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1. Introduction

Thewide distribution of the methods and software tools based onnetwork flows is the
reasonand explanation for the continuous theoretical interest tonards themand their
practical goplicebility.

Theclassical flonsof FordandFul kerson|[1, 2, 3] aremostwidely spread,
the capacity in thembeing defined by upper and lonver bounds of the arc flow function.

Thedifferentvariants, inwhichbesides thismethod of defining the capacity, sane
linear inequal itiesonsetsofarcsare gpplied, have beendiscussed in[4, 5] .-

In[6, 7] amore general classof network flons is proposed, when the arcs capacities
are replaced by linear inequalitiesof the flowfunctiononarcs subsetswitharbitrary
coefficients inthese inegual itiies. Thecllassof network flons dotained iscal leda linear
flow.

Anewclassof network floas isdefined in[8], inwhich the capacity of the separate
arcsisreplacedby one linear equal itywitharbitrary coefficients, inwhichall thearc
Tlovfunctionsare includedas variables. Thisclassof floas iscal ledanetwork flovwith
one linear equality, or OLE-Flow.

In the present paper the previous OLE-Fflow is generalized for the casewhen the
arcTlowfunctionsare enclosed not by one, butbymany linear equalitieswitharbitrary
coefficients. Mainattention is paidto the problems of existence of such aclass of
network Flows.

2. Definrtionofanetwork flovwrthadditional 1inearequalities

Let agraph G(N, U) be givenwith aset of nodes Nand a set of arcs U. The elements
of the setMare the indices ofal l the simple orierted paths from the source s tovards
thesinkt, inwhichtherearenocyclesand inany path ueMthe separatearcsand nodes

*The present paper is real ized in conformance with contract No806/98 with theNational Fund for Scientific
Research at the Ministry of Educationand Science inBulgaria.
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are included onlyonce [1, 2] - Aswe are going to use further on only simple oriented

paths, theywill becalled justpaths.
The setof all the arcs on the pathwithan index peMwill be denotedby U(u) -
It isassumed that for thegraph G(N, U),, the following isvalid:

O U=uu(u)-
pneM

Letanetwork Flowbe defined on thegraph G(N, U) by the fol lowing constraints:
foreachx eN

J v, ifcs,
() O, N)-FWN, X)) = 0, ifxzs,t,
-v, IFx=t;
() ¥ b,x.y) X, Y)=C,, iel,
(X, y)eb,
&) X, y)>0; X, y)eU,

where 1 isasetof the indices of the linear equal ities; C, > Oare rational nonnegative
integers; D, eUarethe subsets fronthedivisionof U, i.e., foreachi, j €1, thefolloving
isvalid

(©) Dir\Dj:Q; uD, =U;
icl
@ isan emnpty set, vand T— aflowand an arc flow function such that
® v=0; F(X,y)>0; (X,y)€U;
) FOGN=2FC,Y); TN =21(,X),
yel*(xX) yeli(x)
R* isasetofall the rational nonzeronurbers; I'(X) andI™(X) —an imageand an inverse
image of X intoN.
It isassumed that for the graph G(N, U)
® N, S)=(C,N) = J;
eR, 1 X,Y)eh,, icl;
® bewy) _
=0 otherwise.

The network Flow, defined by relations (2) upto (4) will be called aflovwith
additional linearequal itiesoran ALE-flow.

We shal I make the basicassunption that eachsubsetD, , i<l, Iscontained inthe
setofarcs Q) ofall thesinpleorientedpaths fronstonards t, i.e.,

(@) vU(u ) nD, =D, .
pneM

The fol lowing denotations are introduced:
M.cM isasetof these paths fromM, inwhichat leastonearcfromD, is included,

e
M, ={upeM; U(u) ND, # J}; tel.

U,(n) isasetofarcsof thepathp, enclosed inD, , i. e.
@ U (u) =UQ) ND;; tel, peM,;
U, isasetofall thearcsonall thepathsfromM,, . e.
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) U =0 U) ; iel;
peM,
B,(n) isthesumof the coefficients, correspondingtoU, (1), at that foreach i<l

and peM,

[ by, iFU@)=D;
(€k)) B,(1) = 3 (<UD

| Ootherwise.

v(u) will denote this part of the flow v, which corresponds to the path p. The
following transition fromanetwork flow v in anarcs-nodes form tonards a Flowv(h)
inarcs—paths formcan be real ized with the help of condition (8) and Theorem?2.2 from

-
(@2 v(h) =Xv(u) =v.

pneM

We shal I use further on the denotation vonly.
Thefolloving coefficientswi Il be defined:

<[v(p)/v, it v>0; peM;

@) @, = _
| Ootherwise.
It fol lows from the definition above given that for each peMand v>0
@® ZOLH: 1; 0<o,<1.
neM

The above relations mean that the flowv can be divided among the paths with
indices fromthe sets M. The requirements for the preserving of equations (2) are
satisfiedatthat, i.e., foreach (X, y) eUQ), peM, itcanbewrittenthat T (x,y) =v(w) -

Let the number of patths inMbe equal tom, i.e., [M|=m. Incasethe paths indices
are numbered ina fixed manner, {ocu} can be regarded as elements of the vector o,

an o= (0, ,0,,...,0).
Definitionl. Thevalue
@ B(a,i) = Xo, B,(n), iel,
neM,

will be calledano,-factor.

Acoording to (13) {B; (u)}wil l dependonapriori givencoefficients { b,(x,y)}only
andhence o,~factor isafunction of the elements of the vector (17).

Definition 2. Each realizationof thevector o, corresponding to requirerents (15)
and (16), will becalledan a-realization.

Itfollows from (15) and (16) thatdepending onthe values of veacha-realization

can be assigned a set of flow real izations {v(u)|ueM}-
The fol lowing three confirmations fol lovdirectly fromrelations (13) upto (18) -

Confirmation 1. Only one a,,~factor corresponds toeach a.-real izationand index

EL

Confimmation 2. o,-factor is invariantwith respect to the value of the flovvand
1t depends on the a.-real ization and the value of the parameters B,(u); ueM, .

Confirmation 3. Thereexists biunique correspondence betweeneach o—real iza-
tionand the corresponding values of the flow {v(u)/ eM} at a Fixed value of v.
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3. Conditions for the existence of anetwork fFlowwithadditional
lineareqalities
Lemma 1. In the case of an ALE-Flow for each i<l
€)] 2b&.y) TC,Y) =2v()B, (1)-
yeD, B oeM,
Proot. Taking inmind [1], the fol lowving coefficientswil 1 be introduced:
(1, if X, ) el,@);

@) a,069) =1 ]
| Ootherwiise.

When passing fram the flow inarcs-nodes formtowards a flow inarcs—paths form
[1], foreach (X, y) eU,(n), neM, , itwillbewritten

@ Ty = 2o, (X,Y) V(L) -
peM,
Onthebasisof (14), (19) and (20), the leftside of (19) canbe represented inthe

follovingway:
@ 2 b,,y) FO,Y) =2 b,(X,y) Za (X,y) v(p)=

(x,y)eb; (x,y)eD; peM,

=2 v() Za, ,Y) b,y) =X v(u) X b(X,y) -

peM;  (X,y)eD; peM;  OGGY)evi(n)

The equal ities above givenand (18) prove (19)s

Consequence 2. Thereexistsarelation

@ 2 b,(x,y) f(X,y)=VB(a,1).
(x,y)eb;

The equal ity above given fol lons directly fran relations (14) upto (19)s

The ol loving results define the conditions for the existence of an ALE-Fllow.

Theorem3. Ifforany i<l
@ C,>0and B, (u)<0 foreach peM, ,
then there does not exist any ALE-Flow, for whichall conditions fron (2) upto (4) are
stasfial.

P r oo f. From the second requirement in (24) and the non-negativeness of
{v@)|peM} it follows that

2v(p) B, (n)=<0.
peM,

The above inequal ity and relations (3) and (19) lead to the requirement C, <0,
whichcontradicts to the firstof the inegual ities in (24) andproves the inpossibi lity for
existence of an ALE-flow under conditions (24)s

Lenma4. 1TC,>0, i<l, then the requirement

(¢5)) B, (1)>0, il , forat leastonepeM, ,
Isanecessary, but not sufficient condition for the existence of an ALE-flovfrom (2)
wto@).
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Proof.Necessity. Itisassured thatrequirement (25) isnotsatisfied, i.e.,
thatall threvalues {B, ()| i€ l; peM, }are nonpositive. Then fromthe nonnegativeness
of {v(u)|peM}and relation (19) the violating of (3) forevery i<l follons. Thisisa
oottradicon.

Insufficiency. Let (25) be satisfied, and the graph G(N, U) be defined so
tet

W= {33 =5 U0 @H={&. N} Y, @) ={¢. D};
B, (u") = b,(x,y) >B, (1") =b,(y, 2) >0; C, =C, >0.
It fol lows from the relations above given and (3) and (19) that
C. C

- 1 — J

v y=—— =t
B,m™) B®")
which isnot possible, since inthe lastequal ity the numerators coincide, but the
denaminators—no. Hence, (25) isnota sufficient condition for the existence of the
ALE-Flows
Lenma 5. If C,=0, iel, thenthe requirement
@) B, (u") =0foreach icl and peM,
isasufficient, but notanecessary condition for the existence of anonzero ALE-Flow.
Proof.Sufficiency. Itfolloxsfranrelation (19) that theequalities (26) lead
o the satisfying of each of the requirements from (2) upto (4) , and the flovvmay have
anonzerovalue.
Nonnecessity. Let thegraph G(N, U) be defined as fol lows:
W =M 4L =L U D) ={G N} U @) ={K, D};
U, (D ={(z, }:; B, (u") =b;(X,y) >0, B, (u") =b;(X,2) <0;

B, (u*)=b,(z, Y)=0.
Fromthe relations above givenand (19) it fol lows that in case the nonzero floas
v{u "} and {u'}are arranged insuch away that
v B (") - v(@™B, (u) =0,
thenal l the requirements from (2) upto (4) will be satisfied, and (26) will notbevalid
for the constraint (3) withan index i . Hence, it Isnotanecessary condition for the
existence of anonzero ALE-Flows

Lemma 6. If

@) C,=0and B, (u) # 0, foreach 1el and peM,,

then the requirement that for each i< there should be at least two paths p* eM, and
u''eM, such that

@ B, (") >0 and B, (") <0

isanecessary but not sufficient condition for the existence of anonzero ALE-Flow.

Proof.Necessi ty. Itisassuned that thereexistsat least one i<l forwhich
() isnotsatisfiedandfor it

(¢.2)) 2v(u)>0and B, (u) >0 for each peM, , or
n eM,

(€9)) 2v(u)>0and B, (u) <0 foreach peM, .
u eM,
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Fram (19) and (29) it fol lons that forequal ity () withan index i, the coefficient
C, ispositive. Under the assumptions (19) and (30) the same coefficient hasanegative
value. Inbothcases thiscontradicts toassunption (27) and proves the necessity of (28) -
Insufficiency. LetthegraphG(N, U) be defined in the fol loving way:
@D L, =ML 3= 1 U @) ={&, U @) ={X, 2)};
€% U @D ={¢. D} U, @) ={z, D}; B ") =b(x,y)>0;
@ B ()=b,(x,2)<0;B )=b,(y, ©>0; B (W)=b, @, <O.
From (3), (19) andthe above relations it folloss that the satisfyingof condition

@7 leadsto:
V(") B, (u™  IB,(u™)|
& T = = - ;
V(') B, (u™  [B, (u")

where B, (1)) is theabsolute value of B, (u'") respectively.

1T (B, (n")I=(B; (n™) and |B,(u")[>|B; (1) then the comparison of the above
relationswith (3), (19) ad (27) leads to the impossibi ity for (3) atanindexjel - Besides
thisaccordingto (32) and (33) inequal ities (28) are satisfied. The contradiction
obtained shows that (28) is not a sufficient condition for the existence of a nonzero
ALE-Flows

Lemma 7. The necessary and sufficient condition for the existence of an ALE-Flow
Trom (2) upto (4) is the presence of such a real izationof the flow (17) , forwhich
(€9)) VvB(a,1)=C, foreach iel.

Proof.Necessity. Itisassuredthatequal ity (34) isnotsatisfiedforany i<l,
ie . tat
(€9)) vB(o, 1) >C, ; iel.

From (23) and (36) it fol lows that for the same i<l

2hecy) Fex.y) >C;,
.y)eDb,
which contradicts to (3) and proves the impossibility of (36) foreach icl. Inan
analogousway it can be shown that the assumption
VvB(a,1)<C, foranarbitrary icl

leads toa contradictionwith (3) - Hence, the requirement (35) isanecessary condition
for the existence ofan ALE-Flow.

Sufficiency. Letforevery icl theequality (35) be satisfied. Thenfrom(23)
and () itfollons thatforeach i<l equalities (3) arevalid.

Lemma 8. ITfor everypassible real izationof the flow (17) at leastone index i<l
isfoundsuch that

(€)) C,>0and B, (o, 1)<0;
then there does not existany ALE-Flowfrom (2) upto (4) -

Proof. Itfolloasfran (3) and (23) that foreach i<l Itcanbewritten:

vB(i, a)=C,.
Sincebydefinition
v >0,

thenthe correspondence of the last two relationswith (37) leads toacontradictionand
proves the impossibil ity for ALE-Flow existence or the assumptions of Lemma 8.
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Itwill be interesting to investigate the capecity of the ALE-Flow, caused by the set
of additional linear equalities, aswell as itsconnectionwiththe maximal and minimal
valuesofthisflow.

Conclusion

The results obtained are reduced inthe general case tothe fol lowing:

1. The classical network flow of Ford and Fulkerson does not need any proof for
existence, sinceatanyvaluesofthe capecity thereexistsat leastone realizationof the
Tlow, corresponding to the zerovalues of the arc flov functions, whichsatisfiesall the
requirements forthis flow.

The values of the coefficients {C }and{b,(X, y)}of the linear equalities (3) are
indicated in Theorem 3and Lemma 8 of the present paper, forwhich no ALE-Flowfrom
@ uto (@) exists.

2. Anumber of requirements have been obtained — necessary and sufficient from
Lemma 7, necessary but not sufficient —from Lemma 4 and Lemma 6 and sufficient,
but not necessary — fromLenma 5, whiich indicate the conditions for existence of an
ALE-Flowfrom (2) upto (4).

3. Arealizationand areal ization factor of anALE-floware introduced inthe form
of arcs—pathsand relations characterizing these notions have been dotained.

4. Itisshoan that for novalues of the coefficients {C }and {b,(X,y)} of anALE-
Flow it can be reduced to the classical network flow.

Some conditionsaregiven in [6, 7] whenthe linear flow isreduced tothe classical
Flow of Ford and Fulkerson. In this aspect the ALE-Flow and the OLE-Flow have
principal ly different properties with respect to the classes of network flows al ready
investigated. This is connectedwith the fact that the ALE-Flovand the OLE-Floware
definedbyequal itiesonly, notusing inequalities.

References

-Ford,L.R.,D.R.Fulkerson. Flows inNetworks. Pr.N.J., PrincetonUniversityPress,1962.
.Jensen,P.,J.Wesley Barnes. Network Flow Programming. N.Y ., JohnWilley and Sons, 1980.
-Evans, J.,E.Minieka. Optimization Algorithmfor Networks and Graphs. Marcel Dekker, 1992.
.Barr,R.S.,K.Fargangian,J. L. Kennington. Networkswith side constraints: anLUfactorization
update. —The Annals of the Society of Logistic Engineers, 1, 1986, 66-85.
.Beling-Seib,K.,P.Mevert, C.Mueller. Network flowproblemswithone additional constraint:
Acomparison of three solutionmethods . —Computer and Operational Research, 15, 1988, 331-3%4.
6.Sgurev,V.,M.Nikolova. Alinear network flow. — Problems of Engineering Cybemetics and Robotics,
22,1985, 3-10.
7.Sgurev,V.,M.Nikolova. Maximal linear flovand capacity of cutting set. — Problems of Engineering
Cybermetics andRobotics, 25, 1986, 3-10.
8.Sgurev, V. nanetwork flovwithone linear equal ity. — Problems of Engineering CybemeticsandRabotics,
48,1999, 82-100.

A WNBE

(6]

71



CeTeBOM MMOTOK C OOIIOJIHUTEJILHEIMM JIMHEVHBIMM/ PaBeHCTBaMM

Bacwt Crypes

MHCTUTY'T MHYOPMAIIMOHHEIX TeXHoJI0Twwi, 1113 Copms

(Pes3owMme)

B paboTe BBOOUTCHA KJIACC ITIOTOKOB B CETAX, B KOTOPEIX HE 3aIal0TCS POy CKHEIE
CIIOCODHOCTM OTHEJIbHBEIX OyT', a OyTOBEE [IOTOKOBEE QYyHKLMM OT'PaHMUMBATCSI
MHOXECTBOM JIMHEMHEIX PABEHCTE C HEOTPHULIATEJIbHEMM KO2OQMLIMEeHTaMM B IIpaBOM
CTOPOHE U NPOMBBOJILHEIMY KO2QPUILIMEHTaMM B JIEBOY CTOPOHE. 3TOT IIOTOK
Ha3BaH CeTeBLM IIOTOKOM C IOIIOJIHUTEJIbHEMY JIMHEMHEIMY PaBeHC TBaMM, WUIIU
JJIP-IIOTOKOM .

Ha oCHOBe oIpelesiseMbIX [TOHATUN Ol—pealin3aliy [I0OToKa B BUIE Ty TU—IIyTU U
o ,;,~bakTopa noToKa MOJIyUEeHO PAL HEOOXOOMMEIX /U OOCTaTOUHEIX YCJIOBUM
cymecTBOBaHMA OJIP-TIOTOKAa, TakKXe Kak M 3HAaUeHMSI KO2QOMUIMEeHTOB JIMHEVHBIX
PaBEHCTB, NPV KOTOPLIX HEBO3MOXHO CYLIECTBOBAHME DTOT'O [1IOTOKA .
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