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1. Introduction

Linear fractional criteriaare freguently encountered in finance, marine transportation,
water resourcesmanagamant, healthcare, etc. [13]. Thereal decisionmeking inthese fields
musttake imoacoount linear fractional (ratio) criteriaveryoften.

The linear fractional programming (LFP) problem isdefined as fol loas :

o max | T)= @

a® |
S xeScR",
where p() and q(X) are linear functions andthe set S isdefined inthe follovingway:
S={x] Ax=b, x>03}.

Here A isareal valued mxn matrix, beR' . We supposethat S isanonempty bounded
polyhedron. The maximal value of T(X) on S isdenotedby T .

Many authors have proposed algorithms for solving problem (1), for example:
5, 11, 17] and others. Camparative investigations of such algorithmscanbefound in
[1, 3] - Additional informationconcermingespecial ly the* bad points’” isgiven inthe paper
of [14]. Apoint x' € S iscalled a“bad point” if F(x) - when x— x' . Acomplete
simplextypealgorittmfor solving prablem (O) ispresented in [1] .-

Bazaraa andShetty [2] have shownthat thegoal function in (1) has several
important properties— it is (Simultaneously) - pseudoconvex, pseudoconcave, quasi canvex,
quasi concave, strictquasi convexandstrictguasi concave. Thismeans that the point, thatt
satisfies the Kuhn-Tucker conditions for the maximizationproblemgives theglobal
maximumon the feasibleset. Inaddition, each local maximumis inthesame timeaglobal
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one onthe feasibleset. Thismaximun isobtained atanextremepoint of S.
Themultidbjective linear fractional programming (MOLFP) problemcanbewritten
asfolloss:

X eS.

Here Sc R’ isanonempty bounded polyhedron (as inproblem (1)) . All p,(x) and
g,()are linear functions. We denote fj )= of o/ q; ) (¥1) and suppose that
qi(X) >0,VXeS, 17, 2,...,K. Adescriptionof thesepraoblarns, sarebasic information
and many examples can be found in [13] - Nykowski and Zolkiewski [12] have proposed
areplacingmultiobjective linear programming problemand a compromise procedure for
rtssolving. Several years later Dutta, Reoand Tivari [6] have shown that computattional ly
same of these results canbe improved for the casewhenthe denominatorsare identical -
Choo has shown that the weak efficient set for problem (2) is notalways aunion of
polyhedrons, Itmaycottainsarenonlinear parts [13] - Theexplicitdescriptionofthewesk
efficientset canbeveryuseful but itisoftenahardprablentoget suchdescription. An
advantage of theweak efficient setof problem (2) isthat it isalwaysaclosedset. (The
efficientsetmaynotbe closed. [13]) - Anonlinear programming techniqueand the reference
pointmethod are proposed here for obtainingweak efficient points for problem (2) .

2. Analysisof the MOLFP problemusinganauxi l1iary nonll inear programing
problem

Letus consider problem (2) - We cantry touse the reference pointmethod for ananalysis
of this problem, thus we formulate the fol lowving nonlinear programming problem

min D

s
@ D>bi (ri —fi(X)), v i1
X €8S.

Here b, >0 (V1) , thenurbers r;, are the reference point canporents, they satisfy
thefolloving inequalities:
r, >maxf, (X)), Vi.
I't can be seen that the solution of prablem (3) determinesweak efficient points for
problem (2). Really suppose that X' isasolutionofproblem (3) , thatgives theminimal
value D™, but X" is not aweak efficient point. Then there exists another point
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XeS, suhtrat £,(X)>F,(xX), (Vi,) . Thereforeitisdwiaslythat forthecorresponding
value D’ weget D’ < D™, andthis isacontradiction.

Definition2. Consider the function h: S— E , Where S isanonempty convex set
in E . Thefunction h iscalledstrictquasi convex i f for each two points x,

X €S, suchthat h(x)=h(<), the following inequal |tyholds-
hQx +@-2)xX) < max {h () ,h A} forall r1e(0,1).

Thefunctions g,(X) =b, (r,—T,(X)), Vi, arestrictquasi convex because fi ) arelinear
fractiaal [Z]-
Itisobviousthat inproblem (3) theminimunof the fol lowing function is searched
pQ)=nex [b, (r,—F,00) 1=mex[g,0) 1, i=1,2,...,m

Theorem. Let Sc E, be anonempty convex set. Suppose that the functions g, (69)
i,vxeS) areslrlctqmlocmex Thenthefunction ()= mex [g M]is Sl]’Ith.JBSI
oonvex, to.

Proof. Let O<i <1, x', X €S,. Then
oA +(1-1) xz):maxi g. (I X"+ @-1 X<
<max [max (g, (X)), g, (X )] =max [maxg (x), max g.(x) 1=
=max [ (X'), ()] o

Therefore inproblem (3) we have tominimize astrict quasi convex functiononthe
convex set S. Each local minimumofastrictquasi convex functionis inthe sametimea
glabal minimumof thisfunctionon the feasibleset S[Z]. Thismeansthatwecansolve
problem (3) using nonl inear programming algorithms thatgive local minimum. The
obtained solutionwill give aweak Pareto poirt for problem (2) and acorrespondingweak

efficientyoint.

3. Numerical example

The Choo”s exampledescribed in [13] will be used here for il lustrationpurposes. This
eamleis:
max (f =x /X )

max (fZ:xa)
max(faz—(xl +x3)/(1+x2))

1<X ,X ,X <4.
1 2 3

Thefeasibleset S isdetermined by the abovegiven constraints. Theweakefficient
set E' isdescribedasfol loas [13]:

EY = UluUZUU3uU4uU5,
where
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Ul ={xeS|x=(a,b,c), a=bc},
U2 ={xeS|x=(4,b,c), bc>4},

§] isthe covexhull ofthepoints (1,4,4), (1,4,1),(4,4,1), 4,4,4),
§] isthe covexhulll ofthepoints (4,1,4), (1,1,4), (1,4,4), 4,4,4),
U istheconvexhull of trepoints (4,1,1),(4,1,49, (A, 1, 1).

Inorder to getweak efficient points for this problemwe use formulation (3). The
computationswere made by programNEL 1 . The feasible set isgivenas shomnabove. The
functions T arewritten ingeneral mock intheconstraints containing thevar iableD. These
fuctionsaredeterminedexplicitly by separatelywritienconstraints. Ontheotherhand the
reference poirnt components are nurerical lywritten inthe constraints containing the
variableD. Inadditionbi =1 forall i. TableAcontainsdata i llustrating the behaviour

ofthesolution.
Table A
1 n L L X % % L} T, T,
2 1 2 3 4 5 6 7 8 9
3 5 5 1 1002 1)} 10D 1999 | 1999 | 20mn
4 6 5 1 25 10} 15 2,55 15 25
5 5 6 1 Ei10) 2B | 28035 1835 | 2815 | 2,566
6 5 5 2 1,402 10} Wie:2; o) 1402 | 1489 | 1,501

The corporents of four reference points: G, 5,1, 6,5, 1D, 6,6, 1), 6,5, 2) are
written incolums1, 2, 3and in rows number 3, 4, 5, 6. The same rows and columns
4,5, 6 cormtainthe corresponding feasible points determined by the solutionofproblem (3)
obtainedwiththe corresponding reference point. The last three colums contain the
corresponding criteriavalues. The corparismwith the givenexplicitdescriptionofthe
weakefficient setshons thatal l feasible pointswritten inTableAareweak efficient. It
mustbe pointedout thatal I used reference points dominate the ideal point for theproblem.

TableAveryclearly il lustrates the effects of increasing of one reference point
component keeping the rest unchanged . Row 4 contains a reference pointwith first

increasedwith respect to the reference point inrov3. This leads to increasing
thevalue of the firstcriterion (rons 3and4, column7) . The same effect can be seen for
‘the secondand the thiird reference point component. This effect isgeneral lydescribed in
thepgper [B]-

I'tmust be added here that the computations made with the nonl inear programing
formulation (3) were compared and confirmed by computations based on the usage of
linear progranming technique.

4 . Some comments and conclusion

Thepaper [8] containsa result conceming the usage of reference points for theanalysisof
nonlinear multichjective gptimizationproblens. Itisshomn inthepaper that thedotained
value ofagivencriterioncanbe improved by acorrespondingly chosen reference point.
Thisresult isvalidforthecorsideredheremulticbjective problensand is il lustratedby the
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example. The same resultgives away tomove intheweak Pareto set.

Thepeper [8] cotains, inaddition, aresultabout theParetopointsattainebility. This
resultisvalidforthe problansconsideredhere, too . The solutionaf prablem (3) determines
weak efficientpoints forprablen (2) (@ndweskPareto points, ofcourse) . Ingereral, ifthe
reference point isclose toaParetopoint, thenthe solutiondeterminesaParetopoint. Thus
frompractical pointofview it canbe said thatweak Pareto points are attainable.

It isworthnoting that problem (3) nust be ful ly solved- inthe follovingsense. It is
notsufficienttofind (or toestimate) the needed mininumonly, witthoutdetermining the
corresponding argument . This argument detemines the needed weak Pareto or weak

i int.

The proposedway for obtainingweak Pareto (weak efficient) poirts seems tobemore
attractive inthe cases, when theweak efficientsethasa largenunber of extreme points
and it isahard problemtogetaful l descriptionofthisset.
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HaxoxneHre crialeix Touek [lapeTo mjid 3alad MHOT'OKPUTEPMAJIbHOT'O
OPOBHO—JIMHEVHOT'O NPOTPaMMMPOBaHMS

FEosH MeTeB

UHCTUTYT MHYOPMALIMOHHEIX TexHoJormit, 1113 Copus

(PeswomMme)

711 aHaJm3a 3alaydl MHOTOKPUTEPUAJIb HOT'O APOOHO—JIMHENMHOT'O NPOTPaMMMOOBaHMS

(BCe KpUTEPMM MAKCYIMBMPYIOTCS) [IPeIjlaTaeTCs UCIOJIb30BATE MBBECTHYIO CKAJISPHYIO
ONTVMM3ALMOHHYIO 3afJady, pelleHre KOTOPOoM onpenenseT ciadue [lapeToBCckMe
TOUKM (a Taxxe U CcJjlab®oabdeKTVBHEIE TOUKM) . B paccMaTprBaeMOM CJIydae B 3TOM
CKaJIAPHOM 3allaue MVH/MSUPYETCS CTPOT'O KBaSUBLITYKIIasa QyHKIMSA, UTO I[I03BOJISET
VCIIOJIb30BATE aJINOPUTMEL HEJIMHEVHOT'O IPOTPaMMMPOBaHNs, Nalle JIOKaJIbHEM
MVHVIMYM .
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