time the acquired parallel performance and
speed-up with STRUMPACK are lower, which is explained by their more complex
hierarchical and recursive nature.

The accuracy and computational performance of the HSS compression is highly
dependent on the relative £, and absolute €,1,s thresholds as well as the existence
of suitable matrix structure. The observed relative error has similar value to the
corresponding relative threshold. In order to improve the structure of the matrix
five reordering schemes are studied. The presented numerical analysis shows that
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the recursive bisection has the best results in most of the experiments.

The structure of the matrix obtained from the fractional diffusion problem is
less suitable than the problem investigated in Chapter 2 This can be explained
with the fact that the fractional Laplacian is strongly non-local. The examined
reordering schemes significantly improve the effectiveness of STRUMPACK. De-
spite this the parallel performance of the HSS compression is significantly lower
than the direct Gaussian elimination.

One of the advantages of the HSS compression is that when solving sequence
of systems of linear algebraic equations, in which the matrix doesn’t change, the
lower computational complexity of the solve with the factorized matrix O(nr) has
advantage over the solving after the LU decomposition — O(n?). Such problem
is the case with the problem studied in the next chapter — a parabolic fractional
diffusion with lumped mass matrix.

Chapter 4 Finite Element Method for solving two
dimensional parabolic fractional diffu-
sion problems

The main interest in the chapter is solving systems with an already factorized
matrix after applying the HSS based method. This step, after HSS compression
and ULV-like factorization, has computational complexity O(nr) [5]. For com-
parison, when applying LU factorization, the solving step takes O(n?) arithmetic
operations. With the stationary elliptic problem this step is applied only once and
has almost no impact on the performance of the solvers. This is changed when
the numerical method is used to solve a sequence of systems of linear algebraic
equations. In this case the relative weight of the solving after factorization step is
increased substantially. Such problem is the finite element method discretization
of a parabolic fractional diffusion problem examined in this chapter.

In order to generate the matrix of mass an algorithm and and a software module
are developed. It uses the information for the triangulation geometry 7 € 2. For
the discretization in time we will use an implicit Euler scheme with an uniform
time step and a lumped matrix of mass.

For the Numerical experiments we use settings analogous to the test example
in [31] by Vabishchevich. This allows the numerical results, corresponding to the
two methods to be compared.
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4.1 Problem statement

We use the integral representation (9) of the fractional Laplacian. The following
parabolic problem with unknown function u(z,t), (z,t) € Q x [0,T] is considered
Ju(x,t)

ot

+ (=A)%u(x,t) = f(x,t), z€Q, t €0,7T],

u(z,t) =0, re,  tel0,T],
u(z,0) =u’(z), z€Q.

Here [0, 7] is the time interval. The Dirichlet homogeneous boundary conditions
are applied as in the previous problem.

We apply the same triangulation 7 € 2 as in the previous chapter. The
following Cauchy problem is obtained

MLC;—? +Ku=Mf, 0<t<T, u(0)=u’

for the unknown functions u = (u;(t)) € RY, ¢ € [0,7] and right hand side
f=(f;(t)) € RY. Here K = K;; € R"*" is the stiffness matrix corresponding
to the fractional Laplacian. It has the form defined in (12) and (14). With
M;, = diag (m%) € RY we denote the lumped matrix of mass, where m? is the
concentrated mass at node z;. The algorithm and programming module for the
computation of M can be found in Appendix B.

For the discretization over time we use the implicit Euler method, which in the
general case has the form

J+l , I+ 4
Y/l Sy (S N S i s RS (15)
Tj 2
where m is the amount of time steps,
m—1
> =T
j=0

to =0, tj1 =t; +7; and W = u(ty), 7 = £(¢;).

In this dissertation we will limit ourselves to the case of a constant time step
7; = 7. Under this condition, each step in (15) comes down to solving the system
of linear algebraic equations

Kuw™ = {7, (16)

where

_— 4 — .
2 T
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The mass and stiffness matrices are symmetric and positive definite thus (16)
has a unique solution. This means that in the implementation of Euler’s method
the factorization step is performed once, then we solve m systems with the factor-
ized matrix.

The computational complexity of LU factorization is O (n®). Then the m steps
in time require another O left(n*m right) arithmetic operations.

In the hierarchical method — HSS compression and ULV-like factorization have
a summary complexity of O(rn? and O(nrm) arithmetic operations are needed to
solve the factorized systems. Thus, determining the effectiveness of the hierarchical
method is the max off-diagonal rank r.

Several reordering schemes were introduced in Chapter 3 for solving the frac-
tional diffusion problem. Here we will show only results for the most effective —
recursive bisection.

For the numerical experiments we will use a problem analogous to the parabolic
problem studied by Vabishchevich in [31], where the spectral definition of a frac-
tional Laplacian is used. The problem is solved for (z,t) € Q x [0,T] = (—1,1)? x
(0,0.1). The solution is determined from the time independent right hand side

(Il + 1)(]32 + 1)

flay =

and initial condition

+1 2 $1+1 .I'Q—f—l 2 $2+1
0(z) =100 [ 2 1— 1—
u’ () OO( 5 5 5 5

The discretization in time uses the triangulation from Chapter 3 with time step
T=T/m, m = 256.

The initial condition u°(z) and numerical solutions with o = 0.5 for t €
{0.025,0.05,0.075,0.1} are shown on Figure 15. The solution obtained is qual-
itatively similar to the results presented in [31] .

(a) t =0 (b) t=0.025  (c)t=005 (d)t=0075  (e)t=0.

Figure 15: Numerical solutions of the model parabolic fractional diffusion problem
with a = 0.5: FEM in space and Euler’s implicit method in time.
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4.2 Analysis of numerical experiments on systems with
shared memory

The numerical results analyzed in this chapter are obtained on computer systems
with shared memory. As in previous chapters, the experiment was performed on
the AVITOHOL supercomputer.

The MatLab program, published in [2], was used to generate the stiffness matrix
K and the right part f. For the reordering of the unknowns with recursive bisection
we use the algorithm described in Section 3.4.4 and the developed code presented
in Annex A.4. To calculate the lumped mass matrix M; we use the algorithm
presented in Appendix B.

4.3 Sequential and parallel experiments.

On Figure 16 we present: the execution times of the hierarchical semi-separable
compression and ULV-like factorization from STRUMPACK and LU factorization
from MKL — (Figures 16a and 16d); the total time for solving the systems with the
factorized matrices of each of the time steps in Euler’s method — (Figures 16b and
16e); and the total time — (Figures 16¢ and 16f). In almost all cases, the numerical
experiments show better efficiency of the hierarchical method, and this tends to
increase with the number of unknowns n. For the largest system (n = 32 302)
the total time with the HSS compression method from the STRUMPACK package
are between ~2.5 and ~5 times better than when using the LU factorization from
the MKL package. These results confirm the theoretical expectations for stronger
improvement of the efficiency of the hierarchical solver for the parabolic problem,
when compared to the stationary problem discussed in the previous chapter.

The parallel speed of the HSS based solver from STRUMPACK is shown on
Figure 17. The parallel experiments with 16 threads show speed up from ~3 (for
n = 2131) up to ~8(for n = 32 302). The lower parallel speed up of the hierarchical
method can be explained by the more complex hierarchical and recursive structure
of the compression algorithm. The parallel implementation of the solver with HSS
factorized matrix also has more complex (and less balanced) structure than the
tile LU factorization.

4.4 Off-diagonal rank

The maximum off-diagonal rank r, calculated during the HSS compression, is
presented on Figure 18a, on Figure 18b the relation n/r is shown. This rank is a
measure of the efficiency of the compression, and at the same time is detrimental in
estimating the computational complexity. For the examined problem r has much
smaller values than r. The compression is strong, meaning that r/n is small, with
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(a) Sequential times: com-(b) Sequential times: Time (c) Sequential times: Total
pression and factorization steps

(d) Parallel times with 16(e) Parallel times with 16(f) Parallel times with 16
threads: compression andthreads: Time steps threads: Total
factorization

Figure 16: Comparison between the solution times for the parabolic prob-
lem (16) with MKL and STRUMPACK with a relative threshold &, €
{1072,107%,1075, 1078},

(a) €re1 = 1072 (b) €rel = 1074 (c) €rel = 1076 (d) €1 = 1078

Figure 17: Parallel speed up in solving the parabolic problem with the application
of the HSS-based solver for m = 256 time steps.
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the largest values of the relative threshold e,,. Thus with e, = 1072 the rank
r is between ~20 and ~80 times smaller than n, while with the finest threshold
erel = 1078 this relation is between ~10 and ~30. This analysis shows that that
the reordered with recursive bisection matrix K has suitable structure for HSS
compression. This is also confirmed by the numerical experiments showcasing
the advantage of the hierarchical method over Gaussian elimination (block LU
factorization). It is important to note that the compression is approximate. Thus,
the higher compression efficiency, obtained with higher threshold values €., is at
the expense of the lower accuracy of the solution.

(a) Max off-diagonal rank (b) Relation of r and n

Figure 18: Visualization of the max off-diagonal rank r and relation n/r.

4.5 Analysis of the relative error of the HSS-based solver

The compressed matrix H, obtained after the HSS compression is an approxima-
tion of K. As with the stationary problem in the previous chapter, we will analyze
the relative error Riepative (7)-

The relative errors Rycative for 4 chosen values of ¢ are presented in Table 5.
As it was with the stationary problem the relative error is close to the supplied
relative threshold ¢,¢. The presented numerical results also show that the relative
error doesn’t increase substantially with the increase of the time interval. This
confirms the stability of Euler’s implicit method.

4.6 Concluding remarks

The main topic in the presented results is the analysis of the computational effi-
ciency of a method based on Hierarchical Semi-Separable compression and ULV-
like factorization and its parallel implementation in the STRUMPACK software
package. On specific of the applied implicit Euler method with a constant step 7
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Table 5: Relative error of the HSS-based solver.

(a) t =0.025 and ¢t = 0.05

Relative error at t = 0.025 Relative error at t = 0.05
n R'relative for Ttol Rrelative for Ttol
1072 104 10~6 10~8 1072 104 1076 10~8

2131 | 0.00385 7.52e—05 2.78e—07 5.53e—08 | 0.00659 0.000124 4.62e—07 9.72¢—08
4167 | 0.006 0.00013 6.4e—07 8.62e—08 | 0.01 0.000225 1.03e—06 1.36e—07
8030 | 0.0083 0.00023 1.28e—06 2.17e—07 | 0.0146 0.000375 2.e—06 3.49¢—07
12805 | 0.0106 0.00028 1.68e—06 4.77e—07 | 0.0178 0.000484 2.49¢—06 7.56e—07
16184 | 0.0126 0.0003 1.75e—06 5.16e—07 | 0.0227 0.00052 2.77e—06 7.88e—07
24892 | 0.0192 0.000393 2.5e—06 9.69e—07 | 0.0349 0.000619 3.97e—06 1.49e—06
32302 | 0.0234 0.000345 2.48e—06 1.18e—06 | 0.0437 0.000537 3.97e—06 1.76e—06

(b) t=0.075ut =0.1

Relative error at t = 0.075 Relative error at ¢ = 0.1
n R'relative for Ttol Rrelative for Ttol
1072 104 10~ 10~8 1072 104 10— 10~8

2131 | 0.0088 0.000159 5.98e—07 1.32¢e—07 | 0.0108 0.000188 7.07e—07 1.62e—07
4167 | 0.0135 0.000298 1.31e—06 1.707—07 | 0.0166 0.000361 1.55e—06 1.98e—07
8030 | 0.0206 0.000498 2.52e—06 4.55e—07 | 0.0264 0.000606 2.93e—06 5.49¢—07
12805 | 0.0242 0.000653 3.09e—06 9.74e—07 | 0.0301 0.0008 3.6e—06 1.16e—06
16184 | 0.0324 0.000706 3.6e—06 1.01e—06 | 0.0419 0.000875 4.34e—06 1.2e—06
24892 | 0.0499 0.000807 5.19¢e—06 1.92e—06 | 0.0646 0.000973 6.26e—06 2.3e—06
32302 | 0.0636 0.000693 5.25e—06 2.21e—06 | 0.0832 0.000826 6.41e—06 2.58e—06

is that the numerical solution of the parabolic the problem is reduced to m = T'/7
systems of linear algebraic equations with the same matrix K, only changing the
right hand side at each time step. This means that the matrix K is factorized
only once and the accent falls on the solution of m systems with a factorized ma-
trix. Recall that this step has a computational complexity O(n?) for the Gaussian
solver and O(nr) for the hierarchical solver. The presented analysis shows that,
for the considered problem, the rank r is significantly smaller than the number
of unknowns n, which determines the advantage of the hierarchical method. As
a result, both sequential and parallel solution times utilizing the solver from the
STRUMPACK software package are significantly better than the execution times
with the LU factorization from MKL.

The relative error Ryelative 18 close to the set relative threshold, growing steadily
with the development of the process over time. This confirms that the hierarchical
method provides good accuracy with suitably chosen .. The presented numer-
ical results confirm the significant advantage of the Hierarchical Semi-Separable
compression method from the STRUMPACK library.
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Conclusion

In this dissertation we analyze the computational efficiency of numerical meth-
ods and algorithms for solving systems of linear algebraic equations with dense
matrices. The motivation for this study are applications related to the numerical
solution of elliptical and parabolic partial differential equations. Two such prob-
lems are used in the presented comparative analysis: a) boundary value problem
describing laminar flow around Zhukovsky airfoils, discretized with the Boundary
Elements Method; b) anomalous diffusion inside a bounded domain modeled with
the fractional Laplacian, where the finite element method is applied for the dis-
cretization. In both cases the problems are reduced to systems of linear algebraic
equations with dense matrices. It is shown that the structure of these matrices is
suitable for applying a hierarchical method using HSS compression.

An important part of Chapter 2 is the comparative analysis of the compu-
tational complexity of software packages implementing tile LU factorization, a
variant of Gaussian elimination. The general conclusion is that the MKL library
has better performance than the examined alternative implementations of LU fac-
torization.

The accent of the dissertation is the analysis of the possibility for improvement
of the computational efficiency of solving systems of linear algebraic equations with
dense matrices with the help of an hierarchical method utilizing HSS compression.
This method is implemented in the STRUMPACK software package. In Chapters 2
and 3 the performance of the hierarchical algorithm for systems of linear algebraic
equations obtained from the application of the boundary element and finite element
methods, respectively, for the considered elliptic boundary problems. The analysis
shows that the studied dense matrices have a suitable structure for the application
of the hierarchical method. This means that the HSS compression finds low-rank
off-diagonal blocks.

The sequential experiments affirm the computational complexity measures of
the analyzed tile methods. For both problems the hierarchical solver shows better
performance than the MKL Gaussian elimination algorithm — the most efficient
from the studied software packages implementing LU factorization.

When applying the hierarchical method we obtain an approximate solution of
the system. Its accuracy depends on the accuracy of the HSS compression. We
base the analysis of the relative error Ricative Of the numerical experiments on
using the solution obtained from LU factorization as reference. For the fractional
diffusion problem the relative error is observed to be close to the set threshold e,q.
This can be accepted as a good characteristic for the HSS compression solver. For
the flow around Zhukovsky airfoils problem the relative error for the corresponding
€rel 18 larger, but this is compensated with better execution time performance.
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It is well known that the quality of the Hierarchical Semi-Separable compression
depends heavily on the structure of the dense matrix. With the two dimensional
fractional diffusion problem the structure of the originally obtained dense matrix is
not suitable for HSS compression. In order to improve it five reordering schemes are
applied. The presented analysis shows the advantages of using Nested Dissection
and Recursive Bisection.

In Chapter 4 we study the computational performance and accuracy of the hi-
erarchical solver based on HSS compression for a parabolic problem with fractional
in space diffusion. The discretization in time is carried out with an implicit Euler
differential scheme with uniform step. With this problem finding the numerical
solution of the problem is reduced to a sequence of systems of linear algebraic
equations with the same matrix. In this way on every time step we solve a system
that is factorized once only. Solving such systems with HSS compression has lower
computational complexity — O(nr) in comparison to the LU factorization’s O(n?).
For the examined parabolic problem the hierarchical solver’s execution times are
better both for the sequential and parallel experiments. At the same time, thanks
to the unconditional stability of the implicit Euler method, the relative error is
close to the set relative threshold &,q;.
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The results presented in this dissertation were reported in the following interna-
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e Numerical Methods for Scientific Computations and Advanced Applications
(NMSCAA), Hisarya, 2018
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e JIse rojuuu Asuroxos: Uuosarusuu Cynepkommorbpau [punoxkenns (Two
years Avitohol: Innovative supercomputing applications), Panagyurishte,
2017

e Numerical Solution of Fractional Differential Equations and Applications
(NSFDE&A), Sozopol, 2020

Main scientific and applied scientific contributions

1. The performance of the following software packages for solving systems linear
algebraic equations with dense matrices, using block LU factorization, was
studied: for General Purpose Processors (CPUs) — Intel Math Kernel Library
(MKL) and the open access package Parallel Linear Algebra Software for
Multicore Architectures Multicore Architectures (PLASMA); for accelerators
with the Intel Many Integrated Core (MIC) architecture — MKL and the
Matrix Algebra on GPU and Multicore Architectures (MAGMA) open access
package. The results of the numerical experiments for systems obtained
from Boundary Elements Method discretization of a boundary value problem
of laminar flow around Zhukovsky airfoils are consistent with asymptotic
estimates for computational complexity. The comparative analysis shows
better performance and very good parallel scalability of the MKL package.

2. We studied the numerical complexity, parallel performance and relative er-
ror of an Hierarchically Semi-Separable compression (HSS). Numerical ex-
periments are carried out with the free access library STRUctured Matrices
PACKage (STRUMPACK), where a parallel solver based on HSS compres-
sion and ULV-like factorization is implemented. The comparative analysis
includes two types of dense matrices, obtained form discretization with: a)
Boundary Element Method of a boundary value problem of a laminar flow
around Zhukovsky airfoils; b) Finite Element Method for two dimensional
fractional diffusion boundary value problem. A comparative analysis of the
solvers from MKL and STRUMPACK is carried out. A characterization de-
pendent on the relative threshold of HSS compression is obtained for the
cases, where the hierarchical method has better performance.

3. We show that for the for the flow around Zhukovsky airfoils problem with
boundary element method discretization the sequential ordering of the nodes
on the borders of the airfoils has suitable structure for HSS compression. This
is not the case for the fractional diffusion boundary problem, discretized
with Finite Element Method. In order to improve the effectiveness of the
Hierarchical Semi-Separable compression we propose and study five methods
for reordering of the unknowns. The comparative analysis shows significant
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improvement of the results when nested dissection or recursive bisection are
applied.

4. A method, algorithm and program implementation for the numerical solution
of a parabolic in space fractional diffusion problem are developed. The dis-
cretization in time is carried out with an implicit Euler method with uniform
time steps and lumped mass matrix. It is shown that for, this non-stationary
problem, the computational complexity of the separate parts of the algorithm
creates suitable conditions for advantageous use of the solver based on HSS
compression. This is affirmed by numerical experiments. For all studied sizes
in space of the discretized problem, as well as all studied relative threshold
values, the STRUMPACK solver has better performance than MKL.
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O01ia xapakTepucTHKa Ha ANCEPTAINOHHUS TPY/]

AKTyaJIHOCT Ha TeMaTa

HucieHOTO peraBaHe Ha 3aJa9d ¢ TOJIsIMa PA3MEPHOCT U3MCKBA U3IO/I3BAHETO HA
BUCOKOTIPOM3BOIUTETHA U3YUCIUTETHI KOMITIOTbPDHU CUCTEMM, KAKTO U CITeIia-
JIM3UpaH xapjyep u codryep — rpadudHd KapTh, YCKOPUTEH, BECOKOCKOPOCTHA
KOMYHUKAIUsI MEK/Ly ChbpPBbpPUTE Ha CUCTeMaTa, COPTYepHU CTaHIAPTU U HAKeTH
3a KOMYHUKAIUsI MEXKJLy IPOIECOPHU sij[pa M CbPBbPHU, COMTYEPHH MAKETU UMII-
JIeMeHTHpAIU eeKTUBHU YUCIEHU METOJU U MHOIO JIPYIH.

ChbimecTBYBaT PA3JIUIHA METO/IN 38 JUCKPETU3aInsl Ha Ju(EePeHITnATHE YPaB-
Henusi. TakuBa HaIpUMep ca MPEKOBHUTE METOJIM KATO MeTO/IbT Ha KpailHuTe ejie-
MEHTH, METOIbT Ha MPAHUIHUTE €JIEMEHTH U MeTOIbT Ha Kpajinure pasiuku. Cie
TSIXHOTO Hpujaarafe, JudepeHinaIHuTe YPABHEHUST Ce CBEXKJAT JI0 CHCTEMH OT
JinHeiHn ajrebpudnu ypasaenusd. MetoabT Ha [ayc e yHuBepcasieH MOJIXOJT 3a
pelaBaHe Ha TaKWBa cuCcTeMHU. B o0miust ciydail Toit nMa BHCOKA M3YUCTUTETHA
cioxnoct — O(n?), kbiero n e 6poar na nenssectuure [29)].

[Tpu jauckpernsanusi Ha JU(EPEHIMAIHOTO YPaBHEHWE ¢ MeToja Ha I'PaHuY-
HUTE eJIEMEHTH, KAKTO W IPU IpUaraHe Ha MeToJa Ha KpailHuTe eJleMeHTH 3a
HEJIOKAJTHH 33/1a9 (HAIPUMEp U3CJIeBaHATA B Ta3W AUCEPTAIUT aHOMAAHA (TPO6-
Ha) jaudysus) [2], mosyuenara MaTpuila Ha KODABUHA € NABMHA. EJINH Bb3MOKeH
[OJIXOJ1, 38 HaMAaJIsBaHe Ha M3YUC/INTETHATA CJIOKHOCT HA PENIeHneTo Ha CHCTeMU
C TAaKMBa MATPUIK e HepapxudHaTa KoMIpecust Bbieena ot Xakoyr (Hackbusch)
[10]. ITpu Hest ce m3nOI3BA cmpykmypama Ha u3xoaHaTa Marpura. Lleara e Kax-
TO 3a Jla ce Peylupa 3aeMaHaTa [aMeT, TaKa U Jia ce MOJ00pU M3YUCTUTe THATA
edekrusHOCT. TYK 0] cmpyxmypa Ha II'BTHA MaTPUIA ce Pa3bupa HAJIUIUETO Ha
AITPOKCUMAITUS HA U3XOAIIATa MATPHUIIA C HICHK PDAHT B M3BbHIMATOHATHUTE OJI0-
koBe. ToBa CBOMCTBO MO3BOJISIBA IPEJICTABSIHETO HA M3BbHIMANOHATHUTE DJIOKOBE
KaToO MPOU3BEJIeHNe Ha 1mo-Majku MaTpuii. ChIeCTBYBAT Pa3/INIHU PA3HOBU/I-
HOCTH Ha HepapXUuHHu MaTpHIM, B T.4. H,H? wm flepapXuann 1oJrycenapabesni
(Hierarchically Semi-Separable) HSS marpurm.

O6G30p Ha OCHOBHU pe3yJTaTH B 00JIaCTTa

OrpoMHHAT HaNpPeIbK BbB Bb3MOXKHOCTUTE HA CbhbBPEMEHHHUTE  BHCOKO-
[IPOU3BOJUTE/HN U3YUC/JIUTEHU CHUCTEMH 3acujiBa OIle IIoBedYe poJidTa Ha
epeKTUBHUTE YUCTICHU METOU U napaJjeaHuTe ajaroputmu. CyrnepKOMITIOTbPHUTE
CUMYJIAIAN Ca& OIIPEICIAIIN 38 PA3BUTUETO B PEJIUIA BUCOKOTEXHOJIOIUIHU 00J1aC-
tu. TakuBa Harpumep ca in silico MoJieKyJIsspHaTa OUOJIOTUS W MPOEKTHPaHe Ha
JIEKAPCTBEHU CPEJICTBA, aHAJIM3a Ha TYPOYJEHTHU TedeHus, O0e3pa3pyIIuTe THIAT
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KOHTPOJI, 00paboTKaTa Ha TPUMEPHH H300parKeHHsd, JUHAMHUKa Ha (DIyUIUTEe U
MHOT'O JIPYTH.

Cure1 mojIxoisIa IUCKPEeTH3alis MaTeMaTHIeCKUTe MO/ OOMKHOBEHO Ce
CBEXKJIAT JI0 3a/Ia49U Ha JIMHelHaTa ajirebpa, M3MesK/ Iy KOUTO OIpeJIeisia € pOoJis-
Ta Ha pelraBaHeTO Ha CUCTEMU OT JIMHEHHU aJreOpUIHM ypaBHEHUs. 3a IejTa ce
paspaboTBaT clenuaan3upaHn copTyepHU CPEJICTBA.

B obmusa ciaydail 3a pernaBaHe Ha CUCTEMU JIMHEHHN aJreOpPUIHU ypPaBHEHMS
C TUTBTHU MATPHIM Ce HpHUjaraT BapHaHTH Ha MeToja Ha [ayc, KOUTO H3I0JI3-
BaT II0CJIEIOBATE/THO U3KIIIOUYBaHe Ha Hem3BecTHHUTE. [10 1mpe/ioioskenne mrbTHaTa
MaTpPHIla € XOMOTeHHa, Thil KaTo He ce mpejroara, 9e T UMa HyJIeBU eJIEMEHTH.
Metoabt Ha [ayc nma nzuuciurenta cioxnoct O(n3). B nacrogmara jquceprais
e m3cjle/IBaH aJTepHATHBEH IOIXO0J Ha Oa3ara Ha iepapxudHa kKommpecus. Llerra
e HaMaJlsiBaHe Ha W3YUCIUTETHATA CJIOYKHOCT. TYyK I0J cmpykmypa Ha ILIbTHA
MaTpHIla ce pa3dupa HAJIMINETO Ha U3BbHIMArOHAIHE OJIOKOBE ¢ HUCHK paHr. [lo-
TOYHO IIPeJIojiara ce 4e TakoBa CBOMCTBO € B CHJIa 3a MaTPHIla, KOATO allPOKCH-
MHupa m3xoiHara. Hajmmanero Ha MOAXOsIINa cmpykmypa € B OCHOBaTa Ha Hepap-
XUYIHATa KOMIIPECUs U CbOTBETHUTE HePApPXUIHU METOIH 3a pelllaBaHe Ha CHCTEMU
C ITHTHE MATPHIIM 33 KJIACOBE OT 3a/a4dM Ha M3YHCJIHTETHATA MaTeMaTuka. Me-
papxuvHaTa KOMIIpecus e BbBejeHa or Xakoymr B [10], KbieTo ca u3cieBaHu T.H
H-marpunu. JIpyrn pasHOBHIHOCTH Ha flepapXmaHa KOMIpecHa ca H2-maTpumnuTe
[11] u ftepapxuannTe nosycenapabennn marpuru (HSS) [16]. Teopernana obocros-
Ka Ha MeTojuTe m3nosssaim HSS koMmmpecus mMoxe Jia ce Hamepu B [28].

CnlecTBeHa 9acT OT JUCEPTAIUsITa € IIOCBeTeHa Ha YHCJIEHOTO pellaBaHe Ha
Jpobro sudysnonnn 3agaun. pobuara mudysus (Hapudana ore aHOMAaJHA JU-
by3ust) onmcBa HEJOKAJTHN MPOIECH, KOUTO ce HAOIIONABAT B PA3JIUIHN (DU3HMIHN
U COIUAJTHU CpeJii. 3a pa3jinka oT OOMKHOBeHaTa (JIOKaJIHa) Tudy3us aHOMATHATA
nudysns BKIIOYBA T.H. ObP31 MPexon Win TyHe Hn edekTu. B aureparypara ca
nyOJIMKyBaHU Pa3HOOOPA3HU IPUMEPH HA MATEMATHYECKH MOJIEIN Ha IPOIECH U
SIBJIEHUSI, KOUTO Ce OnucBarT ¢ jApobHa jaudysus. Takupa Hampumep ca: TeIeHUsI
B CHJIHO HEEJHOPOJIHU MOPECTU CPEJIN, CYyIepIPOBOIUMOCT, Judy3ust Ha MOJIIMe-
pu B cynepcrynenn cpefu [4]; erekrponndysust Ha fioHu B HepBHU KieTku [15] u
JIMarHOCTUKa ¢ ToMoIra Ha dororna audysus [25); obpaborka Ha n300pazkeHust
1 MammHHO camoobydenue [20]; pasnpocrpanenue Ha BUPYCHE 3a00/IBAHIA, KOM-
HIOTBbPHI BUPYCH, KAKTO U Ha mpecrbiHoCcT [6]. [pobrusm ouepartop Ha Jlammac
onucBa aHoMmaJsHa Judy3us MO MPOoCTPpaHCTBOTO. ChIIECTBYBAT Pa3IudHu Aedu-
HUAIIMHA Ha dpoben ytariacuaH. BaskHO e j1a 0TOesIeKnuM, 9e Te He Ca eKBHBAJIEHTHH.
Taka nanpumep B [13] e aHanusupana pasjnkaTa MeXK/y MHTerpajHaTa U CIeKT-
pasiHara jedununun (BuxK cbio crarun [17] u [12] u sureparypara B TX).
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ILlenn 1 3aga4um HA AUCEPTAIAATA

OCHOBHM IIeJIM Ha, JUCEPTAIUSITA CA:

e CpaBHuTesieH aHaIM3 Ha ObLP30JEHCTBAETO M IIapaJiesIHaTa IPOU3BOIUTEI-
HOCT Ha 9eCTO U3IO0JI3BAHU COPTYEPHHU MAaKeTH IPHJIATAIINA IUPEKTHA Iayco-
Ba €JIMMUHaAIIUA 3a PelllaBaHe Ha CUCTEMU JIMHEeNHNn aHFe6pI/IqHH YpaBHEHUA C
IUIBTHE MaTPUIa IPH u3nos3Bare Ha reHTpasan nporecopu (CPU) u yeko-

puresn (MIC).

e Anamu3 Ha OBbP30JEHCTBUETO, MAPAJETHOTO YCKOPEHHE U TOYHOCTTA HAa
NpuOIN3UTEIEH MeTO ] 3a pelllaBaHe Ha CHUCTeMHU JIMHeHHU ajareOpuIHu
ypaBHeHUs 6a3upaH Ha flepapxudna moJycenapabesnna kommpecusi (HSS) or
codryepuns maker STRUMPACK 3a cucremu ¢ moixomsina CTPYKTypa Ha
MaTpHIaTa.

e PaspaborBane Ha aJropuT™Mu 3a MpeHapeKjaHe Ha HEM3BECTHUTE MPU 3814~
YU IIOPOJIEHU OT JUCKPETU3aIldsd C MeTOJ Ha KpailHuTe eJIeMeHTH Ha JpodHa
nudysus ¢ 1es1 nogodpsaBane Ha eeKTUBHOCTTA Ha HepapxXudHaTa MOJIyce-
napabe/iHa KOMIIpecrusl Ha TaKa U3YUNCIeHATa MaTPUIla Ha KOpPaBUHA.

e UYucyieHo pernraBaHe Ha €JUNTUYHE U MapabOIUIHNA 3a1a9d OT 0OJacTTa Ha
aHomaJIHaTa Judy3ust olrcaHa ¢ MHTerpajHara (popMyJInpoBKa Ha JIPoOeH
JIATITACUAH U JUCKPETU3UPAHA 110 IIPOCTPAHCTBOTO € METO/T HA KPAHWUTE eJre-
MEHTH.

MeTtomosiorusa Ha M3CJjeJIBaHETO

B jmmcepramusra ce anajmsupa epeKTUBHOCTTa, B CMUCHJI Ha Obp30eiicTBre, ma-
paJIeJIHOTO YCKOPEHHe M TOYHOCTTA (3a HpUOIM3UTEHUTE DEIeHns) Ha OJI0YHH
MEeTO/IM 3a pelllaBaHe Ha IJIbTHU CUCTEMU JIMHEHHH aJIreOPUYIHU ypaBHEHHA. 3a
1eJiTa Cce M3MOJA3BaT COMTYEepHU IMAaKeTH, B KOUTO Ca IMPUIOKEHU W3CJICIBAHUTE
OJIOUHU METO/IM.

[Ipu 3amavara, pasrienana B [taBa 2 ce m3mos3Ba mapaJiejiHaTa IporpaMa,
paspaborena B [23], 3a auCKpeTH3WpaHe Ha 3ajajieHa 3ajada U TeHepupaHe Ha
cucreMara JuHeiinn ajarebpuanu ypapuenus. [Ipu 3aadaure 3a japodbHa Jndy3usd,
pasriesiana B [iasu 3 u 4, ce usnonssa MatLab nporpamara paspaborena B |2]
oT AKocCTa U JIp. 3a TeHepupaHe Ha CUCTeMaTa JIMHEHHN aJreOpUYHd ypaBHEHUS.
Pazpaborennu ca nporpamu na MatLab, kouTo n3uuncigBaT u310I3BaHUTE IIPEHa-
pexnanus 3a tasu 3anada ([Ipuioxkenne A) m marpura na macara ([Ipumoxe-
ure B). Codryepanre 6HOIMOTEKN ChC CBOOOEH JOCTBII Ca KOMITMINPAHU BbPXY
M3II0JI3BAHUTE KOMITIOTHPHU CUCTEMH.
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CTpyKTypa Ha CbhIbpPXKAHUETO

B VYBoma e jmazena mormBalnmsaTa 3a HacTodlara pabora. Hakparko ca omnmcann
M3II0JI3BAHATE METON U PelllaBaHuTe 3a1a9.

I'maBa 1 mMa BbBeXKIAIL XapaKTep U OINKUCBA H3IOJI3BAHUTE OJIOYHU METOJIN
3a peniaBaH€ Ha IIJIBTHU CUCTEMU JIMHeTHN YpaBHEHUA, KaKTO W OIECHKa 3a U3-
qucJUTETHATe UM cyokuoctu. B Pazmen 1.1 e onmcan HaKpaTKO YHUBEPCAJIHUAT
JIMPEKTEH METO/I raycoBa eJlmMuHalus u basupanara Ha Hero LU dakropuszarnus. B
Paznesr 1.4 ca pasrienann flepapXuaHu METOIH 3a pelllaBaHe Ha CUCTEMU JIMHEHHN
ypaBHEHHS pa3pabOTEHU 3a pelllaBaHe Ha CHCTEMU ChC CMPYKMYpupaHy MaTpPH-
iy (1rbTHE U paspejenn). ONucaHu ca U IMpeJuMcTBaTa, Ha PA3IJIeKIAHUST METO]]
basupan Ha HSS Kommpecust — mo-HucKa OleHKa Ha M3YUCIUTETHATA CJI0KHOCT 38
3aJ1a4U C MOJIXOAINA CMpykmypa Ha MaTpPUIIATA.

B I'nasa 2 ca npejictaBeHU YUCJIEHE PE3Y/ITaTH 38 OOTUIAHETO Ha KPUJIHH IIPO-
dmwmm nHa 2Kykoscku. Ilomydenara cucrema ¢ nasmma MaTpHUIla ce U3IMOI3BA 34
6eH‘{1\IapK 1P CPaBHUTEJIHUAT aHaJIN3 Ha U3IIOJI3BaHUTE 6JIO‘—IHI/I AJITOPUTMU.

B T'maBa 3 e pasriemana 3ajiada 3a JIByMepHa aHOMaAHG TADY3UST MOJIETU-
paHa ¢ dpobrus omeparop Ha Jlammac. 3a QUCKpeTH3aIs 110 IPOCTPAHCTBOTO Ce
[IpujIara MeToJ Ha KpaiHUTe eJIEMEHTH.

B I'maBa 4 e pasriieiana mapabondna 3a/1a9a 3a JIByMEpHa 110 IPOCTPAHCTBOTO
aHOMaAHG TUDY3US.

B 3akmouenmero ca mpejcTaBeHH 0000maBaIiy OeIeKKH 38 OCHOBHUTE
pe3YJITaTI/I HOHy“IeHI/I B JucepTanudTa. @OpMy.HI/IpaHI/I ca Hay‘{HI/ITe n HaquO—
npuioxkuute npuHocu. Jlajen e cnucbK Ha NyOJUKYBAHUTE CTATUU U HA
U3HECEHUTE JIOKJIa U Ha HayIHH (DOPYMHU BbPXY KOUTO ce HGa3upa Ta3u padoTa.

I'maBa 1 Metroau 3a peliaBaHe Ha CUCTeMH JIMHeli-
HI yPaBHEHUs C ILTbTHU MaTPUIIA

MHoro 3aa11 0T U3YUCTUTETHATA TPAKTHKA Ce PeliaBaT YMC/IEHO Ipe3 CBeXK IaHe
JIO cUcTeMa OT JIMHEHHM ajreOpudHu ypaBHeHus. Taka HalpuMep IpH MIpUIaraHe
HA MEMOoJa Ha 2PAHUYHUME eAeMeNMU WA IPU JINCKPETU3AINS ¢ KpailHu eJleMeH-
TH Ha ypaBHEHUs ¢ dpobha crereH Ha omeparopa Ha Jlammac (dpobna nudysus),
ce TOJIydaBa CUCTEMa C ITbTHA MATPHUILA.

1.1 IIpekm meToamn

MetonbT Ha ['ayc e yHUBepcasieH MeTO/T 3a pelllaBaHe Ha CUCTEMH OT JIMHEHHN aJl-
reOpuyHN ypaBHenus. 1ol € ocHoBa Ha MMOBEYETO MpeKu MeToau. Taka Harmpumep
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LU dakropuszarusta (orme HapedeHa JEKOMITO3UINS) ce Oas3upa Ha IMOCIEI0Ba-
TEJIHO M3KJI0UBaHe Ha HenmzBecTHHUTE 110 MeTosa Ha [ayc. LU daxkropuzamnusara e
06a30B METOJI PeaJM3UPAH BbB BUCOKOIIPOU3BOJIUTETHUTE CODTYEePHU OMOIMOTEKN
Ha M3YNCIUTETHATa JUHeHa aarebpa.

1.2 Metoa una I'ayc

Metonabt na ['ayc 3a peraBane Ha cucTeMara OT JUHEHHN aJIr€OPUYHNA yPABHEHUS
Az = b BruouBa npaB u obparen xox: (i) Upes ekBuBajeHTHH MpeobpasyBaHUs
MaTpuIaTa Ha cucreMara ce MPUBeXK/a B TOPHA TPUbI'bIHA (IIPAB X0/, eJMMUHA-
s ); (i) PekypcuBHO B 00paTHa MOC/IEOBATEIHOCT CE€ U3KJIIOYBAT M3BbHIMATO-
HAJTHUTE eJIeMEHTH B i-TUs peJi Ha Marpurara 3a ¢ = n — 1,n — 2,...1 (obparen
XOJI, 3aMeCTBaHe).

Heka osmaunm ¢ A pasmmpenara marpuna A = (A|b). Torasa ma mhpsara
CTBIIKA HA IPABHS XOJI Ce YMHOKaBA IbPBHs pej Ha A 1o — 2% u ce npubaBs KbM
peJia ¢ HoMep %, 3a BedKO ¢ = 2, ..., n. [IpaBuar xom 3apbpIiBa cjiel n3IbJIHsABaAHE

Ha n — 1 TakuBa cTbiku. B pesysnrar mosydaBaMe ropHata TpUbIbJIHA MaTPHUILA
A=),

Ha obparHnsi X0 ropHata Tpubrbina Marpuia AM 1) ce npeobpasysa B ju-
aroHaJiHa MaTpUIA, KaTO 3a IeJiTa ce M3IbjaHgBar n — 1 crbuku. Ha mbpBarta
CT'BIIKA TIOCJIE/IHUS Pl Ha PAa3InpeHaTa MAaTPUIA Ce YMHOXKABA, 110 % U ce Cb-

i—1,n

Gupa ¢ i-tust pej 3a i = 1,...,n — 1. Ha Bropara crbuka ce Bzema (n — 1)-Bus
peJl, KaTo cJiej] HeHHOTO M3IIb/THEHNE ce aHyJIMPAT U3BbLHIMArOHAJTHATE €JIEMEHTH
B (n — 1)-Bug crb6. Taka, ciaeq n — 1 crbuku Ha OOPATHHA XOJI, MATPUIATA OT
KOe(DUIIMEHTHN ce CBeXKJia JI0 JIMaroHajHa Marpuia. Perennero Ha cucremara ce
ToJTydaBa CJie/] pas/iesigHe Ha i-TUs PeJl ChbC ChOTBETHUS JIMArOHAJIEH eJTEMEHT.

Taka B Tpaucdopmupanns sekrop b "1 = z nogyuaBame pemrenmero Ha
cucreMara. V3unc/mrerHaTa CJIOXKHOCT Ha MeTo/1a Ha ['ayc ce orpesess oT mpaBusd
xo11 [29]:

on3

Nfayc ~ ? — O(n3)

1.3 LU dakropuzainus

LU dakropusanusta e uspas3sBade Ha marpurara A Kato nmpomsBejieHne Ha BE
rpubrbaan MaTtpuin A = LU. Tyk L e jgojiHa TpwbI'bjHA MATPUIA C €TUHUIIT
110 IJIaBHUA auaronaJ, a U e ropHa TpubI'bjHA MaTpuiia. Ta3u (pakTopusalms ce
M3YHC/IABA C ITOMOIITa Ha Moauduinpan MeTo] Ha ['ayc u ce u3Io/3Ba BbB BUCOKO-

npoussoaureaaute 6ubmorekn (LAPACK, MKL, ACML, PLASMA, ATLAS, u

JIPYTHU) 3a pelllaBaHe Ha CUCTEMU JIMHEHHN yPaBHEHUS.
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HpaBI/IHT X0 Ha MeToda Ha Fayc MO2Ke Ja Ce 3all’uIlle BbB BHUa

Ly 1Ly —o... Lol A=U,

[\

~

i
Kbiaero Lq, Ls, ..., L,_1 ca JOJHA TPUbI'bJIHA MATPUIUA C €IUHUAIMU 110 IJIABHUSI
mmaronasi. HemocpencTseno ce mposepsBsa, e L u L = L~! ca ¢bIo JoaHn Tpub-
I'bJIHA MATPUIM C €JIUHUAIM 110 TJIABHUS JUaroHaJI. Taka mojydaBaMe:

LA=U <= A=1LU, L=1L"

Cren pakropusarusaTa Ha A, cucremMara OT JIMHEHHU aareOpPUIHN yPABHEHUS
ce CBEeXKJIa JI0 pelllaBaHe Ha JIBe CUCTEMU ¢ TpUbI'bjHu MaTpuru. [lomarame

L Ux =0,
=~
y

cJIe]1 KOeTo ce:
1. PemaBa cucremara Ly = b ¢ mpaBo 3aMecTBaHe;
2. Pemaa cucremara Ux = y ¢ obOpaTHO 3aMecTBaHe.

Usuucimrennara cuoxuocr na dakropusamusta e O (3n?), nokaro npasoro n
0bpaTHOTO 3aMecTBane ca cbe caoknoct O (n?).

1.4 Wepapxuuyam marpunu. MeTojau 3a periaBaHe Ha CHC-
TeMU JIMHENHU ypPaBHEHUS C IOMOIITAa HA MepapXu4Ha
rmoJrycerapadejiia KOMIpecus

Vepapxudnnre MATPUIH Ce U3IOI3BAT 38 AIPOKCHMAIAS HA PA3PEICHN 110 JAHHI
(data-sparse) marpurm. [Tox paspenmern 1mo JaHHE ce pasbHpaT MaTPUIH, KOU-
TO UMAT CMPYKMYPa, TO3BOJIABAINA AIPOKCAMAIMA C IIOMOIITA Ha KOMIPECHPAHN
MaTPHUIM, KOUTO Ce 3allCBAT C IOMOIITa Ha IO-MaJbK Opoii eaemenTn. B obmins
ciydaii, paspelleHuTe 110 JTaHHU MATPHUIN HE YIOBICTBOPABAT YCJIOBHETO Ja MMAT
O(n) nenyseBn eynementa. XakOyll BbBEXKa MOHATUETO ,HepapXUIHU MaTPUIU
B [10], kaTo paspaboTBa TEOpHs U AITOPUTMH 3a paboTa ¢ T.H. H-MaTPUIIHA.
MerouTe U3I0/I3BAIM fiepapXUYHI MATPUIM €A YaCT OT M0-00IaTa rPyna oT
MEeTOJIM 38 pelllaBaHe Ha CUCTeMHU Ype3 T.H. CTPYKTypupanu Marpuiu. B [3] e nanpa-
BeH 0030p Ha CbINECTBYBAIIATE METOIY U3IOJ3BAIY TAKUBA MATPHUIIN, BKJIIOYH-
TEJHO M HepapxXudHu IIoJIycenapabeHy MaTpulu. B HacrodmiaTa aucepranus e
uscaeaBana epeKTUBHOCTTA Ha aJIlOPUTMI Ha 6a3aTa Ha TO3U KJIaC METO.IN.
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STRUMPACK (STRUctured Matrices PACKage) e napasenna codryepra
O6ub/IMoTeKa, KOSITO WU3II0OJI3Ba HepapxudHa IojycernapabesiHa KOMIIPECHs 3a
peliaBaHe Ha CUCTEMH OT JIMHEHHM ajreOpUYHUd YpPaBHEHUS C ITBTHH MATPUII
[21]. AropuTbMBT BKIIOUBA TPH CTHIIKH:

1. Hepapruuna nosycenapabeana xomnpecus (anpokcumMauua,) ma Mampuyama
na cucmemama. IIpu HAMIMETO HA ONPEIEJIEHN TIPEIIOJIOKEHUs U3IUCIIH-
TeJHATa CJIOZKHOCT Ha Tash cTbika € O(r?n), KbIeTo r € MAaKCUMATHUAT PAHT
Ha HU3BbHAMAIrOHa/JIHUTE 6.HOKOBe Ha allpOKCHUMUDalllaTa MaTpHUulla U3YUCJIECH
B TIpolleca Ha KoMIpecus. B obmuar ciy4dail cioxuocrta e O(rn?)

2. ULV-nodobna daxmopusayus. Ha taszu crbika ce pakTopu3npa KOMIIPECH-
panaTta MaTpuiia. 3a IIeJiTa ce Ipujara BapuanT Ha MeToja Ha layc, 1mo-
J006eH Ha m3nos3BaHud npu npejcrapaaero Ha LU dakropuzamusara. Haii-
Harpe s ce uskaouBaT O(r) HEM3BECTHH, CJIe]] KOETO Ce U3KJII0UBAT OCTAaHA~
qaute O(n — r). V3umucaureaTa cI0KHOCT Ha Tasu crblika e O(r?n).

3. Pewenue. Taszu cTblika U3I10JI13Ba, KOMIIpecupanara u (haKTOpU3UpaHa MaT-
putia oT KoeUIMEHTH Ha CHUCTEMaTa ¥ JisiCHATa CTpaHa 3a HaMHUpaHe Ha
pertienuero. V3unciuresinara CJI0KHOCT Ha Ta3u crbika e O(rn).

Taka oblaTa H3YUCIUTEHA CIokHOCT Ha MeToga e O(r?n). KakTo me Buamum
MO-K'bCHO, Ta3W OIEHKa € B CUJIa ITPU OIPeJIeJIEHN ITPEIIOI0XKEHN .

1.5 HepapxmuHa moJycenapadejaHa KOMIPECHUs

B To3u paszern ime pasrie/ame HaKpaTKo fiepapxXuaHuTe Horycernapadenn MaTpu-
mu (Hierarchically Semi-Separable — HSS). Te ca BbBegenu or Mapruscon B [16].
B [21] ca ommcanu asnropurmute m3noiassann B STRUMPACK 3a pemasane na
CHCTEeMM OT JIMHEHHW YPAaBHEHHs C ILIHTHE MATDPHIN. JlepapXudHaTa KOMIIPECHs
MOZKe J1a Ce IIPUJIOZKH BbPXY BCsKa HEOCOOEHA MATPUIIA, HO € ehekmusHa CaMo, aKko
U3XO/IAIATa MaTpuia A MMa HOIXOAAIA CMPYKMYpPa — T.e. N3BbHINATOHATHUTE
i1 O10KOBe uMaT HUCHK paur. [loj ehexmuena kommpecus: pazdupame amrpoKCUMa-
sl HA MaTPUIaTa, KOETO BOJIU JIO ChINECTBEHO HAMAJISBAHE HA M3UUCIUTETHATA
CJIOXKHOCT Ha OllepaliuTe ¢ KOMIIPeCHpaHaTa MaTpuIiaTa, KaKTo U Ha TaMeTTa He-
obxomMa 3a HETHOTO ChXpaHsBaHe.

Osnauasame HSS kommpecupanara anpokcumMarius Ha marpunarta A ¢ H. As-
TOPUTBMBT MOXKE JIa C€ OIHIIE O CJICIHUSA HATNH:

1. Pasnensime marpurnara A ma derupu Osioka. [Ipemmonarame, de w3BbHIM-
aroHajHuTe GJOKOBE MMAT HHUCHK DAHr (M MOrar jia ce JeKOMIO3UpaT IO
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cunryssipun croitroctu (Singular Value Decomposition — SVD) wu apyra
akTopuzaIys, KOATO U3UUC/ISIBA PAHT):

g [Au A D UEBLIY
Asq Aso UlegBZ]_‘/lblg D,

Marpurure U, B u V' ce Hapudar zenepamopu. AKO M3BbHINATOHAJHUATE
0J10KOBe UMAT HUCHK paHr, marpurnure U ca ,,BUCOKU U ThHKU', B ca Majaku
U KBajpaTHy (uan OJIM3KY JI0 KBaJpaTHN) U MaTpuiwre V' ca ,HUCKA U IIU-
poku'. ChOTHOIIEHNEeTO Ha OpOsi Ha KOJIOHUTE W PEJOBETEe 3aBUCH OT PAaHTa
Ha U3BbHIMArOHAJHUTE OJI0KOBE. ) ca HEIIPOMEHEHHUTE JIMaroHa/Hi OJIOKOBE
Ha m3xoggmara Marpuiia A. OzHaderuero ,,big* 1e 6b1e 0O6ICHEHO TO-T0JTy
B TOYKA 3.

2. Ilpenmnosarame, e jguaronajHuTe 0JI0KOBE [ CHIO UMAT U3BbH/IMATOHAJIHN
6J10KOBe ¢ HUCBHK panr. Te ce KoMIpecupar 1o aHAJIOTHYeH HAaYUH, KaTo IIPOo-
IIeCHT MPObJZKaBa PEKYPCUBHO. BTOPOTO HUBO Ha pEKypCHUBHA KOMIIPECHS

nMa BUOA:
bi big*
D, U8By 2V ybiep, phie*
big big* 3 3,6Ve
A Uy "B21V; D,
= big big*
big big* Dy Uy °BysVs
Us " Bs,3V3 big big*
UYEB; 4V Ds

3. CwmblrecTByBa PEKYyPCUBHA 3aBUCUMOCT MEXKJIY 2€HEpamopume Ha Pa3InaHuTe
HuBa kKoMmriipecusi. ToBa OOsCHSIBA U M3IMOI3BAHETO Ha O3HAdYeHusTa ,big‘. B
CHUJIa Ca CJIEJIHUTE 3aBUCHUMOCTH:

big big
bi U 0 bi V 0

Tperoro HUBO Ha pekypcuBHa HSS KomIpecusi ce 3ammcBa BbB BHIA:

{ ! U{)igBl,zVQbig*] [U{)ig v ] UsBs,6Vy'

V;lbig* 0 :|

Ubep, vie" Ds 0 UdE 0o yre
ube o L VPET o Dy UPiEB, sVPE"
big | Us B6,3V3 big* big big*
0o U 0o v UPE By 4V} Ds

[eneparopure ¢ o3Hauenus ,big* morar ja He ce M3YUCAIBAT M3BBLH Haii-
BHCOKNTE HIBa Ha PEKypcHBHaTa KoMmpecuda. U ce mzumciasasa ot U, u ot U8 B
O-BHCOKUTE HUBA Ha KOMIpecHd. B mocseHoTo HUBO Ha KoMnpecusa U = U8,
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B obmus ciydait paBeHCTBO 2 He e TOYHO, a Hpubam3uTesaHo. ToBa o3Hadva-
Ba, 4e B pe3ysrar Ha HSS KoMmmpecusita mojgydaBame anpokcuMarys Ha A, KosiTo
osnadaBame ¢ H, r.e. H = A.

3a 1mesra ce m36Hpa MOIXOISI TPEIIXo/L (IparoBa CTORHOCT) €, KOWTO e He-
00XO/IMM TP M3YUCSTBAHETO Ha 2eHepamopume. Korato ce M3MOJ3Ba MO-TOJISIM
TPEIIXOJIJI, Ce MOJIydaBaT IO-MaJKUA 2eHepamopu M CbOTBETHO KOMIIPECHPAHATA
MaTpHUIA 3aeMa II0-MaJIKO IIaMeT U II03BOJIsIBa 110 e(MEeKTUBHU Ollepaluu ¢ Hes,
HO TOB& € 3a CMeTKa Ha TOYHOCTTa. [Ipm m360p Ha MO-MabK TPEIIXOJIJ € TOYHO
00paTHOTO.

KaKTO e IIoOKakKeM B cJjie/IBalluTe IJIaBU, IIOAPEXKIaHETO Ha HEHU3BECTHUTE
pu aceMbyinpaHe Ha MaTpuiiara A Busie cbIecTBeHO Ha edekTuBHOCTTA Ha HSS
KoMmIpecusita. Ako Marpurara A ce mpeHapeIu MPOU3BOJIHO, TOBA C TOJISIMa BEPO-
SITHOCT MOXKE JIa YHUIIOYKI KaKBaTO U J1a € HMOIXOIAINA 38 TO3H METO CIMpYKmypa.

3a omnpejiesieHn KJIacoBe 3a/a9l € Bb3MOKHO TaKa Jia ce IpeHape AT HEN3BeCT-
HUTE, Y€ Jia ce TMOJ00pU ChINEeCTBEHO CMpyKmypama Ha MaTpUIlaTa HA CHCTeMaTa.
Taka manpumep B [19] ca pasrieanu HAKOJKO MeTOJa 3a K/IbCTEPHU3AIUsl [PU
u3noj3BaHeTo Ha xpeberoobpasua perpecus ¢ syipo (Kernel Ridge Regression).
B I'maBa 3 me mpeijio:KuM K aHaJA3UpaMe HSKOJIKO METOIa 3a IPEeHaperKIaHe
Ha HEU3BECTHUTE 3a CUCTeMa OT JIMHEWHM aJIreOPUYIHU ypaBHEHU, OJIyUeHa pu
JMCKpEeTH3allis Ha eJIMITUIHA 3a/1a49a ¢ dpobHa CTelleH Ha omeparopa Ha Jlammac
(pobHO- b y3nOHHA 3a1a44a).

1.6 Kowmnpecusi cbC ciiydyaiiHu U3BaJIKU

Asropurbmbr 38 HSS xommpecnst B STRUMPACK ce ocrHoBaBa Ha mM3I0/I3BaHE-
To Ha ciydaitan n3Bajaku (randomized sampling), KoiiTo npuiara yMHOKaBaHe Ha
MHOKECTBO OT CJIy4YaiiHu BeKTOpH ¢ u3xojHarta marpuria A. Tosu meron e mpe/-
noxken or Mapruncon B [16]. B anropurbma He ce M3MCKBa Jia paslojarame ¢
maTpuriara A B ssBeH BujI. BMecTo TOBa € HyKHa caMo (DYHKIINS 338 YMHOXKEHUE Ha
A ¢ BekTop. IIpemymecTBara Ha TO3M MOJIXOJ, KAKTO U aAIITHBEH aJTOPUTHM 32
caydaifHn n3BaJKu, ca pasrieganu or Lopman u jap. B [9]. 3nonssanero Ha city-
YaliHU U3BAJIKU € [TOJIE3HO C'hINO TaKa IIpu uHTerpupanero va HSS saapa B coBbpu
3a 3aJla4u ¢ paspejieHn Marpuiu [8].

B obmus caydait n3uucuTesiHaTa CJI0KHOCT Ha YMHOYKEHIETO Ha ILITHTHA MAaT-
puna ¢ Bektop e O(n?). Tosa Boju 10 cioxuoct na HSS komnpecupanero O(rn?).
3a ompejiesieHn KJIacoBe 3aJ@adu 1 € MHOI'O HO-MaJjko oT n. Taka Hampumep 3a
asymeprn 3agaan Ha [loacon (MKE) r e koncranrta, a 3a TpuMepHH 3aja49u Ha
Xenmxosr (MI'E) pacre 6aBno mpu napactBane Ha n. Ao pasmnosiarame ¢ Obp3
AJICOPUTHM 338 YMHOYKEHIE Ha KOMIIPECHPAHATA MATPHUIA C BEKTOD, CJIOYKHOCTTA HA
KoMIIpecusTa Moxke Jjia ce Hamasm jo O(r’n).
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1.7 ULV-nomobua dhakropusalius U perieHne

Kommnpecupanara marpuna H B HSS dopma mMoxke j1a ce dpaxkTopusupa ¢bC CIiel-
asnen Buj, LU dakropusaius, napedena ULV dakropusanus [5]. Tasu dakropu-
3allis U3M0/13Ba OPTOTOHAJIHA TpaHCHOpPMAIUU 3a IOCIEI0BATE/THO U3KJII0UBAHE
Ha mbpBUTe N — 7 Hem3BecTHU. OcTaHajurTe r Hem3BecTHU ce u3kjouBarT ¢ LU
dakropuzarusa. B STRUMPACK e peanuszupana ULV-tiogo6Ha daxTopusarius,
[IPU KOSATO BMECTO OPTOroHAJHN TpaHcdopmalmu ce ndnoia3sa HSS crpykrypara
Ha KOoMITpecupaHnara marpurnarta H.
[IponecwbT nHa ULV-nonobna dhakropuzanus e uwiocrpupan Ha Purypa 1.

. - . k B pomuren
I N — o | —— N [==]

| — N

Qurypa 1: ULV-niojobna dgakropusarius.

Canen npunarane Ha ULV-nogobnarta daxropuzalus cucremMara OT JIMHEHHN
aJrebpuann ypaBHenust Ar = b ce cBexkJa 0 pelllaBaHe Ha JIBe CUCTEMU C TPU-

'bI'bJIHU MATPUI. V3uncinTesnHaTa CJI0KHOCT Ha Ta3u HocaeHa crbika e O(rn)
[21].

I'maBa 2 Metoa Ha rpaHUYHHUTE €JeMEHTU 3a YHC-
JIeHO pelllaBaHe Ha AByMepHa 3ajada 3a
obTmvuaHe Ha KPWJIHU IIPpodmin

B Tasu rimaBa ce pasriekia quCIeH MeTO/ 38 KOMIIOThbPHA CUMYJIAINs Ha JTaMUAHA-
PeH IOTOK OKoJIo KpuiiHu npoduian Ha 2Kykoscku. B nucepranusra e npuioxen
MeTorbT onucad B [18], KaTo e pazpaboreHa HporpamMHa peajm3als 3a 00THYa-
He Ha KacKaja OT KpuiaHu npodmin ot uueanen ¢uyng. Meroxsr e basupan Ha
KOJIOKAINS Ha CIUIAfHY ¢ Ha YacTW JimHeiiHa wHTepnosanusa. B [23] e npeacrasen
napaJiesieH Koj Ha nporpamuns e3uk C 3a peraBame Ha Pa3IyIeKIaHaTa 3a/ada.
Crnen quckpeTusnpaHe Ha HHTETDATHATE YPaBHEHUS 0 MeTO/Ia Ha I'PAHUIHATE
€JIEMEHTH Ce II0JIydaBa CUCTeMa OT JIMHeHHH ypaBHEHUs C ILTbTHa Marpuia. Pe-
3yJITATUTE OT LIPHJIAraHe Ha U3CJIE/BAHUTE B JINCEPTAIUATA METOIN U AJrOPUTMU
ce CPaBHABAT C PE3YJITATH IOJYUEHN 110 METOJa Ha IIOCJIE0BATETHO M3KJIIOYBA-
He (Meton Ha [ayc) peasmsupan B HIKOJIKO momyssipau codTyepHn nakera. Bbp-
xy CPU mporecopu B cCpaBHUTE/IHHS aHAIN3 Ha IPOM3BOJUTETHOCTTA H3IIOJI3BAME
Intel Math Kernel Library (MKL) u Parallel Linear Algebra for Scalable Multi-core
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Architectures (PLASMA), nokaro 3a Intel Xeon Phi konporecopure (HakpaTko Ha-
puuaanun MIC or umero na apxurekrypara Many Integrated Core) MKL mpousso-

nuTeHocTTa ce cpaBusBa u ¢ Matrix Algebra on GPU and Multicore Architectures
(MAGMA) 3a MIC apxurekrypa (Hapuaan 3a kpatko MAGMA MIC).

2.1 IlocTtanoBKa Ha 3aja4vaTa

2.2 Metoa Ha TPaHUYHUTE €JIEMEHTHU 3a IIpecMsiTaHe Ha TOo-
KoBaTta (pyHKOUSA Ha uaeajeH payn;; B HeorpaHUYIEHA
JAByMepHa obJiacT

Heka Q C R? e Heorpammuena MHOIOCBbP3aHa 00JIACT € JIOCTATHIHO IVIAIKA BbHT-
pemna rpanunia S. 3a pasriexjgaHara 3ajada QyHKIuATa Ha Toka VU yI0B/IeTBO-
psdBa ypaBHeHueTo Ha Jlariac

e R
g =9~ 9% 3
v 92 T o (3)
B ) C R? u MoxKe 112 ce Ipe/ICTaBU BbB BHUJIA
1
U(P) == [ 1) (*(P,Q)) dog + Vue(P) + Co,  PEQ. (4)
S

xbgero (P, Q) = (z—&)*+(y—n)*, P = (z,9), @ = ({,n) n dog e maApPKa BLPXY
S. II'bpBUAT WIeH Ha JsCHATa CTPaHa ChOTBETCTBA HA IPOCT CJIOH C ILTHTHOCT
v(0), Voo(P) e xapmorndHa (yHKIHA, g00aBeHa, 3a Ja ObJAT YIOBIETBOPEHH
yCJIOBUATA Ha BBLHINMHATA TPAHUIA, T.€. ipu P — oo. IIpu Te3m npeamnoiokenus 3a

nosieto Ha ckopoctute C' = (u,v),
ov ov
u=—-—, v=—
dy ox
ca B CHJIa ypaBHCHUSATA
1 — 1 —
u=— ’V(J)y nda, v=—— (cr)x Cda.
27 S 7"2 2 S T2

2.3 OO0TuyaHe Ha KPWJIHU Opoduian

B To3u paszen mie pasriexkjaMe 3ajadara 3a 00THUaHe Ha KPUIHH TPOMUIN Ha
2Kykoscku. Ilpuemame, 1e dirynjiHoro Tevenne B 6e3KpaifHOCT € ¢ XOMOT€HHA
ckopoct C o, = (1,0). Tyk ¢ S ca o3HaYeHN KOHTYpUTE HA KPUTHUTE MTPODUIIIL.
Ba pasrnexpanara 3ajada TokoBara GyHKImaTa WU yIOBJIETBOPABa yPABHEHUETO
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na Jlamnac (3). Kpuaaure npoduin S ca wenporutaemu. CiieloBATEHO € B CUJIA

IPAHUIHOT JIOBH = K = const. BJIETBOPUM YyCJIOBHSTA B
a oro ycinosue W|, = K = const. 3a Ja yJI0BIeTBO CJIO aﬁoo,

m3bupame Takosa W, te
8 (0¥ _8\1!00
>\ oy’ or )

B konkpernara 3aja4a M3I0/I3BaMe
lIIOO(P) = VOO(P)'
Taka uHTErpaHOTO ypaBHeHue (4) ce 3anmcBa BbB BH/A

1 /7(0) In (7“2(P, Q)) dog +C =0. (5)
S

V(P)—E

3a mosrydaBaHe Ha €IMHCTBEHO DeIleHne Ha WHTErPATHOTO yPABHEHUE Ce U3-
nossBa yeiaosuero Ha Pynre-Kyra y(A) = 0, kbjaero A ca BbpXoBeTe Ha OCTpUTE
'bIVIM HA KPUJIHUTE TTPODUIH.

2.4 JIuckperusalus

8a 4YHnC/IeHOTO pelaBaHe Ha MHTErPATHOTO ypaBHeHue (5) mpujiarame MeToja Ha
rpaHUYIHUTE ejleMeHTH. TakKa HelpeK'bCHaTaTa 3ajada ce CBeXkKJa JI0 CUCTeMa OT
JIMHEHU aJIreOPUYIHN yPaBHEHUsI, KOSITO MOXKEM J1a 3aIluIleM BbB BU/JIA:

(Ay)s = f(s).

[TpubsmzkenoTo pemienue ce ThbPCH BbB BUIA
m(S) = Z’Yi¢i(3)-
i=1

Tyx {¢i(s)}_, e Jlarpamkesusar 6a3uc Ha IPOCTPAHCTBOTO OT Ha YACTU JIMHEH-
Hu YHKIUK 110 Ipanunarta S, BbpXy KodaTo e jedunupana mpexara Sy. C v =
Yn(8i),i =1,...,n ca O3HAYEHN HEM3BECTHUTE CTONHOCTH Ha IIPHOJIMMKEHOTO pe-
IIIeHIe BbB BB3J/INTE HA MpexkKaTa. 3a peaju3alius Ha MeTO/a Ha TPAHUIHUTE ejie-
MEHTH TpUJIaramMe MeTOJ Ha KOJOKAIMATA ¢ KOJOKAIIMOHHU TOYKW B CPEJIUTE Ha
estlemenTure or Sy. CiienBaiiku [23| mosryuaBame cucremara oT JIMHEHHN ypaBHEHUS

Z’%\D]’L:fj7 j:17257n7 (6)
i=1

KbIAETO \I}JZ = \Iji(Sj), f(SJ) = fj7 \IJZ(S) = (AQSJ(S)
B Pazznen 2.5 ca npejicTaBeHr YUCIeHN eKCIIEPUMEHTH 3a 3a/ia9aTa 3a 00THIaHe
Ha MeT KPUJIHKA MTPOodUIa PA3IOJIOKEHH BEPTUKAIHO €IMH HAJT JIPYT.
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2.5 Awnaim3 Ha YNCJIEHU €eKCIIEPUMEHTH BbPXYy KOMITIOTbDHUI
cucTeMu C 0o0MIa ImamMeT

®opmupanero Ha marpunara D uma cioxuocr O(n?). Cnoxknocr O(n) uma u
U3YUC/IABAHETO Ha KOEDUIMEHTUTE HA YEJIHO ChIPOTUBJIEHUE U IOJEMHA CHJIA.
DoKyCchT Ha U3C/Ie/BaHe B Ta3u paboTa € BbpPXY Hali-TeXKKara U34UCJIUTeHA YacT
— pelllaBaHeTo Ha CHCTeMaTa JUHEHN aJreOpUIHN ypaBHEHUsI, KOETO ¢ METOJ Ha
Tayc uma cioxuoct O(n?) [14].

2.6 LU dakrTopuzamusa

2.6.1 CPU mporiecopu c obIija rmamer
PLASMA (Parallel Linear Algebra Software for Multicore Architectures) 7] e cod-

TyepeH MaKeT 3a pellaBaHe Ha CHCTEMU JIMHEHHW ypaBHEHUsI C ILIbTHH MaTPHUIIH,
KOWTO mMmIieMeHTrpa yakmuuTe Ha crapgapra LAPACK.

Edextusrocrra nHa PLASMA e 6a3supana Ha CHJITHO ONTHUMHU3UPAHUS MTAKET
BLAS (Basic Linear Algebra Subprograms), B KoiiTo ca peajJu3upaHi OCHOBHUTE
orepanuu B JMHelHaTa ajredpa — yMHOXKEHHE Ha BEKTODHU, MATPHUIM W BEKTO-
pu ¢ MaTpunu. 3a ToBa HUBO Ha uzuucienus usnoassame MKL BLAS u ATLAS
(Automatically Tuned Linear Algebra Software) BLAS [27].

B Tabnuma lca npejicraBeHu pe3y/aTaTUTE OT IPOBEJICHUTE YUCJICHH €KCIIEPH-
MEHTH 3a pelllaBaHe Ha JUHEHHUTE CHCTEMHU TOJIy9IeHU DY MPUIaraHe Ha MeToJa
HA IPAHUYHUTE €JIEMEHTH 3a JINCKPEeTH3allis Ha 3ajadara 3a 00THIaHe Ha KPHUJI-
uu npodum. CpaBHEHHU MOC/Ie0BaTeTHITE U apaJjeaan Bpemena 3a PLASMA -+
ATLAS, PLASMA + MKL u MKL 3a n =5 000 u n = 40 000, Bapupaiiku Opost

Ha HUIIIKHUTE.

Tab6mmma 1: [locienoBaresHn u mapaJjejHd BpeMeHa 3a pelllaBaHe Ha CHUCTeMaTa
Bbpxy CPU mporecopu ¢ obima namer

Codryep Plasma + ATLAS PLASMA + MKL MKL
Humku n BpeMe [s|  yckopenme Bpeme [s|  yckopenme Bpeme [s|]  yckopenwme
1 5 000 8.42 1.00 5.03 1.00 5.30 1.00
16 5 000 0.67 12.57 0.47 10.69 0.47 11.26
32 5 000 0.88 9.59 0.65 7.76 0.65 8.12
1 40 000 4008.76 1.00 2497.12 1.00 2233.93 1.00
16 40 000 282.94 14.17 166.41 15.01 147.64 15.13
32 40 000 325.17 12.33 169.58 14.73 148.59 15.03

Pezynrarure mnmokaspar jJ00po yCKOpeHHE 3a BCUYKHM TECTBAHU OMOJIMOTEKH JI0
16 mumKn. YCKOPEHUeTo JIocTura jio 15 u e 6,130 710 TeopeTuIHns MakcumMym 16.
[Tapasiennara epekrusaoct Ha PLASMA ¢ MKL u MKL e 6;1mu3Ka, KaTo J10oCTH-

ra 94% sa naii-rossimara 3agada (n = 40 000). U1 aBarta BapuaHTa IPEBBH3XOKIAT
PLASMA ¢ ATLAS noseue ot 1.5 nbrn.
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Tabsuna 2: [locsieioBaresinn u mapaJsielHI BpeMeHa U yCKOPEHUS 3a PelllaBaHe Ha
cucremarta Bbpxy MIC komporecopute

ITaker MAGMA MIC MKL
Humku n BpeMe [s|  yckopenme Bpeme [s|  yckopeHme

1 5 000 11.70 1.00 17.64 1.00
60 5 000 5.81 2.01 2.86 6.16
120 5 000 6.76 1.73 3.55 4.97
240 5 000 5.39 2.17 3.80 4.64

1 40 000 4896.49 1.00 2101.93 1.00

60 40 000 665.53 7.36 154.23 13.63
120 40 000 432.89 11.31 93.80 22.41
240 40 000 208.48 23.49 64.43 32.62

2.6.2 MIC yckopurein

B To3u paznen ananusupame napasennara edektusaocT Ha Intel Xeon Phi 7120P
kotporiecopu (MICs). MIC-oBere ca nmpoekTupanu 3a MaCUBHU HapaJjie/Hi 1 BEK-
TOPHU U3YUCIEHUsT HEOOXOJMMU IPU BUCOKOIIPOU3BOIUTEHUTE U3UNCaeHnd. 13-
no3BanuaT momaesr MIC mva 61 sapa, KaTo BCIKO SIAPO MOXKE JIa M3IbJIHSBA €]1-
HOBPEMEHHO WHCTPYKINA OT 4 HUIIKH, T.€. MOTAT Jla Ce U3IOJ3BAT MaKCuMyM 244
numkn. Vznonssame Offload pexkum, rnmpu KoiTo €1HO OT sijipaTa ce 3alia3Ba 3a KO-
mynukaius ¢ CPU nporecopa n moxkem jia u3nosssame 710 60 sapa (240 aummkn).

B Tabauna 2 ca mpejcraBeHn pe3yJiTaTH OT YUCJEHU €KCIIEPUMEHTHU 3a pellla-
Bane Ha cuctemute pu n = 5 000 u n = 40 000, Bapupaiiku O6Posi HA HUIIKUTE OT
1 o 240. Pesynrature mokaszsaT MHOTO 10-7100pa npoussogutrentnoct na MKL B
cpaaenre ¢ MAGMA MIC. Toa mozke j1a ce IbJIzKU Ha 110-100paTa KOMYHUKa-
nns mexay aHumkuTe B MKL. 3a mo-rossimara 3ajiada MOCTUTHATOTO HAPAJIETTHO
yCKOpeHue e 32.

Ha ®urypa 2 e cpaBHeHa IPOU3BOIUTETHOCTTa Ha MU3IOJI3BAHUTE COPTYEPHHU
nakern 3a CPU u MIC apxurekTypara.

[Ipoussoaurenmnocrra Ha PLASMA ¢ MKL 3a pemaBare Ha cucreMuTe BbpPXY
CPU e no-mo6pa or tazu Ha MAGMA MIC. Tosa mozke 1a ce JbJKE Ha 110-100pa
KOMYHUKAIIS MEXKIy HUIIKHUTE.

2.7 Hepapxu4iHa moJrycenapadeHa KOMIIPECHUsI

Hepapxuanara mosycenapabesHa KOMIPECHs HMILIEMEHTUPAHA B cOBTYEePHUS a-
ke STRUMPACK e npubsimsuresna. Toa o3HauaBa, 9e KOMIpeCHpaHaTa MaTpH-
na H ampokcumupa usxojgiara marpuna A. [Torpeburesnsar 3aj1aBa jaBa mpara Ha
rpentkarTa — abCOIIOTEH €,ps U OTHOCHTENIEH £ [9]. B mpeicraBennTe B muceprarm-
ATa eKCIIepIMEHTH abCOTIOTHIAT Hpar e (PUKCHPaH Ha €,ps = 1078, KaTo Bapupame
OTHOCHTEJIHHA Tpar &, = 1072,1074,1076,107% u 10712,
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(a) ITocemoBaresnno (6) ITapasesnno ¢ 16 Humkn

Qurypa 2: CpaBHeHUe Ha NPOU3BOJUTEHOCTTA HA cOMTyepHHUTE OHOJINOTEKHU 3a

CPU u MIC.

2.7.1 CpaBuureisieH anaiun3 Ha iiepapxu4dHa u LU dbakTopusaiiusa Bbpxy
CPU c obma namer

B To3u pasjes anaausupame Mpou3BOAUTETHOCTTA Ha METO/a Ha ToJIycenapadeta
ftepapxuana (HSS) kommpecus: u nHerosara codryepna peasmsanus STRUMPACK
B cpaBHEHHe ¢ MeTojia Ha [ayc u Heroara Hail-700pa (Ha 6a3ara Ha aHAIW3a, W3-
noxkeH no-rope) peanusarust MKL, xbiero anropurbmbr usnonssa 6aoana LU
daxropuzaus. Ha @urypa 3 ca npejcrasenu nocsegoarenaute (Purypa 3a) u
napasiesaure (Purypa 36) BpeMeHa 3a peliaBaHe Ha CHCTEMATa JINHEHHHU ypaBHe-
nus. Pesysnrature mOTBbpKIaBAT 110-100paTa M3UUCJANTEIHA CI0kKHoCTTa Ha HSS
komnpecuata (O(n?r)) B cpasnenne ¢ LU dakropusamusara (O(n?)). Slcuo ce Bux-
I1a ¥ Bb3JIEACTBUETO Ha M30paHus OTHOCUTEJICH IIPAr Ha I'PEIIKATA Epql.

(a) ITocsemoBaresno (6) TTapasesnno ¢ 16 Humkn

Qurypa 3: IIpoussoauresnoct va STRUMPACK cpasuena ¢ MKL

3a mnocienopareraute ekcriepumenTn STRUMPACK e muoro mno-edexrusen
OT Hai-100pust MpAK coaBbp, Koo n3noasBame — MKL. STRUMPACK nokassa
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MIO-MaJIKM TIapaJIeJIJH YCKOPEHHsI, ChOTBETHO OT ~2 10 ~5. ToBa ce JIb/KH Ha
[I0-CJIO’KHATA PeKypcuBHa cTpyKTypa Ha HSS kommpecusiTa.

2.7.2 Amnanus Ha rpemkara 3a HSS-6a3zupaHusi coiBbp

Hexka npunomaum orHOBO, ue HSS kKoMmpecusita e npubimsurenna, T.e. KOMIIPe-
cupanata mMatpunia H e npubanxkenne nHa marpurara A. [lomyderoro ¢ momornrra
na HSS kommpecusi perierme Ha cucreMara JUHEHHW aJreOpUIHN ypaBHEHUS €
aITPOKCUMAaIlds Ha TOYHOTO. 3a OIeHKa Ha T'peliKaTa mpueMame 3a pedepeHTHO
pemennero 1o Metoja Ha [ayc ¢ npgk cosBbp Ha Oasara na LU dakropusarius
(Bmk Pazzen 2.6). Tyk ananmsupame OTHOCHTETHATA TPEIIKA Ryelative JeDUHIPAHA
KaKTO CJIEJIBA:

HxGauss o mHSSHl2 B \/E?:l(wic}auss _ x};{SS)Q
o=, T
Gauss

KbIETO T € PeIeHneTo MoJIydeHo ¢ raycoBus coiBbp oT makera MKL, koero
HSS e pemrenneTo 1mosyueHo nmpu u3nos3BaHe Ha

(7)

Rrelative -

ce M3II0JI3Ba KaTo pedepeHTHo, a &
lepapXudHa moJycernapabena KOMIPECHs.
B Tabsmma 3 ca mokasaHU OTHOCHUTEJHUTE T'PEIIKUA Fyelative, BAPUPANKI pa3-

MepHOCTTa Ha 3ajgadara n € {5 005,10 005,15 005,20 005,25 005,40 005}, kakTo

U IIparoBeTe Ha OTHOCUTEJIHA TPeIKa £, € {1076, 1078 10712},

Tabmumna 3: OTHOCHTETHA TpemKa Rrelative

Erel Erel
107% 10°® 10712 10°% 1078 10712

5005 1.1 0.085 0.00019 || 15005 | 0.29 0.23  0.00097
20005 | 0.28 0.34  0.0038 25005 | 0.3 148 0.013
10005 | 0.75 0.17  0.00075 || 40005 | 0.37 1.59  0.027

TounocTrTa 1 M3YKCAUTETHATA €(DEKTUBHOCT Ha HepapXUIHUsT METO 3aBUCST
OT MaKCHUMaJHUs paHl Ha W3BbHINATOHAJIHUTE OJIOKOBE I, KOWTO Ce OIpEeIessi OT
n3bpaHUTE IparoBe Ha TPeNiKaTa U 3aBUCU OT CTPYKTypaTa Ha U3XOHATA MATPUIIA
A. Tlo-rosiemusiT panr r ¢hLOTBETCTBA Ha IMO-MAJIKa OTHOCHUTEIHA I'PEIKa Riclative,
KaKTO M Ha IO-IbJII0 BpeMe 3a pelllaBaHe Ha CUCTEMAaTa.

AHa/mM3bT Ha [Ipe/ICTaBeHUTe PE3Y/ITaTH IOKa3Ba, Ye 3a IOCTUIraHe Ha BUCOKA
TOYHOCT Ha METOJa MOXKe Ja € HeOOXOJIMM MHOIO MaJIbK IIpar ChOTBETCTBAII HA
rojiiM paHr r. B takbp ciyuait meroabr Ha HSS Kommpecns moxke j1a He Objie
JOCTATBIHO e(heKTUBEH.
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(a) Panr r (6) OrHomenne Ha r/n

Qurypa 4: MakcumaJjeHn n3BbHIaroHaJ eH panr r

2.8 IlapaJjsienna ckaJIMpyeMOCT BbPXY KOMITIOTbPHU CUCTEMU
C pasnpejiejieHa maMeT

To3u pazzen e mocBeTeH Ha aHaIU3 HA HAKOW CIENUMUIHE OCOOCHOCTU W TPY/I-
HOCTU TIPpU PadoTa ¢ U3YUCUTETHU CUCTEMU C XUOPHUIHA apXUTEKTypa. 1e mmar
pasmpejiesieHa maMeT Ha HHBOTO Ha ChbPBDBPHUTE, OT KOUTO Ca U3TPAJCHU U O0IIa
rmaMeT B paMKHUTe Ha BCeKU ¢hbpBbD. [IpeacraBenure pesyaraTu ca myOJInKyBaHd B
[24]. KakTo u B npeauinHus pa3/iei, CPAaBHUTEIHUAT aHAJIN3 BKJIIOYBA [TapaJIe/THI-
te bubmmorekn MKL u STRUMPACK. 3a pemaBane na cucremara OT JTUHEITHITE
aJIreOpUYHN ypaBHEHUA, MOJydYeHa MPU JUCKPETU3AIMd Ha 3ajadaTa 3a 00THda-
He Ha npoduan Ha ZKyKOBCKM ca M3IMOJ3BAaHU €JIMH WK JIBA ChpPBbPA, CBbp3a-
HU ¢ eTepHeT. AHaJIM3UpaHU ca CJeJHUTe BapuaHTu Ha u3mbiHenune Ha MKL u
STRUMPACK: Ilocnenosarenno; [Tapasenuzanus ¢ 24 OpenMP numku; Ilapa-
sgemuzarus ¢ 24 MPI nporieca va 1 cbppbp; [lapanenuzanua ¢ 48 MPI nporneca
Ha 2 cbhpBbpa; XubpuaHa napaJennsaius ¢ 2 MPI npomneca Ha 2 chpBbpa, BceKn
¢ 24 OpenMP nHumkmn.

2.9 LU dakropusanus

Ha @urypa 5 ca nokazanu BpeMeHaTa 3a pelleHne Ha CUCTEeMAaTa OT JIMHEHHU aJi-
rebpuann ypasaeans ¢ MKL. Haii-1o6po Bpeme ce momydasa ¢ OpenMP tpu m3-
IoJI3BaHe Ha eJnH cbpBbp. [lapasesHoTo yecKopeHnue Ha euH ChpPBBP € Hall-7100po
3a OpenMP, ciensano or MPI (@urypa 56). ToBa ce obsicHsiBA ¢ OTHOCHTETHO
110-OaBHUTE eTepHET KOMYHUKAIIUU MEXKIy IPOIECUTE IIPU M3IOI3BAHE HA ITOBEUE
OT €JINH CbPBBP.
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(a) MKL Bpemena (6) MKL mapastesiau yckope-
HUsT

Qurypa 5: [lapasesinn Bpemena n yckopenus 3a perasane na cucremute ¢ MKL.

2.10 HSS komrpecus

[Ipu pemapane Ha cucremara ¢ msnoa3Bana HSS kommpecusi ce mosrydaBar 1mmo-
MaJIK¥ TTapaJsie;IHl YCKOPEHUsI OTKOJIKOTO pu mpekust ['aycos consbp (Bizk Pury-
pa 6). ToBa Moxke ja ce 0b6sicHE ¢ peKypcuBHATa CTPYKTypa Ha HSS KoMIpecusTa.

[Ipu umciiennTe eKCIEPUMEHTH C Hafl-HHCKMs IIpar Ha OTHOCHTEIHA I'PEIIKa
(€ret = 107%) ce nosyvasa Haii-106po BpeMme 3a U3II'bJIHEHHE [IPU M3IOJI3BaHe Ha
MPI Bbpxy eaun ¢cbpBbp. ToBa Hali-BeposiTHO ce Ib/KK Ha (dakTa, 1e OpenMP
napasenun3anusta B STRUMPACK e nanpasena mo-KbcHO B pa3paboTKaTa Ha Ma-
keta ot MPI.

(a) STRUMPACK spemena (6) STRUMPACK spemena (8) STRUMPACK Bpemena
PH Epe] = 1072 DU Epe] = 1076 OPH Epe] = 10~8

Qurypa 6: Bpemena u napaJjiesiniu yCKOPEHUs.

IToBesienneTo Ha IAPAJIEIHOTO YCKOPEHUE Ce IIPOMEHSI C'bIIECTBEHO [IPH U3IIO0JI-
3Bare Ha J1Ba CbpBbpa. ToBa ce Ab/rKn Ha (OTHOCHTENHO) GaBHATA BPbH3Ka MEKLY
Tax — 1000 Mb Ethernet. Mo:xem ja HampaBuMm nsBoja, de eeKTUBHOCTTA MO-
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7K€ 3HAYUTEJIHO JIa ce TOJ00pH MpH T0-0bp3a KOMYHUKAIMOHHA cpelia (HaIlpuMep
InfiniBand), kakTo u npu yBesmuaBaHe Ha pa3Mepa Ha PeIlaBAHUTE CUCTEMU JId-
HeliHn ajareOpuvIHu ypaBHEHUS.

2.11 3akJiouyuTeHu OeJIesKKN

Henrpasno MscTO B IPEJCTABEHUTE PE3yJITaTH 3aeMa U3CJIEBAHETO HA METOJIa
Ha flepapxudana noJycenapabesnna kommpecus (HSS kommpecust). Excriepunventali-
HUSIT CPABHUTEEH aHAJM3 € Ha Oa3aTa Ha HEroBaTa peaju3alius B cOPpTyepHUs
maker STRUMPACK. Toit mokaszsa 1mo-100po 6bp3oeiicTBue oT npeknte ['aycoBu
cosiBbpH, usnosssainu osiouna LU dakropuszamus. B cbmoro Bpeme moJryvdenn-
te napaJiesan yckopenus ¢b¢ STRUMPACK ca mo-masiku, Koeto ce obyciaBs OT
[I0-CJIO’KHATA flepapXudHa CTPYKTypa Ha aJIfOPUTHMA.

Tounocrra 1 n3uncauTenHaTa edpekTupHocT Ha HSS KOMIpecusiTa 3aBUCAT OT
IparoBeTe Ha OTHOCHUTE/THA W abCOJIIOTHA Tperika. 1oBa ca mapaMerpu, KOUTO Ce
n3dupat ot norpedburess. [IpegcrapeHudaT aHa M3 MOKa3Ba KaK Jia MOJIYIUM Hafi-
J106pa ebeKTUBHOCT IIPH 33/1a/IeHa TOYHOCT.

I'maBa 3 Metoa Ha KpaliHUTe eJeMeHTU 3a 4ducJie-
HO peliaBaHe Ha JAByMepHa CTallMOHapHAa
3aJa4a 3a JpodHa audy3usd

JpobuuTe ejiunTryIHE OIIEPATOPH O IPOCTpaHCTBOTO Ha cremie « € (0, 1) onucar
nporiecu Ha anomanna audysnsd. CBbp3aHuTe ¢ TIX TPAHTIHE 331a41 Ca HEJIOKAJI-
HU W, B OOIUS CJIydail, 9MC/IEHOTO PellleHne Ha TaKuBa 33/[a9d € W3UNC/IUTETHO
CKBIT ITporiec. TaKbB TUI HEJIOKAJHI MOJIEJIH Ce ITpuJiara HalpuMep B obpaboTkara
Ha n300pakeHus, pUHAHCOBATA MAaTEMATHKA, €JIeKTPO-MAarHUTOCTATHKATA, IIepU-
JIMHAMUKATa, MOJCTUPAHETO Ha TECUCHUS B MOPECTH CPEJU M MHOI'O JIPYTU.

[IpeicraBennTe YHMC/IEHN €KCIIEPUMEHTH Ca 38 MOJE/THY 33J/1a91 B KBaJpaTHa U
KpbIvia 00/1acT, KaTo aBTopedepaThT ce OrpaHnIaBa ¢ Pe3yJITaTh CaMo 3a I'bpBaTa.
Hpobuust namiacuan ce jgedunupa ¢ nomomnrra Ha mnoreniman #a Pur (Riesz).
Teopernunara MmocTaHoBKa Ha 3aj@daTa U pa3pabdOTEHUsT CIENUATH3UPAH METOJ
Ha KpaflHuTe eJIeMeHTU 3a HEHHOTO YUC/IEHO PelllaBaHe ca MPEJICTABEHN B CTATHATA
ma Akocra u cwasropu [1]. B [2] aBropute ommcsar asropurMudHaTa peasn3aus
Ha MeTOJIA.

B I'napa 2 6sixa aHaJIM3UPaH HIKOJIKO CO(PTYEPHH HAKeTa PEeAJTH3UPAIIA METO-
JIA OT THUII raycoBa euMuHaIms. B Ta3u riiaBa e nu3nosizsad camo Hali-e(peKTUBHUAT
or tax: Intel’s Math kernel Library (MKL). Ananusupana e mpou3BouTe THOCT-
Ta Ha aJropuTbMa OGasupan Ha fiepapxudHa mnoJycenapabenna kommpecusi (HSS),
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peasmsupan B makera STRUctured Matrix PACKage (STRUMPACK). Usciuen-
BaHN Ca HAKOJIKO METOJa 3a IIPeHaperkJIaHe Ha HEU3BECTHUTE C Iesl Hojo0psiBaHe
edextuBHOCTTa HA HSS KOMIIpecusTa.

3.1 IlocraHOBKa Ha 3ajadvara

JpobHuAT amiacuan MoxKe Ja ce IpeJICTaBi BbB BUIA
o u(z) — u(y)
(—A)* u(x) = C(d, «) P.V./ — (8)
wn | — [t
kbjero P.V. o3nauasa riaBHa croitroct, d e pasmepHoctta, a € (0,1), a C(d, o) e
HOPMAaJIN3UPAIIATa KOHCTAHTA
2220l (a + 4)
721 — )’

C(d,a) =

Kbaero I' e ramma GyHKIUITA.

B Tazwm riaBa e m3no/izBana mHTErpaaHaTa JeUHUNIAA HA JIPOOEH JIallIacuaH,
B CbOTBETCTBHUE C Bb3IPUETaTa IIOCTAHOBKA Ha 33/[auara B craTusaTa Ha Akocra [2].
Taka pasriexkjgaMe cjeJHaTa IpaHUdHa 3aa9a 3a dpobHus oreparTop Ha Jlammac

(=A)"u(z) = f(z), =z€Q

u(z) =0, x € Q. (%)

Tyk Q C R? e orpanmuena orsopena obsact, ()¢ e jombianenuero Ha ) B RY u
f(z), z € Q, e agcHa YacT ¢ JOCTATHIHA TJIAKOCT.

Bapuanuonnara dhopMmysupoBka Ha (9) ce mosydasa, KaTo YPABHEHUETO CE YM-
HOYKH C TeCTOBa (DYHKIIUsI U ce MHTerpupa 1o dactu. Taka 3a caboTo pernenne
HnoJrygaBaMe ypaBHeHueTo: Tbpcu ce u € H*(§)), rakoBa ue

C(d,« .

% (U, V) gaga = /va, ve HY Q). (10)
CxkaJ1apHOTO TIPOM3BeJIeHNE Ha U U U € JepnHIpaHo B XUI0EPTOBOTO MPOCTPAHCTBO
H*(Q) ¢ mopma. || - |go) = || - |2 + | | (). Ty | - |go(q) € momyrOpMAaTa Ha

Aponmaiin-Ciiobogernkuii. (u, v) fepd MOZKE Jla Ce 3alMile BbB BUIA

SRV | g CCEU O TEG R

|J} _y|d+2a

[ITe o6bpHeM BHUMaHUE Ha (PaKTa, Ye HHTEIPUPAHETO € BbPXY [AI0TO IPOCTPAH-
crBo RY.

KopekTrHocTTa Ha BapuanmoHHATa TOCTAHOBKa Ha 3a1adara (10), KaKTo U Ch-
IMECTBYBAHETO U CMHCTBEHOCTTA Ha pemrenme B () ciempar or jemara Ha
Jlake-Murpam (Lax-Milgram).
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3.2 IlocranoBka Ha MeTO/ila HA KpaifHUTE eJIeMEeHTU

Heka 7 e momycrnma Tpuanryiamus Ha obgactta ) ¢beraBeHa oT Ny TpUbIbJIHI
Kpaiinu enementu. PasriexkaMe KpailHOEJIeMEeHTHOTO HPOCTPAHCTBO V), OT Hell-
pekbeHaTn Ha vactu Jjunelinun Gynknuu Bbpxy T. Heka {¢1,...,on} C Vj, e
JIaIDAHZKeB Bb3JIOB 0a3MC ChOTBETCTBAII Ha BbPXOBETE HA TPUbI'bJIHHUIUTE OT Ny
O3HAYeHN C Z1,...,TN, KOUTO He ca Ha rpaxumara 0S). Torasa ¢;(z;) = 67, Hexa
T € T e majeH eJeMeHT OT TPUAHTYJIAUATa U HeKa O3HAYUM C hp U pp ChOTBET-
HO JpaMeTbpa W pajuyca Ha BHucanara B 1 OKPbKHOCT, KaTo h = maxper hr.
Pasriexxaame peryngapau 1o popMa TPHAHTY/IAIME, 34 KOUTO CbIIeCTBYBa T > 0
HE3aBHCEII0 OT 7, TAKOBa 4e

hTSTpT, VT eT.

[Ipu Te3u npe/osoxkenus 3a Besko « € (0, 1) AUCKpETHUAT aHAJION HA BapHAIU-
onnara 3a1a4a (10) nmva Buja

C(d, )

9 <uh7vh>HQ(Rn) = / fUh, vy, € V. (11)
Q

Tyk ¢ up = Y. jUj,pj € O3HATEHO "MCJICHOTO DEIlIeHne IO MeTOla Ha KpaifHure
esiementr (MKE) na cranmonapnara 3ajada 3a qpobua mudysus (9). Pemasanero
Ha JINCKPEeTHATA BapUAIMOHHA 3aJlada ce CBEXKJia J0 CHCTeMa OT JIMHEHHu ajred-
puunu ypasnenus Bbs Buga KU = F| kpaero U = (u;) € RY ca neussecrnure
BB3JIOBU cTOitHOCTH. Marpuiara Ha KopaBuHa K e CUMETPUYHA U TIOJIOKUTETHO
oTIpejie/ieHa, U CJIeIOBATETHO CUCTEMATA MMa eIUHCTBEHO peIlleHHe.

B npunoxenus B [1] Bapuant va MKE, unrerpupa-

HETO ce peJylupa Jio Kpbrosa obsiact B D (), Takasa
qe PA3CTOSHUETO MEZKLy IPAHMIATA ) U JOIbIHEHIETO
B¢ e nocrarbuHo rojsimo. lobaBsi ce JIOIMbJIHUTEIHATA,
TpuaHrynanus 74 BbPXY B\, TakaBa 4e obrmara Tpu-
anryinamus 7 = T U T4 Bbpxy B e nonycruma. Ha ®u-
rypa 7 e IMoKasaH IpUMEpP Ha TaKaBa TPHAHTYJIAIA 34
kBajipaTHa obsactT (). Bb3aure orbesszanu ¢ yaebdeseHn
mpUdT CHOTBETCTBAT HA HEU3BECTHUTE ;.

Heka osmaumm ¢ Ms; Opost Ha enementute B Tpu- Qurypa 7: lomycruma
aHryJIanusaTa BbpXy Kpbroara obsiact B. Torasa ee- Tpumanrynanus 3a Kpaj-
MEHTHTe Ha MaTpuIilaTa Ha KopaBuHa K MorarT Ja ce parha objaact () ¢ 00BH-
3allUIIaT BbB BUIA BaI Kpbr B.

C(d, o) >

Kii —
1) B

Ny
Sonm 2| tmel N7 (12)
(=1 \m=1
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KbJETO 3a BbBEJACHUTE UHTEIr'paJin I u J casBcuia CbOpMYJII/ITe

- / / (p(x) — pily)) (@;(x) —%(?/))dwdy (13)

|.§C _ y|2+2a

Jii = /Te/cm_ |2+2)d da. (14)

3.3 IlpenapexkjaHe Ha HEN3BECTHUTE

Kakro Gerire orbesnsizano B Pazen 1.5 3a onpe/iesienn KiacoBe 3a/1a9u € Bb3MOXKHO
HEU3BECTHUTE Ja O'b/IaT IPEHAPE/ICHN TaKa, |Ue Jia Ce TMOI00PH ChIECTBEHO CMpPYK-
mypama Ha MaTpUIaTa Ha cucremara. lIpejcraBeHnsaT B Ta3u riiaBa aHAIN3 TOKA3-
Ba, 9e 3a MaTPHUIUTE TOPOJCHN OT 3a/adara 3a JIpodHa Tudy3us MpeHapeK 1aHeTo
€ HeoOXOIMO.

Ha ®urypa 9a ca nokaszanum OpUTrMHAJHUTE HOMEDAIMM HA BH3JIUTE B TpUAH-
rynamnugaTa. Te ce momydasar or MatLab dyukmusara initmesh npu remepupa-
He Ha KpaliHoejeMeHTHUTe Mpexu. Cmpykmypama Ha MaTPUIATA ChOTBETCTBA-
IMa Ha TOBa MOJpeXK/IaHe He € IMOAXOJSIa 3a HepapXWdHus COJIBbLD OT IaKeTa

STRUMPACK.

3.3.1 IIpenapexnaue o Y kKoopjgmHara — ,top*

[Ipu ToBa peHapekIane CHLOTBETCTBAIIUTE HA BH3JINTE OT TPHAHTYJIAUATa Ha )
HEU3BECTHU Ce COPTUPAT 1O TaxHaTa Y KoopjuHara. HoBaTa HOMepalus u CTPyK-
Typara Ha MOJIydYeHaTa MaTpulla ca Busyajusupann na Purypa 90.

3.3.2 IlIpenapexxgase mo JuHuu — ,stripes

[Ipu ToBa MpenapexKjjane HOBATa HOMEPAIUs HA BbH3JIMTE OT MPEXKATa € 0 XOPHU-
zonTa/THU JuHUU. [IpuMep 3a ToBa peHapeKjaHe U CTPYKTypaTa Ha MOJTydeHaTa
MaTpura ca nokasanu Ha Ourypa 9s.

3.3.3 IlIpenapexngaue o crmimpaJsa — ,snake

To3u ajropuTbMm IpeHapexKa HEU3BECTHUTE 10 CIUpaJsia Hamoo0saBalIla HABUTA
3Mud. ToBa mpeHapexKjaHe U CTPYKTypaTa Ha IoJIydeHaTa MaTpPUIa Ca BU3YAJHU-
supanu Ha Purypa 9r.

3.3.4 HpeHapeH{,uaHe II0 MEeTO/Ja Ha BJIO2KEHUTe cedeHud

Merogbr Ha Biiokenure ceuennsi (Nested Dissection) usmosssa mojaxoja ,pasje-
o ((

JId 1 BJIaJIel” 3a pasjiendHe Ha rpada MpecTaBdIl CTPYKTypaTa Ha HEHYJIEBUTE
eJIeMEHTH Ha 3a/1ajleHa pa3pejieHa CUMeTpUIHa MaTpHIa.
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AJ’II‘OpI/IT'bM’bT BKJIIOYBa TPHU CT'bIIKH:

1. Koncrpyupane na neopueHTupat rpad, ChbOTBETCTBAII HA TPUAHTYJIAIMATA
B KOHTO BHPXOBE ca BB3JIUTE OT Mpekara a pedpara ca CTpaHHUTe Ha CbOT-
BETHUTE TPUBI'bJIHUIIA.

2. PekypcuBHo pasjenste Ha rpada, U3M0I3BalKN pa3ieauTe/n (TakuBa Maji-
KU TIOJMHOYKECTBa OT BbPXOBE, Ue KOraTo ce IMpeMaxHar rpadbT ce pas3/iess
Ha JBa noarpada). Tasu mporerypa mporbizKaBa peKypPCUBHO.

3. Ilpenapexxjane Ha BB3JUTE B ChOTBETCTBUE C PEKYPCUBHATA CTPYKTYpPAa:
II'bPBO 110 TToArpadu U cjiel] ToOBa MO Pas3/IeTuTe .

Pasnmenurenmre 3a TecToBaTa 3ajava B KBaJIpaTHA
obJract ca nokazanu Ha Purypa 8. [Ipenapexkaanero u
[oJIyYeHaTa CTPYKTypa Ha MaTpPUIATa Ca BU3YaJH3UPa-
nu na Gurypa 9r.

3.3.5 IlpenaperkjgaHe 110 MeTO/]a HA PEKYPCUB-
Ha OucCeKIs

Pasriiexxtame pekypcuBHaTa Oucekius kato ajarepHa- Purypa 8: Ilpenapex-
THBEH IIOJIXOJ] 3a pazfieidHe Ha Tpada Ha JBe YacTH JaHe C MeTOJ Ha BJIOYKe-
[22]. Ba pasziuka or MeTosa Ha BOXKeHHUTEe cedenus, B muure cedenms. C X e
TO3U Caydail rpadbT ce pasjelis dpe3 MpeMaxBaHe Ha O3HadYeH I'bPBHUSA BPbHX, a
MHOKeCcTBO OoT pebpa. IlpornechT npoabizkaBa pekyp- ¢, mocieanus.
CUBHO, KaTO BCEKU OT JiBaTa Mojrpada ce pasjiesisd Ha
JIBE TI0 CBHIMUAT HAYMH U TaKa HATATbK. JacTuTe Ha BCAKO HUBO HA PEKYPCUBHOTO
pasjessHe ce HOMEpUpAT MOCIEI0BATETHO.

PekypcuBHaTa OmuCceKIs ce M3I0/13Ba 3a DalaHCHpaHe Ha HATOBapBAHETO IIPH
pelraBane Ha 3aJ1a9i BbPXY HU3UHCIUTEJHI CHCTEMHU C paslpe/ieieHa mamer [22].

3.4 Amnaju3 Ha 4UCJIEH! eKCIEePUMEHTU BbPXYy KOMIIOTbPHU
CUCTEeMHU C OOIIa IIaMeT

ExcriepumenTaHuTe pe3yiTaTu aHaJU3UpaHd B TO3U pasjiesl ca IOJyIeHU Bbp-
Xy egquH cbpBbp oT cynepkoMiorbpa AVITOHOL. Opurnnainara HoMepamys Ha,
Bb3/UTe (HEM3BECTHUTE) Ce TOJIydaBa B PE3yJITaT OT TeHEPUPAHETO Ha MpexKaTa
peasim3upaHo B porpamMara mybsmkysana B cratus [2]. C e mogobpsBane edek-
TUBHOCTTa Ha fepapxuaausa coiBbp or maketa STRUMPACK ca anammsupanu
HAKOJIKO TI0/IX0JIa 3a IpPeHapeKiaHe Ha HeU3BECTHUTE.
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(a) Bes npenapexiane (6) ,,top* (B) ,stripes®

(r) ,snake“ (1) Bioxkenn ceuenust (e) Pekypcusna Gucekiust

®urypa 9: I[Ipenapexjjane Ha BbpXoBeTe B KBajipaTHa objact {2 (rope) u cTrpyk-
Typa Ha choTBeTHaTa MaTpuia K. TbMHOCHBHUTE JIMHUU [IOKA3BAT IIOJIPEXKIAHETO
Ha BB3JIUTE OT II'bpBHs (MapKupaH ¢ ,X) 1o mocsegaaus (Mapkupas ¢ ,0%).

Yucjiennre eKCIEepUMEHTH ca 3a 33Ja49u C dpoben JIAIacCuaH CbC CTEIeH (v =
0.5. Busyanuzanus Ha 9UCIEHOTO PelleHne Ha 3ajadara 3a KBajJpaTHa U KPbLjia
obJract e okazana Ha @urypa 10. B aBropedepara ca npejicraBenn pesy/arati 3a
KBaJpaTHaTa 00JIacT.

(a) Kagparna obsact (6) Kpbrua obiacr

Qurypa 10: Pemrenune Ha 3amadara 3a dpobna audysus 3a KBaJpaTHa U KPbIia
o0J1acT.

B To3u pa3jgeil aHaJIu3upamMe IIPpou3BOJUTE/IHOCTTa Ha JBaTa pa3lvIezKIaHu Me-
TOda Ha Oa3aTa Ha TAXHATA peajmm3anud B CJIeJJHUTE CO(I)TyepHI/I ITIaKeTH 3a U39M1C-

qmurenan cucremu ¢ obma mamer: LU daxropuzamusa or MKL u HSS kommpecus
or STRUMPACK.

3.5 KBaaparua objacT

Ha ®urypa 11 ca npejcraBeHn mocjeoBaTelHuTe BpeMeHa (IpU W3M0JI3BaHe Ha
eJlHa HUIIKA) 3a pelllaBaHe Ha cucreMaTa JUHelHN aJrebpuaHn ypaBHeHus . B ose-
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YeTO CIIyUan HepapXuIHUAT COJIBBLD MOKa3Ba Hail-100pu BpeMeHa Ipu PEKYpPCHBHA-
Ta OucekIus, cjaejBaHa OT METO/] HA BJIOXKEHUTe ceueHus, ,top” u ,stripes”. Excre-
pumentute nmokazsat, ue MKL nma mo-106pa npoussoauresinoct or STRUMPACK
32 BCHYKHU CTOMHOCTH Ha OTHOCHTETHUAT IIPAT ¢ H3KJIIOUEHHNe Ha £,0 = 1072, Kbe-
TO Pe3yJTAaTUTE 3a PEKypPCUBHATa OMCEKIMs, ,stripes” u ,top mpeHapexK anusaTa
ca 1o-J100pu.

Mozkem j1a HAIpaBUM CBINO TaKa M3BOJA, Y€ KATO M3KJ/IIOYNM BapuaHTa 0e3
npeHapexKjjane u npeHapexanero or tu ,snake”, STRUMPACK nokasea oTHO-
cureyao 6ymm3ka 10 MKL npoussojmrenoct.

(a) gpeg = 1072 (6) epeg = 1074 (B) €reg = 1076 (r) €7y = 1078

Qurypa 11: CpaBHuTe/IeH aHAJM3 HA BpeMeHATa 3a pelllaBaHe Ha CHCTeMaTa, JIid-
weiitan anredopuann ypasuenns ¢ MKL u STRUMPACK ¢ npenapexmanus ,top*,
,snake”, stripes®, Bioxenn ceuennsi (Nested Dissection) u pekypcusHa Gucekius
(Recursive Bisection) 3a cirydast Ha KBajpaTHa 00JIACT.

3.5.1 MN3BbHAMAroHajeH paHT

Ha ®urypa 12 e mpejcraBeH M3BbHINATOHAJIHUAT PAHT T U3YHCJICH B IIPOIeca
na HSS kommpecnsita, karo na @urypa 13 ca mokasaHu OTHOIIEHUATA 1/T, Kble-
TO n e OpoaT Ha Hem3BecTHUTe. CTOMHOCTTA HA 7 € MAPKa 3a e(PeKTUBHOCTTA HA
KOMIIpeCHUsiTa 3a JajieHara mMarpuna. KoJIKoTo 1mo-MalbK € paHI'bT, TOJKOBa IO-
edekTuBHA € KoMIpecudTa. [Ipu opurunasHOTO TOJIpeK IaHe CTOMHOCTUTE Ha ' Ca
Hafi-rojiemu, Kato Bapupar Mex iy 1/3 u 1/4 or 6pos Ha HenspectHuTe. CiresBai
110 TOJIEMUHA PAHT ce IoJIydaBa IIpU IpeHapexkjaHeTo ,snake‘. Panrbr 3a ocra-
HAJIUTE MPEHAPEXKIAHNS MMa OTHOCUTETHO OJIM3KH CTOWHOCTHU, KATO 3& IIOBEYETO
OT pasrjieJlaHuTe MPUMEPHU 3a PEKYyPCUBHATA OMCEKIINs Ce IOJIyvdaBa Hall-BHCOKA
edeKTUBHOCT Ha HepapxXudHaTa ToJycenapadesHa komipecus. Pojgra Ha panra
ce TMOTBDBPKIABA U OT AHAJIUZUPAHUTE B IIPEJIXO/IHUSA Pa3/esl Pe3y/ITaTh MOKA3aH!
na Q@urypa 11.
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(a) Bes mpenapexa- (6) ,top* (B) ,snake*
He
(r) ,stripes® (1) Biioxkenn ceuennsi(e) PekypcuBna 6m-
CeKIus

Qurypa 12: Makcumasien U3BbHIUATOHAIEH PAHT 7.

3.5.2 IlapaJsiestHU BpeMeHa U yCKOpPEHUS

B Tosu pasznen anaymsupame mapaJjiesiHaTa edpeKTUBHOCT. IIpoBeienn ca ducieHn
eKCIIepUMEHTH 3a MATPHIM ¢ HapacTBalla pasmepHoct n € [2 131, 32 302]. Ha
Qurypa 14 ca mpejcTaBeHN pe3yaTaTH MOJYYEHU MIPU W3MOI3BaHe Ha 16 HUIIKMA.
Buxame, ge rpadukuTe uMaT 1o00HO TOBEJIEHNE, KATO 38 MO-TOJIeMUTe 3a1a4n
(mo-rojieMuTe CTORHOCTH Ha 1) YCKOPEHHsiTa craBaT Oju3ku jio JuHeitnu. Tosa
e B CHOTBETCTBHE ¢ TeopermdnuTe ornenkn. OTbenasBame, de 3a e, = 1072 1
npeHapexiane ,.top” fiepapxmana HSS kommpecus e ¢ mo-100pu BpeMeHa 3a JiBeTe
Hafi-rolemMu cuctemu, T.e. ipu n = 24 892 u n = 32 302. B ocranamure ciydan
JUpeKTHUAT raycoB coiBbp MKL e mo-6bp3. ToBa ce jib/KU U Ha 11O-CJI0KHATA
pekypcuBHa cmpyxmypa Ha HSS komipecugara. MoxkeMm j1a odakBaMme, 1Ue IIpU I10-
rosemu croitaoctu Ha n, STRUMPACK moxke 1a mokazke 1mo-100pu BpeMeHa OT
MKL u 3a mnmo-Majku cTOHHOCTH Ha IIpara Ha OTHOCUTEHA T'PEIIKA Epel.

3.5.3 Amnanus Ha rpemikata 3a HSS-6a3upanusi coaBbp

[Ipn npurarare va HSS consbpa ot nakera STRUMPACK nosxyaasame npubau-
oiceHue Ha pelIeHneTo Ha cucreMara. 1oBa ce AbJKK Ha (hakTa, 9e KOMIIpecupa-
HaTa MaTpuia H e anpokcumalus Ha u3xoaHaTa. KakTo n B npeaxojHaTa IjaBsa,
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(a) Bes mpenapexa- (6) ,top* (B) ,snake*
He
(r) ,stripes® (1) Biioxkenn ceuennsi(e) PekypcuBna 6m-
CeKIus

Qurypa 13: OrHoltenue na 6pPost Ha HEU3BECTHU 1 U MAKCUMAJIHUS PAHT 7.

(a) €pey = 1072 (6) €rep = 1076 (B) £y = 1078

Qurypa 14: CpaBHenne Ha mMapaJjie/THITe BpEMEHa 3a pelllaBane Ha CHCTEeMATa JId-
neitan asrebpuann ypasaenusi ¢ MKL u STRUMPACK c¢ npenapexianus ,top",
snake",  stripes, Bioxenu cedenusi (Nested Dissection) u pekypcuBHa Gucexiust
(Recursive Bisection) 3a kBajparHa 06/1acT.

Ie aHATM3MpaMe OTHOCHTETHATA Ipertka Ha MeTosa (7). B To3u anamns npuemame
peIIeHneTo MoIydYeHo ¢ JJUPeKTHUA raycos coisbp nHa MKL 3a pedepentho.

B Tabauma 4 ca npejacraBeHn OTHOCHUTEJIHUTE IPEIIKHU 38 OPUTMHAIHOTO ITOI-
pexKJiaHe U pasriie/laHuTe IIpeHapeXK IaHnsd Ha HEN3BECTHUTE 3a KBaJIpaTHa 00JIACT.
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Tabmumna 4: OTHOCHTE/IHA TPEIIKa 38 KBaJApaTHa 00JIacT.

(a) Bes npenapexjane npeHapexiane ,top“.

Bes npenapexxane

1

»top

n R'r‘elative 3a T'tol R'relati'ue 3a T'tol

10~2 10~ 10~ 10~8 1072 104 10~ 10~8
2131 | 0.0125 0.000124 1.633e-06 1.088¢-08 | 0.122  0.00014 1.469e-06 1.003e-08
4167 | 0.0244 0.000211 2.195e-06 1.414e-08 | 0.194  0.000345 1.868e-06 1.95e-08
8030 | 0.0435 0.000422 7.515e-06 5.049e¢-08 | 0.237  0.00681 5.732¢-06 3.446e-08
12805 | 6.74 0.0212 6.258¢-06 5.04e-08 | 0.329  0.00976 4.3e-06  6.554e-08
16184 0.136  0.000818 1.307e-05 1.035e-07 | 0.335 0.00117 5.96e-06 6.16e-08
24892 | 0.115 0.000955 1.791e-05 1.659e-07 | 0.45 0.00192 4.920e-06 9.5e-08
32302 | 0.145 0.0011 3.409¢-05 1.533e-07 | 0.479  0.00246 9.788e-06 9.09¢-08

(6) IIpenapexpanus ,snake* u ,stripes.
snake ‘ Stripes®

n Ry clative 32 Ttol Ry clative 32 Tol

10~2 104 10~ 10~8 1072 104 10~ 10~8
2131 | 0.0786 0.000229 1.353e-06 1.144e-08 | 0.111  0.000324  2.01le-06 1.283e-08
4167 | 0.172  0.000355 2.212e-06 2.357e-08 | 0.193  0.000623  2.178e-06 4.491e-08
8030 | 0.206 0.00107 2.737e-06 5.342-08 | 0.287  0.00108 7.943e-06 4.421-08
12805 | 0.324  0.00286 6.105e-06 1.995e-07 | 0.382  0.00117 6.793e-06 7.977e-08
16184 0.397 0.00363 8.919e-06 9.394e-08 | 0.393  0.00163 5.446e-06 7.988e-08
24892 | 0.513 0.00753 1.32¢-05 1.174e-07 | 0.478  0.00176 7.613e-06 1.211e-07
32302 | 0.587  0.00647 3.129e-05 1.774e-07 | 0.497  0.00231 9.161-06 1.088e-07

(B) HpeHapex(,uaHI/IH IO METOJUTE Ha BJIOZKEHUTE CE€YCHHE U PEKYpPCHUBHaTa 6I/ICGKHI/IH.

Bioxkenu ceuennst

PexkypcuBna 6ucekius

N Ryetative for STRUMPACK with 74 Ryclative for STRUMPACK with 70

1072 1074 106 1078 102 1074 1076 1078
2131 | 0.145  0.000403  2.837e-06 3.022¢-08 | 0.0892 0.000338  2.694e-06 2.373e-08
4167 | 0.247  0.00138  2.866¢-06 6.963¢-08 | 0.223  0.000987  3.28¢-06 5.245¢-08
8030 | 0.378 0.00221  6.636e-06 7.277e-08 | 0.373  0.00172  6.402-06 7.322e-08
12805 | 0.469 0.00342  8.211e-06 1.159¢-07 | 0.424  0.000929  7.06e-05 1.043e-07
16184 | 0.499 0.00268  8.668¢-06 1.542¢-07 | 0.487  0.00217  8.736e-06 1.745¢-07

24892 | 0.583 0.00318  1.04e-05 1.536e-07 | 0.536  0.0033 1.738¢-05 2.e-07
32302 | 0.615 0.00539  1.432¢-05 2.159¢-07 | 0.612  0.0031 1.419¢-05 3.386¢-07

3a 1moBevYeTo eKCIePUMEHTH OTHOCHTEIHATA IPEIKa € OJIM3Ka 0 3aaJIeHIsT Ipar
Ha OTHOCUTEJTHA T'PEITKA, Epel.

OrHocuTeTHATA TPEIIKa 3aBUCH OT ePEKTHBHOCTTA Ha KOMIIpecusaTa. ToBa
O3HAYaBa, Ue KOraTro W3YMCJIEHUSIT PaHl 7 Ha M3BbHIMANOHAJHHUTE OJIOKOBE €
[IO-MaJI'bK H3XOJdAINaTa MaTpHIla ce KOMIIpecupa MMo-epeKTUBHO, KOETO BOJU IO
ITO0-MaJIKO U3YHUCIUTETHO BpeMe, HO M JI0 TI0-BUCOKA OTHOCUTETHA TPEIIKaA [ielative
mopaJix MMo-TroJisiMaTa KOMITPECHS.
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3.6 3akJjoduTejHU OeJiesKKN

ExcniepumenTa//HIAT cpaBHUTeIeH aHaJm3 ce Oasuwpa Ha peajmsarusara Ha HSS
kommpecust 1 ULV-nogobna daxropusamus B copryepans maker STRUMPACK.
AnajmsbT Hokas3Ba 106po Obp30eiicTBIE Ha, IOCIeI0BATE/IHNAS aJIlOPUTHM B CpaB-
HEHHE C [IPEKUs IaycoB COJIBbD, u3nos3Baill ojiouna LU dakropuszanusga. B ¢bioro
BpeMe, IOy YeHUTe apasieHi TPOU3BOUTE/THOCTH U YCKOPEHHS TIPU N30/ I3BAHE
na nakera STRUMPACK ca mo-majku, KoeTo ce 00sSICHABa C TO-CJI0KHATa, Hepap-
XUYHA U PEKYPCUBHA CTPYKTYpPa Ha KOMIIPECHUSITA.

Tounocrra u nzuucauTeaHara edgekruHocT Ha HSS KoMmupecusita cbinecrse-
HO 3aBUCAT OT IIPAroBeTe Ha OTHOCUTE/IHA T'PEIIKA € U ADCOTIOTHA TPEIIKA €qapys,
KaKTO W OT HAJUYMETO Ha TOJXOJIANIA cmpykmypa Ha Marpurnata. [lpm ekcre-
PUMEHTHTE ce HaOJI0aBa OTHOCUTE/HA TPEMKA [Riclative HA IUCTEHOTO PEITeHne
OJIM3Ka JI0 Ep. 3a 10JI00psiBaHe HA cmpykmypama Ha MaTPUIATA Ca IIPEJIoKe-
HU IIeT HaduHa 3a IIPeHapexKIaHe Ha HeU3BECTHHUTE, KOMTO YBEJIUYABAT CbIIECT-
BeHO eeKTUBHOCTTA Ha KoMIipecusTa. [IpejcraBeHusaT aHa/jm3 mokas3Ba, ue IpU
moBeveTo ekcrepuMenTr edekrtuBHOCTTa Ha HSS KOMIpecusTa e Haii-100pa mpu
IpeHapesk/laHe ¢ PeKypPCUBHATA OMCEKITUS.

Cmpyxmypama Ha MaTpHUIaTa MOJydeHa IPU JIUCKPETH3AIUs Ha JPOOHO M-
dysuonHaTa 3a7a49a e IMo-MaJKo Hoaxoadama 3a HSS koMmmpecns, B cpaBHEHNE ChC
3ajadaTa pasriejgana B [aa 2. Topa moxke ma ce obsicHu ¢ hakTa, de dpobru-
AM JIATLIACUAH € CUJIHO HejoKaJsieH. [IpeiokennTe npeHapexK janus Ha HEU3BEC-
THHUTE 3HaINTeTHO 110/100psiBaT edpektuBHOCTTa Ha STRUMPACK. Bhiipeku ToBa
napaJseTHoTo Obp3oeiicTeue Ha HSS KoMIpecusita OTCTBIIBA Ha TMPEKHUS COJIBbLP
nznos3sai 0109Ha LU dakTopusarius.

Exno or npemumersara Ha HSS kommpecus e, de mpu pemraBaHe Ha Cepus OT
CUCTEMU JIMHEIHN aIreOPUIHU YPAaBHEHUSI, IIPU KOUTO MATPHUIATA HE Ce U3MEHSI 110~
HUCKATa M3YUC/IUTEHA CJIOKHOCT Ha peraBane ¢ (pakTopusnpaHa MaTPHUIA CJIe]T
HSS kommpecus u ULV-tiono6ua dhaxropuszarsi O(nr) e uMa mpeuMcTBO TIpet
pemapaneto ¢ gpakropusupana marpuna ciel LU daxropusanus — O(n?). Takbs
HAIIPUMED € CIydasT Ha mapabo/nydHa 3aja4a, IPU JUCKPEeTH3alisaTa Ha KOITO Ce
U3I0J13Ba MaTPHIla Ha MacaTa ¢ auaronaiana KoumerTparms(lumped mass matrix)
pasrieiaHa B ceBaliara riaBa.
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I'maBa 4 Metroa Ha KpaiiHUTe eJIeMEHTU 3a pella-
BaHe Ha JAByMepHa IapabojmvHa 3ajada
3a ApooHa nudy3us

Bogent nnTepec 3a n3cieBaHUATa B Ta3U IVIaBa IIPEJICTAB/ISBA PENIaBAHETO HA
cucreMn ¢ dakTOpU3MpaHaTa MaTpPUIa [IPU IPHIAraHe Ha fepapXUdHHsA MeTOJ.
Tazu crwika, cienq HSS kommnpecuss u ULV-tioiobua dakTopuszarus, mMa U39uc-
muresHaTta caoxkuoct O(nr) [5]. 3a cpaBrenne npu msnosnsBanero Ha LU dak-
Topu3arys (raycoBa eJUMUHAINS) PEIaBAHETO Ha CHCTeMH ¢ (haKTOpu3MpaHaTa
matpuia uznucksa O(n?) apurmernyanu onepanuu. [[pu cTanuponapHaTta 3a1ada Ta-
3 CTBIIKA Ce U3I'bJIHABA CAMO BEJIHb)K U IOYTH He BjUse HA ObP30JeliCTBHETO
Ha cosiBbpuTe. ToBa ce IpOMeHsl, KOraTO YHCJICHUAT METOJ BKJ/IIOYBA peIllaBaHe
Ha II0CJIeJIOBATEJIHOCT OT CUCTEMH JIMHENHN aJreOPHYHU YPABHEHHS C €/JHA U Cb-
ma Marpuna. B To3u ciydail oTHOCHTEIHATA TEXKEeCT Ha BPEMETO 3a PelllaBaHe Ha
cucteMn ¢ (haKTOpHU3UpaHaTa MATPHUIIA Ce YBeINYaBa CbIIeCTBeHO. TakbB e pas-
IVIEXKJAHUAT B HACTOSIATa IVIaBa METOJ| 33 pelllaBaHe Ha [1apaboJIndIHa 3a/a4a C
dpobra nudy3us.

3a reHepupaHe Ha MaTpHIIATa Ha MacaTa e pa3paboTeH aJIlOPUTHM U CODTyepeH
MOJIYJI, KOWTO U3I10J13Ba HH(pOPMaIUATa 338 FeOMETPHATA Ha TpUaHIyianusaTa | €
(2. 3a AuCKpeTH3aIs 110 BPEMETO IIe U3I0JI3BaMe HesgBHA JudepeHTHa cxeMa Ha
Oiilep ¢ TOCTOSTHHA CT'bIIKA U INArOHAJIHA KOHIIEHTPAIlUs Ha MaTPUIaTa Ha MacaTa
(lumped mass matrix).

3a 4ncIeHnTe eKCIepUMEHTH B HACTOSIIATA IVIaBa U3II0JI3BaMe aHAJIoOl Ha Tec-
TOBHs HpUMEp OT crarusTa Ha Babumrdesmd [26]. Tosa gaBa BB3MOXKHOCT 12
HaIIPaBUM CPaBHEHHE Ha YHCJICHUTE Pe3yJITaTh, CbOTBETCTBAIIM HA JBeTe Pa3/Ind-
HU JgedUHUIT Ha JIPOOHNS JIallIaCHaH.

4.1 IlocraHoBKa Ha 3ajadaTa

snom3Bame nHTErpasHoOTO npejcrassne (9) Ha ApoOHUAT Jjamnacuan. Pasriex-
JlaMe cjejiHaTa napabosindHa 3ajada 3a HemssecTHata dyHKIws u(zr,t), (r,t) €

Q% [0,7]
ou(z,t)

o T (A Ul ) =flet), veQ te0T]

u(z,t) =0, re,  tel0,T],
u(z,0) =u’(z), €.

Tyk [0, 7] e BpemeBusaT MHTEpBaI. XOMOTEHHUTE I'DAHUYHH ycJioBus Ha lupuxiie
ce HajiaraT KaKTO IIPU CTaIliOHApHATA 33/a9a paslJie/laHa B IPeIXo/IHaTa TIaBa.
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NznomsBaMe cbimaTta JOIMycTUMa TpHaHryaamusa J € () KaTo B IpeaxogHara
rinasa. Taka mosrydaBame 3ajiadaTta Ha Komnm

d
MLd—l;+Ku:MLf, 0<t<T, u(0)=uv’
3a nemspecrnure Gynkumn u = (u;(t)) € RN, t € [0,T] u nacua wacr £ =

(f;(t)) € RN. Tyk K = K;; € RN*N e marpunara na kopasBuna, ChbOTBETCTBa-
ma Ha dpobrua namtacuan. Ta uma Buia nedunupan B ypaHenus (12) u (14). C
M, = diag (m%) € RY e osnauena maTpuiiata Ha MacaTa ¢ JHATOHAJIHA KOHIICH-
tpamusa (lumped mass matrix), Kbjiero m} e KoHIleHTpUpaHaTa Maca BbB Bb3eJa
Z;. AJITOPUTHMBT ¥ TPOTPAMHUSIT MOJLYJI 3a U3YMC/IfABaHe Ha Marpurara M ca
npejicraBern B lIpuioxkenne B.
3a aucKpeTusalus M0 BPeMeTO M3Io/I3BaMe HessBHUs MeTon Ha Oitrep, KOWTo
B 00IIUs Caydail uMa BHJA
wt — W fi+l o i

Mp———— + Kat' = My,

1 =0,... —1 15
Tj 2 ) .7 ’ 7m ) ( )

K'bJIETO M € 6pOHT Ha CT'BIIKUTE 110 BPEMETO,

— =t . J = A i .
to = O, tj+1 = t] —|—Tj nu = U(tj), fI = f(t])
B HacTodimaTa AucepTalyd IIe ce OrpaHnvInuM J0 CaIyvad Ha IIOCTOAHHA CTBHIIKa
II0 BPEMETO T; = T. HpI/I TOBa YCJIOBHE peaJin3allidTa Ha BCAKa CTbIIKa II0 BpeMeTO
Ha (15) ce CBexKJa JI0 pellaBaHe Ha cucreMaTa JUHEHHU aJII‘e6pI/I‘{HI/I YpaBHeHusda

Rt — (16)

K'bJIETO - ‘ '
R=2M x Bowm, (—f]+ i +5]).
T 2 T

Marpuriara Ha KOpaBUHA W MaTpUIaTa HA MacaTa ca CAMETPUYHUA U MTOJIOXKU-
TEJIHO OIIPeJIeJIeHN, U cyieioBaTeHo (16) uMa euHCTBEHO penenue. Marpurara K
He 3aBHUCHU OT j, T.€. Td € eJHa U CbIa 38 BCUYKH CT'BIIKHU 110 BpemeTo. ToBa o3Ha-
JaBa, de Ipu peasm3anuaTa Ha Merosa Ha Oitiep dakTopusanusaTa ce U3bIHIBA
eJINH II'bT, CJIeJ] KOeTO pelraBaMe 1m CUCTeMU ¢ (DAKTOpU3NpAHATA MATPUIIA.

Nsuucurennara cioxkuoct Ha LU daxropusanuara e O (n?), kato ciel Toba
peauzanuaTa m Ha 6poil CIbIKY 110 BpeMeTo n3ncksa ome O (n?m) apuTMeTnanu
oreparuu.
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[Ipu #iepapxuanusa meron — HSS kommnpecusara u ULV-tionobuara gpakropusa-
mus uMar obia mzuucamTeHa caoxkunoct O(n?r), KaTo cyies Toa 3a pelaBaHe
Ha cucremuTe ¢ (akTopu3npanara MaTpuiia ca Heobxozumu omie O(nrm) apurme-
Tr4uHY oleparyn. Taka, omnpe/essin 3a e(heKTUBHOCTTA Ha HepapXudHUs METOJ e
U3BbH/INATOHAJHUAT PAHT 7.

B I'maBa 3 0sxa mpeJI/IoKeHN ¥ aHAJIN3UPAHH HIKOJIKO METO/a 32 IPeHaperk-
JlaHe Ha HeM3BeCTHHTE 33 CTallloHapHaTa 33jada ¢ JApodHa Judysus. Taka Tyk
e ce OIPAHMYUM JI0 aHAJIM3 Ha YUCJIEHH Pe3Y/ITaTH IIpU Hail-ePeKTUBHOTO IIpe-
HapexK/JaHe — PeKypCcuBHATa OUCEKIIHS.

3a Juc/eHnTe eKCIIEPHUMEHTH Ie M3II0JI3BaMe aHAJIor Ha IapabosidvdHaTa 3a-
Jada oT crarusaTa Ha BabumraeBnd [26], B KOATO ce M3M0J3Ba CIIEKTpaJHATA Jle-
dbunnEs Ha dpobhusa namiacuad. 3aladarta ce pemasa 3a (z,t) € Q x [0,T] =
(—1,1)%x (0,0.1). Pemenneto ce onpejie/is OT HE3ABUCEIA OT BPEMETO JIsICHA YacT

flay = F L),

1 HadYaJIHO YCJIOBHE

2 2
W(z) = 100 T+ 1 l_xl—i-l To+ 1 1_x2+1
2 2 2 2

8a auckperusanus 1o MPOCTPAHCTBOTO €A M3IOI3BaHM TpUAHTYyJIanuuTe oT [rasa
3, npu cTbiKa 1o Bpemero 7 = T /m, m = 256.

Ha @urypa 15 ca nokasanu Hadagnoro yciosue u’(x) U 9uCICHATE peIleHust
npu « = 0.5 3a t € {0.025,0.05,0.075,0.1}. [Tosyuernre pesyararu ca KadeCTBEHO
HOOOHY HA Pe3y/ITaTuTe, IpecTaBeHn B [26).

(a) t =0 (6)t=0.025  (8)t=0.05  (r)t=0.075 (n) t=0.1

Qurypa 15: Hucjaenu perienus Ha MOjeTHATA ApadOJIMIHA 3a/1a4a ¢ JIpOoOHA JTU-
dyszusa cwe crener a = 0.5: MKE mo npocrpancrBoro n HesiBern meto Ha Oiiep
110 BPEMETO.

4.2 AHaan3 Ha YUCJIEHU €KCIIEPUMEHTH BbpPXy KOMITIOTbPHUI
cucTeMu C 0o0IIa ImamMeT

AnajmM3upaHuTe B T3 IJIaBa YUCICHU PE3YITATH Ca MOJIYIEeHU BbPXY KOMITIOThP-
HU cucTeMu ¢ 001a nameT. KakTo u B peIXofHUTE TJIaBU, TO3U TUIT €KCIIEPUMEHTH
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ca mpoBesenn Ha cynepkomiiorbp AVITOHOL.

3a renepupane Ha MaTpuilaTa Ha KopaBuna K u gscHara dact f e uznoiassana
nporpama Ha MatLab, kosTo e mybsmkysana B [2]. 3a npeHapex/jane Ha HEH3BEC-
THHUTE IO METOJ[a Ha PeKypCHUBHATA OMCEKITUS € M3MOI3BAH aJrOPUThMbT OIMHCAH
B Paznen 3.3.5 u paspaborenusr ko, npeacrased B [Ipuroxkenne A.4. 3a u3zamc-
JIiBaHe Ha MaTPHUIATa Ha MacaTa ¢ JUaroHajHa KoHIeHTpalus My e peanusupan
aJropuTbMbT npectaBed B [Ipunoxenne B.

4.3 TlocnemoBaTesiHu W MapaJeJHN €eKCIIEPUMEHTH.

Ha ®urypa 16 ca npejictaBenn: BpeMeHaTa 3a M3II'bJIHEHUE Ha fiepapXxudHaTa I0-
snycenapabenra kKomipecus u ULV-tmomobna dhaxTopusanus mpu H3MOJI3BaHe HA
codryepuus naker STRUMPACK u na LU dakropuzanusra npu u3mno/3BaHe Ha
MKL — (®@urypu 16a u 16r); obmoTo BpeMme 3a pelaBaHe Ha CHCTEMATE C (ak-
TOPU3UPAHUTE MATPUINA HA BCSIKA OT CTHIKUTE MO BpeMeTo B MeTosa Ha Oitrep —
(Qurypu 166 u 16:1); u 11571070 BpeMe 3a peraBane Ha 3a1adara — (Purypu 168 u
16e). B mouru BcHYKY CIydan pe3yaTaTuTe OT YUCJICHUTE eKCIIEPUMEHTH TOKa3BaT
1o-j100pata epeKTUBHOCT Ha fiepapXudHus METO/I, KATO TEHJCHIUATA € Td Jia Ce
[IOBUIIIABA C yBeJINYIaBaHe Ha Oposi HA HEM3BECTHUTE M. 3a Hall-rojisMara CUCTeMa
(n = 32 302) BpemeHaTa 3a pelliaBaHe Ha IgjaTa 3ajada ¢ npuiarase Ha HSS
kommpecust ot makera STRUMPACK ca mexay ~2.5 u ~5 mbru mo-a00pu or-
KoJIKOTO 11pu mn3noszBane Ha LU dakTopuzanusa ot makera MKL. Te3u pesyiaratu
IMOTBBPXKIABAT TEOPETUIHUTE OYaKBAaHUS 3 IO-CUJIHO ITOA00psiBaHe Ha ePEeKTUB-
HOCTTa Ha HepapXudHHs COJBLD MpU HapabouvIHaTa 3a/ada, B CPABHEHUE ChC
cTarnmoHapHATa 3a/lavda, pasriejana B IIPEIXOHATA TJIABA.

Ha @urypa 17 ca nokazanu rapaJjejHUTe YCKOPEeHUs IIPHU pelllaBaHe Ha rapa-
bomuHaTa 3a/1a49a ¢ mpuiarade Ha couBbpa or makera STRUMPACK, nsmosssai
HSS kommpecust. [Ipu nmapasennnre ekcriepuMenTd ¢ 16 HUMIKK OJIydaBaMe YCKO-
penmst or ~3 (3a n = 2 131) no ~8 (3a n = 32 302). Ilo-HuckoTo mapaseaHo
YCKOpPEHIe Ha HepapxXudaHUs MEeTOJ MOYKe Jia ce ODSICHU C IO-CJIOYKHATA fiepapXut-
Ha U PEKyPCUBHA CTPYKTYPa Ha aJropuTbMa 3a KoMmipecus. [lapasennara peaiu-
3alid Ha pemraBaHeTo Ha cuctemu ¢ HSS dakropusupanata MaTpuia ChbIo nMa
no-cyiokua (1 1mo-masiko Gastancupana) crpykrypa ot 6sounara LU dakropusa-
M.

4.4 N3BbHIUATOHAJEH PaHT

Nzuncienuar B mporeca Ha HSS KoMIpecusaTa MakcuMaJjeH H3BbHIMAroHaJIEH
panr r e npejcrasen Ha Purypa 18a, kato nHa Purypa 186 e 1mokazaHoO OTHOIICHU-
eto n/r. Paursr e Msapka 3a eeKTHBHOCTTA Ha KOMIIPECHSITA, KATO CHIINO TaKa €
OTIPEJIEJISAI B ONEHKUTE 38 U3UNCIUTE/THATA CJIOXKHOCT. 3a pas3rierk jaHaTa 3a/1a9a
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(a) Ilocnenosarenuu Bpe-  (6) Iocsenosarennu spe-  (B) IlocienoBarentn Bpe-

MeHa: KoMmIpecusi U pak-  MeEHa: CTBIKHU 110 BpEMETO  MeHa 3a IsjiaTa 3a/a4da
TOpPU3AINA

(r) Mapasesnu BpemeHa (n) Mapasennu Bpemena  (e) Ilapasennn Bpemena
1npu 16 HUMKU: KOMIIpecuss HOpu 16 HUIIKA: CTBIKHI upu 16 Humku 3a

n dakTopusalms 110 BPEMETO IsUTaTa 3a7ada

@urypa 16: CpaBHenne MexKly BpeMeHaTa 3a pellaBaHe Ha IapaboIudHaTa 3a/a-
va (16) mpu msnomssane Ha MKL u STRUMPACK npu mpar Ha oTHOCHTETHATA
rpeiika &, € {1072, 104,107, 1078}.

(a) £re1 = 1072 (6) €re1 = 1074 (B) €re1 = 1076 (T) €rel = 1078

Qurypa 17: Ilapanennu yckopenus Mpu pelraBaHe Ha apabojMdHaTa 3ajada ¢
npuiarafge Ha HSS 6asupanus coasbp 3a m = 256 CTBIKH IO BPEMETO.
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7 UMa 3HAYUTEJHO TO-MaJIKi cToitHocTn oT n. KomipecusaTa e Haii-cuiHa, T.e. OT-
HOIIIEHUETO T /7 € Haii-MaJIKo, IPU Haii-roJisiMa CTORHOCT Ha IIpara Ha OTHOCHTE/THA
rpemka. Taka, npu e, = 1072 panrsT 7 e Mexkry ~20 1 ~80 IbTU HO-MaJIbK OT
n, JOKATO Ipu Haii-buHAd 1par €. = 10~% ToBa orHOMmeHNE € MexKIy ~10 1 ~30.
To3u aHAIN3 IOKA3Ba, Y€ IPEHAPEIEHATa ¢ PEKYPCHBHA GHCEKIHS MATPHUIa K mMa
MIOJIXOJIAINA CTPYKTypa 3a npusiarane Ha HSS kommpecus. Toa ce moTBbpKIaBa
OT YHUCJIEHUTE €KCIIEPUMEHTH, MOKA3BAIN IPEJIUMCTBO Ha HepapXUdHUs MeTO]l B
cpaBHeHMe ¢ raycoBata enmuHaims (6ounara LU dakropusanus). Tyk e Baxkno
Jia IPUIIOMHKM, Y€ KOMIIpecHusTa e npubiudumenra. Taka, mo-Bucokara epeKTrB-
HOCT Ha KOMIIPECUATA, KOATO TOJTydaBaMe IPHU IMO-TOJIEMH CTORHOCTU Ha MPAra €yl
€ 3a CMeTKa Ha II0-MaJIKa TOYHOCT Ha PEIIeHUeTO.

(a) Makcumanen m3BbHaua-(6) OTHOIIEHNE HA 7 U OPOS
roHaJIeH paHr T Ha HEM3BECTHUTE 7

®urypa 18: Busyasmsaius na MaKCHMaJIHUS N3BBHMATOHAJEH PDAHT I' 1 OTHOIIe-
HUe n/T.

4.5 Amnann3 Ha rpemikarta 3a HSS-6a3upaHusa coaBbp

Marpurara H nonyuena ciaexn HSS komupecus e nputmmkenue na I . Kakro upu
cTaloHapHaTa 3aJ/lada pasriejana B [uraBa 3, mie anajm3upamMe OTHOCHTETHATA
rpemka Rrelative (7)

[Tonydenure oTHOCUTETHY TPEITKU Relative 32 N30panuTe 4 CTONHOCTU HA Bpe-
MeTo t ca ripejicraBenu B Tabsuia 5. Kakro u npu crarmonapuara 3a1a4a, OTHOCH-
TeJIHATA I'PeIKa e OJIN3Ka 110 CTOWHOCT J10 3818 /I€HUsT OTHOCUTEJIEH TIPAr €. 1Ipesi-
CTaBeHWTE YUCJIEHN PE3yJITaTH IMOKa3BaT C'hINO TaKa, 1€ OTHOCUTETHATA TPEITKa He
HapacTBa CbHINECTBEHO ¢ yBeJInvYaBaHe Ha BpeMeBHA HHTepBaJ. 1oBa MOTBbLPXKIaBa
YCTOWYMBOCTTA Ha HedABHUSA MeTo na Oitep.
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Tabmuma 5: OrHocuTenna rpemka na HSS 6azupanusat coiBbp.

(a) t =0.025 u t = 0.05

OrHocurenna rpemika B t = 0.025 OtHocurenna rpemka B t = 0.05
n R'relati'ue 3a T'tol Rrelati'ue 3a T'tol
102 1074 106 108 102 1074 106 10-8

2131 | 0.00385 7.52e—05 2.78e—07 5.53e—08 | 0.00659 0.000124 4.62e—07 9.72¢—08
4167 | 0.006 0.00013 6.4e—07 8.62e—08 | 0.01 0.000225 1.03e—06 1.36e—07
8030 | 0.0083 0.00023 1.28e—06 2.17e—07 | 0.0146 0.000375 2.e—06 3.49¢—07
12805 | 0.0106 0.00028 1.68e—06 4.77e—07 | 0.0178 0.000484 2.49¢—06 7.56e—07
16184 | 0.0126 0.0003 1.75e—06 5.16e—07 | 0.0227 0.00052 2.77e—06 7.88e—07
24892 | 0.0192 0.000393 2.5e—06 9.69e—07 | 0.0349 0.000619 3.97e—06 1.49e—06
32302 | 0.0234 0.000345 2.48e—06 1.18e—06 | 0.0437 0.000537 3.97e—06 1.76e—06

(6) t=0.075ut=0.1

OrHocurenna rpemika B t = 0.075 OtHocurenna rpemka B ¢t = 0.1
n Rrelati'ue 3a T'tol Rrelative 3a T'tol
10-2 1074 106 108 102 1074 106 108

2131 | 0.0088 0.000159 5.98e—07 1.32¢e—07 | 0.0108 0.000188 7.07e—07 1.62e—07
4167 | 0.0135 0.000298 1.31e—06 1.707—07 | 0.0166 0.000361 1.55e—06 1.98e—07
8030 | 0.0206 0.000498 2.52e—06 4.55e—07 | 0.0264 0.000606 2.93e—06 5.49¢—07
12805 | 0.0242 0.000653 3.09e—06 9.74e—07 | 0.0301 0.0008 3.6e—06 1.16e—06
16184 | 0.0324 0.000706 3.6e—06 1.01e—06 | 0.0419 0.000875 4.34e—06 1.2e—06
24892 | 0.0499 0.000807 5.19¢e—06 1.92e—06 | 0.0646 0.000973 6.26e—06 2.3e—06
32302 | 0.0636 0.000693 5.25e—06 2.21e—06 | 0.0832 0.000826 6.41e—06 2.58e—06

4.6 3aKJIO4YUTeJIHU DeJieKKn

Bogera Tema B mpejictaBeHUTE PE3YATATH € aHAIU3bT Ha M3YUCIUTETHAaTa edek-
TUBHOCT Ha MeTojia Oa3upaH Ha fiepapxudHa rojycenapabesina kommpecus u ULV-
moiobHa pakTOpU3allis ¥ HeroBaTa napaJjesHa peaan3alnsd B copTyepHUs ITaKeT
STRUMPACK. Crenuduka na npuioykenust HesiBHust MeTo [ Ha Oitiep ¢ mocTosiH-
Ha CTBhIKA T €, Y€ YUCJCHOTO pellaBane Ha mapaboImIHaTa 33/1a9a ce CBEXK/Ia JI0
m = T/T cucTeMu JTUHEAHN aJreGPUIHN yPABHEHMS C €IHA U CbINa MaTpuIa K u
ITPOMEHSINN Ce Ha BCAKA CT'BITKA 110 BPDEMETO JIeCHU JacTH. ToBa o3HadaBa, Te MaT-
punara K ce hakTOpH3Upa eIHOKPATHO U AKIEHTHT 11418 BbPXY PEIIABAHETO HA
M CUCTEMH C U3BeCcTHa dpakTopu3upana MaTpuiia. [1le npumoMuammM, ge Ta3m cTbIKa
nma uzaucaurenna caoxkuoct O(n?) za raycopus consbp u O(nr) 3a ilepapxudHust
consbp. IlpeacraBeHusT aHaIu3 MoKa3Ba, Ue 3a pasriekjaHara 3aada PaHIbT T
€ CBIMECTBEHO TO-MaJbK OT Oposi HA HEM3BECTHHUTE 7, KOETO ODYCJIABS ITPENMY-
IIECTBOTO Ha HepapXuvdHusi MeTo. B pesysrar Ha TOBa, KAKTO MOCJIEI0BATETHUTE,
TaKa U MapaJjie/IHITe BpeMeHa 3a pelaBaHe Ha mapaboIndHaTa 3a/1a49a ¢ U3IM0JI3-
BaHe Ha coyiBbpa or codpryeprus naker STRUMPACK ca cbiecrBeno 1mo-106pu B
cpaBHeHHe ¢ BpeMeHaTa Ipu usnoJsBane Ha O0o09Ha LU dakTopusanusa oT makera
MKL.

OrHocurenHaTa IpemmKa Rigative € OJU3Ka JI0 3a/1aJIEHUsT OTHOCHTEJIEH IIpar,
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KaTO HApacTBa YCTOWYMBO ¢ pa3BUTHE Ha IIpolieca 110 BpeMeTo. ToBa moTBbp:KIaBa,
4e HepapxXuIHUAT METOJI OCUIYPsBa J00pa TOUHOCT Ha PEIIEHUETO IIPU HOIXOIIIO
u30paH mpar €,. lIpeicraBeHnTe pe3yITaTi MOKa3BaT ChIECTBEHO IIPEUMYIIIECTBO
Ha aJropuTbMa U3MOJI3BAI iepapXudHa moJrycenapabeHa KOMIPECHsT U HeroBaTa
peaymsarusa B napasennus maker STRUMPACK.

SaKJII0UYeHunue

B nucepranusra e anajmsupaHa u3qnc/jimTesHaTa €PEKTUBHOCT Ha OJIOUHU THCIIe-
HI METO/IN U aJITOPUTMHU 34 PelllaBaHe Ha CUCTEMU JTUHEHHN aJIreOPUIHN Y PABHEHUST
¢ IIbTHU MaTpuim. MoTuBanust Ha TOBa U3CJIeIBaHe Ca MPUIOKEHUS CBbP3aHN C
YUCIEHO pelllaBaHe Ha eMUINTHIHE U TapaboIMIHI 9acTHU Ju(epeHIua il yPaB-
Hennd. /IBe TakuBa 3a/1a9uu ca M3IOJJI3BAHU B IIPEJICTABEHNS CPABHUTEICH aHAJIN3:
a) rpaHrYHA 33/1a9a OlUCBalla o0THIane Ha KpuiHU poduim Ha 2K yKOBCKH, Juc-
KpeTu3upaHa ¢ MeToJ[ Ha IPaHUIHUTE eJleMeHTH; 0) aHoMasHa Judys3us B Oorpa-
HUYeHa 00JIacT MojeupaHa ¢ dpoben JialjacuaH, KbJIeTO 3a JTUCKPETH3aIus €
IPUJIOZKEH MeTOJT Ha KpaiiHuTe ejemeHTn. Ul B JBaTa cydast HEIPEKbCHATATE 3a-
JIAYH ce CBEXKJIAT JI0 CUCTEMU JIMHEHHN aJreOpuIHu ypaBHEHUS C INTHTHH MATPUIIA.
[Tokaszano e, e cmpykmypama Ha TE3U MaTPHUIMI € MTOAXOJAINa 3a Ipuaraie Ha
ftepapxmaer meTos, usnosssail HSS kommpecus.

Bakna wact or ['taBa 2 e cpaBHUTETHUAT aHAJIN3 HA U3YUC/IATETHATA e(eK-
TUBHOCT Ha copTyepHU nakeTa uminieMeHTupariu oouna LU dakropuzarmus, Ka-
TO BapuaHT Ha raycoBa eauMuHains. OOMUAT U3BOJ €, 9e COPTyePHUIT ITaKeT
MKL uma 11o-100po 6bp30/1eiicTBIe OT aHAJIU3UPAHUTE aJITEPHATUBHU ITapaJIeTHu
peanmzaruu Ha O0una LU dakropusarius.

OcHOBeH aKIEeHT B JUCEPTAIUTA € AHAJTU3 BT Ha Bh3MOKHOCTTA 32 110/ 100psiBa-
He Ha M3YHNC/JIATeTHaTa eeKTUBHOCT Ha PENIaBAaHeTO Ha CHCTeMU JIMHEWHN aJired-
PUYHN ypaBHEHUs C IUIBTHA MATPHUIM C ITOMOINTa Ha OJI0YeH iepapXudeH MeTo.T
nznossBaiy HSS kommpecus. Tosu meTosr e peasu3upan B copTyepHUs MAKeT ChC
cBoboger poctbil STRUMPACK. B I'masu 2 u 3 e anajusupaHa IIPOU3BOIUTE]I-
HOCTTa, Ha HepapXUaHusI aJIL'OPUTHM 38 CUCTEMU JIMHEITHN aJIreOpUIHu ypaBHEHNSI,
[TOJTy9€HN TIPH NIpUIaraie ChbOTBETHO Ha METOJ] Ha TPAHNTHHUTE €IEMEeHTH U MeTO]T
Ha KpailHUTe eJIEMEHTH 3a PasryieaHnTe eJINITHIHN TPAHNIHN 33/ 1a91. AHAJIN3 BT
II0OKa3Ba, 4Ye Te3W ILIbTHU MATPUIM UMAT IOAXOJIAINA CMPYyKmypae 3a IpUIaraHe
Ha fiepapxuunus meroj. ToBa o3nadasa, de B nporeca na HSS ce nosyuaBar u3-
BbH/IMArOHAJIHUA OJIOKOBE C HUCHK PaHT.

[ToceoBaTeiHNTE €KCIIEPUMEHTH TIOTBBPZKIABAT OINEHKNTE Ha U3TUC/IATE-
HaTa CJI0XKHOCT Ha aHaum3upaHuTe Oj09Hn MeToau. U 3a npere 3amaan flepapxmd-
HUAT COJIBBP UMa 110-100p0o Obp30o/ieiicTBrE OT raycoBus cojiBbp oT nakera MKL —
Hail-e(DeKTUBHUAT OT aHAJU3UPAHUTE B HACTOsIIATa pabora copTyepHH CPEICTBAa
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nznossBanm LU dakTopusarus.

[Ipu npuiarane Ha HepapXUIHUsS METOJ, Ce HaAMHUPa IMPUOJINKEHO PelleHre Ha
cucTeMaTa, KaTo HeroBaTa TOYHOCT 3aBHCH OT TOBA KaKBa € TOoYHOCTTa Ha HSS
kommpecusita. Ha Oazata Ha MpoBeIeHUTE YUC/IEHN €KCIIEPUMEHTH € aHAJIN3upaHa
OTHOCHTETHATA TPEIIKA Ryelative, KATO PEIIEHUETO MOJIYIEHO C MPEKHUs TayCoB COJI-
Bbp ce IpueMa 3a pedepeHTHO. 3a 3ajadara ¢ JIpodHa Judy3us ce HabJIoIaBaT
OTHOCHUTEJIHY T'PEMIKU OJIU3KH J0 3a1aIeHUsI IIPAr €. LOBa MOXKe Jj1a O'bJ1e IPUETO
KaTo J00pa XapakTepucTuka Ha ajaropurbma 3a HSS kommpecus. 3a 3aja4uata 3a
obTrvaHe Ha KpuaHu npoduian Ha 2KyKOBCKH OTHOCUTEJHUTE T'PEHIKH 38 ChOT-
BETHHUTE TIPArOBE £, Ca IMMO-TOJIEMH, KOETO oDade ce KOMITEHCHPa OT TO-T00pOTO
Obp30/IeiicTBIE.

W3BecTHO €, 9e KayecTBOTO Ha HepapxudHarTa IoJycernapadesHa KOMIIPECHs
CHUJTHO 3aBUCU OT CMpykmypama Ha mrbTHata Matpuna. [Ipu asymepuara apobHo
nudy3noHHA 3a/[a9a CMPYKMYpama Ha, oIy deHaTa ITbTHA MATPUIA He € ITOIX0-
nama 3a HSS kommpecust. 3a HETHOTO OI0OpsABaHE Ca MPEJIOZKEHN U IIeT MeTOIa
3a mpeHapexaane. [IpegcraBeHnsT aHAJIN3 MMOKA3Ba IMPEUMYINECTBA Ha METOIUTE
Ha BJIOXKEHHTE CeYeHHs U Ha PEKypCHUBHATA OMCEKIINS.

B I'maa 4 e usciieBana n3ducauTe/HaTa e(peKTUBHOCT W TOYHOCT Ha fiepap-
XUIHUA coBbp Oasmpan Ha HSS kommpecus 3a mapaboiudna 3amada ¢ dpobHa
nudy3ust 0 MTPOCTPAHCTBOTO. 3a JTUCKPETU3AINS 110 BPEMETO € U3I0/I3BaHA HesIB-
Ha jgudeperndna cxema Ha Offep ¢ mocrosinHa cTblKa. IIpn Ta3m mocTaHOBKa Ha
3aJ1avaTa HAMIPAHeTO Ha 9UCIEHOTO PellleHne ce CBeXKIa 0 PelraBaHe Ha IOC/IeI0-
BaTEJIHOCT OT CHCTEMU JIMHEHHN aJreOpUYHNA yPaBHEHUsI C €Ha W CbIlla MaTpPHIIA.
Taka Ha BCsiKa CThIKA 10 BPEMETO Ce pellaBa CUCTEeMa ¢ MATPHUIATa Ha MPeXoja,
KOSITO € (haKTOpU3MpaHa eTHOKPATHO. PeraBanero Ha TaKUBa CHCTEMU C TIOMOIIITA,
Ha HSS kommpecust nma no-HucKa u3ducauTes na ciaoxkuoct — O(nr), B cpaBHeHHe
¢ msnoseanara B Merofa Ha [ayc LU daxropusamus — O(n?). 3Ba pasriegana-
Ta mapabo/inyHa 3ajada BpeMeHaTa Ha fepapXUdHUsl COJIBbD ca I0-I100pu, KAKTO
[IPU TIOCIEJIOBATE/IHUTE, TaKa U IIPU ITapaJIe/IHUTE eKCIIEPUMEHTH. B ¢hIoTo Bpeme,
Oaaromapenne Ha Oe3yC/IOBHATa YCTOMYIMBOCT Ha HessBHHA MeTos Ha Oiiiep, oTHO-
cUTeTHATA TPeIKa Ha PeleHneTo ce 3ama3Ba On3Ka J0 3a/1aJIeHUsT OTHOCUTEIEH
par €.

Coucbk Ha HY6JIHKaHHHTe II0 AucepTanudadTra

OcHOBHA YaCT OT IIPEJICTABEHUTE B JINCEPTAIUATA PE3Y/ITATA ca IIyOJUKYBaHU B 5
n3J1e3/IM OT IledaT U 2 IPHUETHU 3a I1edaT CTATHH, KAKTO CJIe/IBa:

e D. Slavchev and S. Margenov. Performance Analysis of Intel Xeon Phi
MICs and Intel Xeon CPUs for Solving Dense Systems of Linear Algebraic
Equations: Case Study of Boundary FElement Method for Flow Around
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Airfoils, pages 369-381. Springer International Publishing, Cham, 2019.
ISBN 978-3-319-97277-0. doi: 10.1007/978-3-319-97277-0 30

e D. Slavchev and S. Margenov. Analysis of Hierarchical Compression Parallel
Solver for BEM Problems on Intel Xeon CPUs. In G. Nikolov, N. Kolkovska,
and K. Georgiev, editors, Numerical Methods and Applications, pages
466-473, Cham, 2019. Springer International Publishing. ISBN 978-3-030-
10692-8

e D. Slavchev and S. Margenov. Performance analysis of a parallel hierarchical
semi-separable compression solver in shared and distributed memory
environment for BEM discretization of flow around airfoils. Springer
International Publishing, Cham. in press

e D. Slavchev. On the impact of reordering in a hierarchical semi- separable
compression solver for fractional diffusion problems. In 1. Lirkov and S.
Margenov, editors, Large-Scale Scientific Computing, pages 373-381, Cham,
2020. Springer International Publishing. ISBN 978-3-030- 41032-2

e D. Slavchev. Performance Analysis of Hierarchical Semi-separable
Compression Solver for Fractional Diffusion Problems. In 1. Georgiev,
H. Kostadinov, and E. Lilkova, editors, Advanced Computing in Industrial
Mathematics, pages 333-344, Cham, 2021. Springer International Publishing.
ISBN 978-3-030-71616-5

e D. Slavchev, S. Margenov, and I. G. Georgiev. On the application of
recursive bisection and nested dissection reorderings for solving fractional
diffusion problems using HSS compression. AIP Conference Proceedings,
2302 (1):120008, 2020. doi: 10.1063/5.0034506

Anpobanust Ha pe3yJaTaTUTE

Pesynrarure mpejicraBeHn B JUcepTAIUATA Ca JIOKJIAJIBAHA B PEIUIA MEXKTyHa-
POTHU KOH(EPEHIUN U YbPKIIOIIH.
MexxayHapoaHu KOH(epeHIun:

e Large-Scale Scientific Computations (LSSC), Cozonour, 2017, 2019, 2021

e Annual Meeting of the Bulgarian Section of STAM (BGSIAM), Codust, 2017,
2018, 2019

e Numerical Methods for Scientific Computations and Advanced Applications
(NMSCAA), Xucaps, 2018
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e Numerical Methods and Applications (NM&A), Boposer, 2018

e Twelfth On-Line Conference of the KEuro-American Consortium for
Promoting the Application of Mathematics in Technical and Natural
Sciences (AMiTaNS), Anbena, 2020

¥YbpKonionu:

e JIe roguaun Asuroxosr: Unosarusau Cyneprommorbpau [Iputoxkennst, [la-
nartopuie, 2017

e Numerical Solution of Fractional Differential Equations and Applications
(NSFDE&A), Cosormos, 2020

OcHoBHI Hay49HN N HAYTHO-IIPUJIOZKHUA ITPUHOCHU

1. UscrenBana e MpOM3BOINTETHOCTTA HA CJIEHUTE CO(MTYEPHU MAKETH 3a Pe-
IaBaHe Ha JIMHEHHN CUCTEMHU C IITBTHU MaTPUIM, ¢ ToMoITa Ha O104uHa LU
dakropuzarus: 3a nporecopu ¢ obmo npennasnadenne (CPU) — makernbr
Ha Intel Math Kernel Library (MKL) u 6ubsmorekara ¢bc cBOOOJIEH JIOCTBIT
Parallel Linear Algebra Software for Multicore Architectures (PLASMA); 3a
yckopuresn ¢ apxurekrypara Many Integrated Core (MIC) na Intel - MKL
1 makeTbT cbe cBoOomeHn moctbl Matrix Algebra on GPU and Multicore
Architectures (MAGMA). Pesyararure ot ducyieHuTe €KCIIEPUMEHTH 38 CUC-
TEMHU TIOJIy9eHU MPU JIMCKPETU3AIS ¢ METOJ[ Ha TPAHUYHUTE €JIEMEHTH 34
rpaHuvHa 3a/la4a 3a JIAMUHAPEH MOTOK OKOJIO KpwjHM npodumm Ha zKy-
KOBCKH Ca B CHOTBETCTBUEC C aCHUMIITOTHYHUTEC OINCHKU Ha MN3YUCIUTEC/IHATA
cioxkuoCT. CpaBHUTEIHUAT aHAJIN3 TIOKa3Ba M0-100po O'bp30ieiicTBIE U MHO-
ro j0bpa napaJiesina ckajaupyemocT Ha nakera MKL.

2. Uzcnenpana e nu3ducauTeIHATA CJIOXKHOCT, TapaJjeHaTa ePpeKTUBHOCT U OT-
HOCHUTETHATA T'DEITKa Ha MeTOJ Ha iiepapXudHa MmojycenapabeHa KOMITpe-
cus (HSS). Yucenure ekcriepuMeHTH ca MPOBEJIEHH C MAKETa ChC CBODOJIEH
nocrbi STRUctured Matrices PACKage (STRUMPACK), B koiiTo e peasm-
3upaH mapaJiejien cojisbp Ha 6azara HSS kommnpecus u ULV-nionobna dak-
ropuzaiius. CpaBHUTETHUAT aHAJN3 BKJIIOYBA JBA THUIIA ILUIHTHU MATPHUIH,
KOWTO Ca MOJIyIeHN [IPH JUCKPETU3AIUs C: &) METOJl Ha TPAHUITHUTE eJIeMeH-
TH Ha TPAHWYHA 3a/1a49a 38 JIAMUHAPEH MOTOK OKOJIO KPUJIHU MPOMUIH Ha
2KykoBcku; 6) MeTos1 Ha KpaliHUTe eJIEeMEeHTH 3a JByMepHa JIPOOHO Judy3u-
OHHA IpaHnYHa 3ajiada. HampaBeH e cpaBHUTEICH aHAN3 HA COJIBLPUTE OT
nmaketure MKL u STRUMPACK. Tlosydena e xapakTepusalusi B 3aBUCHU-
MOCT OT TIpara Ha OTHOcHUTesHa rpeika npu HSS kommpecusita Ha cirygdante,
B KOUTO HepapXuIHUAT MEeTO] IMa M0-100po Obp3oeiicTBre.
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3. Ilokaszano e, 4e 3a 3ajadara 3a obTuvane Ha npoduan Ha 2KyKOBCKH Iph

JIMCKPEeTU3alisl 110 MEeTO/Ia Ha IPAaHUIHATE €JIEMEHTH, [TOCIeI0BaTeTHATa HO-
Mepallgd Ha BBb3J/IMTE 110 I'PaHUuIlaTa Ha HpOCbI/IJH/ITe BOAUW JO MaTpHulla C IIOI-
xogsia 3a HSS kommpecnst ecmpyxmypa. ToBa He e Taka 3a apobHO mudy3u-
OHHaTa TPAHNYIHA 3aJla49a, JUCKPeTU3NpaHa ¢ MeTO Ha KPallHUTe eJIeMeHTH.
C men nojobpsiBane Ha eEKTHBHOCTTA Ha iepapxudHaTa IoJiycernapabdesi-
Ha KOMIIPECHs Ca IPEJJIOYKEeHN U U3CJIeBaHU IIeT METO/Ia 3a IIPeHAPEKIaHe
HA HEU3BECTHUTE. 38 TPU OT TAX ca pas3paboTeHu COOCTBEHU AJITOPUTMU U
nporpamun peasmsarun. CpaBHUTEJTHUST aHAIN3 OKA3Ba CbIIECTBEHO II0O-
JoOpeHne Ha pe3y/ITaTuTe MPU MPUIaraHe MeTOINTe Ha BJIOXKEHUTE CeTeHUsT
1 Ha PeKypCHUBHATa OMCEKIINS.

Paszpaboren e mMeTo 1, aJlropuTbM U IIPOrPaAMHA PeATN3aIsd 38 IUCIEHO pe-
maBaHe Ha MapaboJMYIHO ypaBHEHHE C JIPOOHO Ju(y3UOHEH OIepaTop IIo
[IPOCTPAHCTBOTO. 3a JAUCKPETU3AIMS 110 BPEMETO € IPUJIOKEH HeSTBEH MeTO/T
Ha Oiljlep ¢ IOCTOHHA CTBIIKA II0 BPEMETO M JIMaroHa/iHa KOHIIEHTPAIUs
na macata. Jlokazano e, ye 3a Ta3uW HecTallMOHAPHA 33Jia9a, U3UUCTUTE/I-
HaTa CJOYKHOCT Ha OTJIEJIHATE YaCTH Ha aJTOPUThMa Ch3jaBa YCJIOBUS 3a
IIPeINMCTBO Ha Hepapxwaausa MeTo Ha Oasarta nHa HSS xkommpecus. Tosa e
IMOTBBPEHO OT IPOBEJIEHNTe YHCJIEHN eKCIiepruMeHTH. Taka 3a BCUIKHU pas-
MEPHOCTH Ha JUCKPeTHATa 3aJa4a 110 IPOCTPAHCTBOTO, KAKTO M IPU BCUYKH
BapuaHTU Ha IIpar’ Ha OTHOCHUTEJ/IHa I'PEIllKa, BapUaHTbT Ha IIporpaMaTa HU3-
nos3Baitia cosiebpa orT naketa STRUMPACK nma mo-106po 0bp3oeiicTeue
ot To3u m3nosssamn MKL.
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