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Introduction

The problemaof servo-control of manipulating robots is treated by many authorsand the
results of the efforts couldbe summarized in threemain groups of control methods [1]:
linear servo-control methods, model -reference adaptive control (MRAC) methods and
learming control methods. The classification isnot the absolute one, but Itgives sone
advantages. The group of the MRAC methods divides 1tsel T intwo subgroups: computed
torguemethods, involved in [2and 3], and feed-forward senvo-control methods [4-6] - From
mathematical pointofview, the appl ication of computed torque or feed-forward senvo-
control methad leeds todifferenttypesof differential eguations. Navertheless inbothcases
themainproblem istoprove thestabi l ity of the clased-loop control system.

Maybe for the first time, the ideaofrejecting the stabil ity conditionwes launched in
[71, where rtisshomnthat the requirenent the closed-logp systemtobeasynptotical ly stable
doesnot lead to good performance behaviour of the control ledmanipullator, i .e. tdoesnot
givegood trackingof thedesired trajectory . Furthermore the problemofhonvtoapply the
resultsofstabi ity theoryto thecontrol of robots menipullators isnotoonsidered in[ 7] ad
this ismade inthe presertted paper .

Notations and problem statement

:I‘hemotion of a robotmanipulator is described by the second order differential
equation[3]:
(@) A®Y +b(0,0)+g®)=1(t,0,0),

where 6 eR" isthevector of the joint co-ordinates; A(.)eR™ —thegeneralized inertia
metrix; b(-, -)eR"—theCoriolis” andcentrifugal forcesvector; g(-.) eR"-thegravitation
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forocesvector; (-, -, -) eR"-thecontrol actionsvector, andn— thenurber of thedegrees
of freedomof the robot manipulator .

Thedotsover the letters denote the respective timederivatives. Theeguation () is
the mathematical model describing the motion of arobot manipulator. The problemtobe
solved, fronamatheratical pointofview, Is: Letadesired trajectory:

(%) 0*=0*(t), 0*=0 *(t)

be given. Acortrol functiion has tobe found so that the equattion (1), resolvedwirth respect
totheperformanceerror isasynptotical ly stable.

This problemhas been solved by many authors implying several restrictionsand
assunptions. In[8, 9] PDandPID servo-control laws areappl ied toeguation (1) inorder
the point=to-point taskmotion tobe solved, and in (10, 11) astrongproof of the stability
of thecllosed loop system isgiven. The carputed torquemethod is gpplied for the first time
in[1, 2] and later the cortrol systemstabil ity isproven in [12-14] . The cormonmethod
isthelLiapunov’ssecondone. In[4, 5, 15-19] one could Find the same method appl ication
tothestabilityof (D) withrespect totheperformenceerror, inthe casevwhenthefeed fornard
control method ischasen. Thedifference between the authors approaches consists inthe
manner of the Liapunov”s function choice. All of them use the property that theb() term
in (D) isaquadraticformwith respect to the joint\elocities, withasken-symetricnatrix.
The last property isenployedalso toassure thestabil ity of (1) incase predictive-adaptive
[20] and decentralized adaptive control [21] laws are applied. Insuch acase the
mathematics problemseems tobe solved.

Franapractical pointof view, the problemthat shouldbe solved, is: letadesired
trajectory:

(19 0*=06*(t), 6*=0 *(D

begiven. Acortrol functiion hes tobe foundso thatt the performenceerror, i .e. , thedifference
betvweenthe actual values of the jointoo-ordinates andvelocitiesand the desiredones, are
srall enough.

Tredifference between the prablems ispartial lydiscussed in[7]and it isshoanthere
that thestabil ity cordition isnotasufficientcondition foragoodbehaviour of theclosed-
loop cotrol systemwith respect tothe performance error . Themain reasoning in[7] isthat
the time interval ofa robotmotion isalways a final onewhile the stabi l ity condition
guarantees thepropertiesof thesolution in infinity.

The problemdiscussed inthispaper is related toanother restriction, mustbe inplied
ti (1), sothat the mathematical model is made closer to the real motion of a robot
manipullator . Inthiscase rtwill beshown that the performance error isbounded wirthout
use of thedirectmethod of Liapunov.

Results

Thediscussion furtheron isfounded onthe fact that the joint co-ordinates, \elocitiesand
accelerationsofthe robotmanipulator are restricted. Therefore, thereexist threebounded
domains ©,0 and ® of R"sothat:

()] 96@,66@-,9 e® 0,060,060 cR".
The cortrol functiont in () ishuiltasasumof twoparts [1]:
o ©(t,0,0)=r*(t, 0, 0)+7(L,0,0).
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Here
G *=A0)0 *(®)+K[0*(® -0 (D]+K [6*(®)-6 (D], AOB)=diagA®),

and

® T =[A@)-A®)] 6 +b(0,6)+9(®)-

ThematricesK andK areconstant and diagonal ones and all of their diagonal
elarentsarepositive.

Inthe casewhen the equations (6) and (6) are exact the closed-loopequation () is
decoupledand in [1] it is shown howto choose K, and K so that the equation
©) A& +KE +Ke=0
isasynmptotical ly stablewith respect tothe performanceerror .

Inevery real case the equations (6) and (6) arenot exact and expressan estimation
of theactual values of the control actions desired. In [1] one canalso findanaccurate
investigationof the influence of the uncertainties on thesolutionbehaviour of (7) - Ifthe
inaccuracy of theestimationofthe A(B) matrix isneglected (the influenceof this inecouracy
isverysmall [1]), then the equation (7) becomes nonhomogeneous:
® A& +KE +Ke=e
where e(t, 0,0), fuctimis:

1) abounded functiionwith respect to the time (physical reasons);

i) abounded functionwith respect to the jointco-ordinates (sinandcos);

i) alirear fuctionwith respecttothe joint\elocities.

Therefore itfollors from (3) that the solutionof (8) isbounded ifthe solutionof (7)
isssynptotical lystable.

Itisessytobe scentrat thepropositions i, 11 and il arecorrect. Thefirstaneof them
is due to the restricted feed forward component of the control function. The second
proposition does not need any explanations. The third one needs maybe, some more
caments. Theb( ., .) termof (1), as rtwasabovementioned, isaquadratic formwith respect
tothe jointvelocitiesand itcontainssin-sand cos-swirth respect to the joint co-ordinates.
Using thewel l knoan formula X2—y 2= (y)(X-y), Itisclear thatstatementiii holds
at leasst inthesenseoferomity.

Therefore thefol loving statementholds: Let the control function ishuiltas itisshon
in(4), G)and(6). Letthe gainmatrices in (5) satisfy the respective conditions dotained
in[1]. Letalsoholds (3) - Thenthesolutionof (8) isbounded.

Discussion

Conditions () arenctonly natural ones. Infactequation (1) doesnotdescribethemotion
of any real mechanical system. Soone can speak about amathematical model of the motion
ofarobotmanipulator only inthe casewhenequation (1) isfumishedwithconditions (3).-

Ontheather hand, 1tseems toappear aclosed-loop reasoning.- If conditions (3) do
notexist, thestabi lityof (8) isnotdwviaus, because it isnotclear iftre rigit-handside of
(8 isabounded function. Ifrestrictions (3) are inplied it isnot fessible ifthestabil ity
condition isanecessaryane, because (3) directlyguarantees that the performanceerror is
bounded. Infact itisnottrue, because ifthegainmatrices in (5) arenotproperly dhosen,
the performance errorwi ll beenormous, even ifitis restricted. The problemabout the
performance errorevaluation isdiscussed partial ly in [7] andmoredetai Is canbe found
in[1]. Inthissensetie resultsherenustbe consideredas corplerentaryones to the results
published in[I]ad[7]-
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Conclusion

The problemaf completeness of the mathematical model describing the motion ofa robot
manipullator isdiscussed. Sorenatural restrictionswas enployedso that the metthemattical
description ismade closer tothe real ity It isshoan that the performanceerror (the
deviation fromadesired trajectory) isbounded, even if the time interval of thenotion is

late.
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HeKOTOpre MaTeEMaATUUYECKHME ACIIEKTEI YyIIPaBJIEHNA pO@OTaMM

JloHYO J[OHUER

Cexumst pOBOTUKMY U MEXAHUKM, UHCTUTYT MexaHuku, 1113 Copus

(PeswomMme)

MaTeMaTrdeckoe MOOeIMPOBaHe du3nueCcKMx IPOLleCCOB — 3TO ODMENPMHATEM
Hay4HBI METOJI OMCaHM NPMponsl. OCHOBHOM BOIIPOC, KOTOPOMY Halo OTBETUTE B
5TOM CJlydae, 9TO BONPOC O HaxOXIeHM obxBaTa MaTeMaTUdeCKoM Mozem. Takom
OTPaHMYEHHBD OOXBaT MaTeMaTUUeCKOM MOIeJIM BCTpedaeTC s OYeHb JacTo.
Hanpumep, 3akoH I'ykKa MOXHO MNPUMMEHMUTL TOJIBKO K OTHOCUTEJIEHO MaJlEM
nebopmalivaM, HO OH He MOXeT OOBACHUTE 5QOeKTOB IUlaCcTUUeCKUX JedopMalyti. B
HacTosmer paboTe croeyaHa IIOIBITKA HaTy HEKOTOPEE OTPaHMYEeHNS PVMEHVIMOC T
MaTeMaTUYeCKOM MOIe M OABVPKeHM A poBoTa~MaHUITyJIaTopa . 30eCh paCcCMOTPEHEL
CylecTByIMEe QM3MHecKe OTPaHMUeHMs U X OTPaXeHy e Ha pe3yJibTaTax Teopy
yIPaBJIeHNA POOOTaMI .
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