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Abstract: We give the solution of the direct and inverse kinematic problems for
mobile robots with thee symmetric active wheels. The results can be implement in the
control of such robots in the form of state feedback synthesized by using linear-
quadratic optimization and/or robust control techniques.
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1. Statement of the problem

We study the kinematic scheme of a 3-wheel mobile robot (MR) proposed in an
early paper [2] of the authors, see also [1, 4]. The solution of the direct and inverse
kinematic problems for such robots is important in the framework of robust dynamic
control [3].

Let XOY be a coordinate system, where each point A with coordinates x; y is
identified by the vector

OA =[X; V]

We shall deal with symmetric MR with center A and three drive axes with length
a. The centers of the wheels of radius r are projected at the points

Oi = [xi; yi]
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(throughout the paper the index i takes values 1; 2; 3), which form an equilateral

triangle, i.e.
|AGi| =a

)

And
X; =x+ acosg;

y; =y +asing;

Setting
P1= 9
we have
¢ =@ +21m/3, 93 = ¢ +4m/3
The position and orientation of MR are de_ned by three parameters x, y and ¢.
The control variables are the angles i of rotation of the wheels, or the angular
velocities w = yi Denote by
v =[%,y]
and
vy = [X%, %]

the (vector) velocities of the points A and Oi, respectively. Let XiOiY; be local
coordinate systems associated with each wheel such that the ordinate axis O;Y; is the

line AO;. Now we may decompose v; as
Vi = U; + Wi

where u; and w; are the projections of v; on the axes O;X; and O;Y;, respectively.

Note that
|u;| = 7w

Furthermore it follows from (1) that
X, = X —a¢@sing; 2

Y= Y —a@cosy;

Setting
vl = i+ ¥}
we get
vi = v2+ a?¢p? - 2a@(xsing; — ycos ;)
where
vf = &%+ §°
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The vectors u; and v; may be represented as
u; = Ai(sing; — cos ¢;)
w; = U, (cos@; — sing;)
where
A; = xsing; — ycosg;, —a¢ (3)
U; = xCOS@; + ysing;
The above relations yield
vy + vy + vz = [Xy, 7] + [X2,¥2] + [%X3, 73] = 3v = 3[%, ]
And

3v
u1+u2+u3=W1+ W2+ W3=7

2. Inverse kinematic problem

Let the variables

x=x(t),y =y(t),p = @(t)

be given as functions of the time t on a certain interval [t,; t;] and set Xo = X(to),
etc. Then the solution of the inverse kinematic problem for the angular velocities of
the wheels is given by

w; == 2= 4)

A xXsin¢@;—ycos@;—ap
r T

or, in a more detailed form

xsing; — ycos@; —ag

wq =
r

x(V3 cos @ —sing) + v (cos ¢ +V3sin@) — 2a¢

@2 = 2r
—x(v3cos @ + sing) + y (cos ¢ — V3 sin@) — 2a¢
@3 = 2r
3. Direct kinematic problem
If the functions
w; = w;(t)

are given then the expressions for x , y and ¢ are obtained using (3) as
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. r
$=—5-(w1 +w; +w3)

3a
and
J'c=%(a)2—w3)cosq) +§(2w1—a)2—w3)sin(p (5)
T ) r
y =%(ﬂ)2 — w3) sing —§(2w1 — Wy — w3) COS @
Hence

@ = @o— 51+ +P3) (6)

where the functions x, y are obtained by integration of the right-hand sides of
(5) taking into account (6). The projections y; of the velocities v; along the axes AO;
are given by

r
=——(w; —w
H1 \/3( 2 3)
r
H = % (w3 —wy)
Tr
H3z = % (w1 — wy)
And
, 2
ve= §(H1 + Uz + p3)
Case w;= const. In this particular case we have

@ =@y — wpt
Where
_ rQ
@o = 3a
And

.Q=0)1+0)2+(U3

Case Q = 0. Here the MR is moving along a straight line without rotation. The
coordinates of its center are

X =xg+mt

y =yy+nt
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Where

w1+ 2w

m= r(% COS @y + w4 Sin @)
wq + 2w, |

n= r(Tsm Qo — W1 COS Q)

and the velocity is determined from

2 2
w; + wiwy + w
|17|=\/m2+n2=2r\/ Lz 2

3

Case Q # 0. Here we have
x =vcos(@y+ 6 — wyt)
y =vsin( gy + 0 — wyt)

Where
_2r(y
VT3
w, + w; — 2w
tanf=———— 1
\/3((02 — w3)
And
Q =\/wlz+a)22+w§—a)1w2—w2w3—w3w1
Therefore
v o,
Xc = xg +—sin(gg + 6)
wWo
v
Ye = Yo ——C0s(py + 6)
wWo
And
_3av_ ay
r|Q Q]

4. Conclusion

We have presented the complete solutions of the direct and inverse kinematic
problems for 3-wheeled symmetric mobile robots. The results obtained can be used
for the purpose of dynamic control of such robots.
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KunemMaTnka MOOMIBLHBIX pO6OTOB C TPEX aKTUBHBIMH KOJICCaMHU
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Annomauusn: Mol daem pewienue npsamvix U 0OPAMHBIX KUHEMAMUYECKUX 3a0a4 05
MOOUTILHBIX POOOMOE C CUMMEMPUYHBIMU AKMUBHLIMU Kodecamu. Pezynvmamol
Mo2ym Obimb peanu308anvl NPU YAPAGIEeHUY MAKUMU pooomamu 8 popme 0opamoil
CBA3U COCMOSAHUS, CUHME3UPOBAHHOU C UCNONb30BAHUEM MEMOo008 JUHEUHOU
K6aOpamuiHOU ONMUMU3AYUYU U / UL HAOEIHCHO2O YNPABIEHUS.

Kntouesvle cnosa: pobomusupoganumas — pyka, MoOunvbHas — niamghopma,
KuHeMmamuieckas mMooev, ynpasieHue, niaHuposanue O8UNCEeHU
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