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Introduction

The Monte Carlo (MC) methods are a broad class of computational algorithms based
on performing of a big number of simulations of an experiment with randomly chosen input
parameters. The year 1949 is generally regarded as the official birthday of the Monte Carlo
method when the paper of Metropolis and Ulam [19] was published, although some authors
point to earlier dates. Ermakov [8], for example, notes that a solution of a problem by the
Monte Carlo method is contained in the Old Testament. The development and intensive
applications of the method is connected with the names of J. von Neumann, E. Fermi, G.
Kahn and S. M. Ulam, who worked at Los Alamos (USA) for forty years on the Manhattan
project’. A legend says that the method was named in honor of Stanislav Ulam’s uncle,
who was a gambler, at the suggestion of Metropolis. Some of the most popular MC meth-
ods are the ordinary Crude MC, variance reduction methods such as Stratified sampling,
Importance Sampling and Adaptive algorithms, as well as techniques using quasi-random
sequences like those of Sobol, Halton and others. An additional and relatively new type
of quasi - sequences are those of lattice type, which are appropriate in case of smooth and
periodic integrands. Areas, where the Monte Carlo methods are widely used are Physics,
Engineering, Financial Mathematics, Gambling, etc. Monte Carlo and/or quasi-Monte
Carlo methods can be directly applied to finance problems involving multidimensional in-
tegrals [5]. One of the best known physicist Richard Feynman formulated the problem of
finding an effective and fast algorithm with linear or polynomial computational complexity
for computing multidimensional integrals which represent the Wigner kernel [9].

In general, Monte Carlo numerical algorithms may be divided into two classes - direct
and iterative algorithms. The direct algorithms contain only a stochastic error. For ex-
ample, evaluating integrals can be performed by direct Monte Carlo algorithms. Iterative
Monte Carlo algorithms deal with an approximate solution obtaining an improved solu-
tion with each iteration of the algorithm. In principle, they require an infinite number of
iterations to obtain the exact solution, but usually an approximation with & significant
figures is satisfactory. Iterative algorithms are preferred for solving integral equations and
large sparse systems of algebraic equations (such as those arising from approximations of
partial differential equations). In the latter case there are two errors - stochastic and sys-
tematic. The systematic error depends both on the number of iterations performed and
the characteristic values of the iteration operator, while the stochastic errors depend on
the probabilistic nature of the algorithm. In order to obtain good results the stochastic
error ry must be approximately equal to the systematic error ry that is rxy = O(ry). The
problem of balancing of the errors is closely connected with the problem of obtaining an

IManhattan Project refers to the effort to develop the first nuclear weapons during World War II by the United

States with assistance from the United Kingdom and Canada.
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optimal ratio between the number of realizations IV of the random variable and the mean
value k of the number of steps in each random trajectory |[6].

In many fields of science and engineering parabolic equations are always used to describe
many phenomena, so that the finite-difference method that solves the parabolic equation
is frequently a focus of concern, see e.g. [18]. In the context of the finite difference
discretization, the standard second-order discretization schemes may need fine griddings
to yield approximate solutions of acceptable accuracy. The resulting large size systems
have to be solved, which may consume a lot of memory space and CPU cycles even on
present generation supercomputers. One approach to reduce computational cost in very
large-scale modelings and simulations is to used higher-order discretization methods. Other
important factor affecting the computational efficiency of a discretized method is to solve
the resulting linear and nonlinear systems of algebraic equations in an efficient way. The
higher-order methods usually generate algebraic systems of much smaller size, compared
to the lower-order methods. Because of this and other advantages of high-order methods,
there has been growing interest of developing and using highly accurate numerical schemes
for solving partial differential equations, leading to renewed interest in high-order compact
difference schemes [20].

Goals and Objectives of the Thesis

The goal of this thesis is the developing, realization and study of various Monte Carlo
(quasi-Monte Carlo algorithms) for multidimensional integral, integral equations and al-
gebraic linear systems. The most important part is the application of the methods and
algorithms to many areas such as financial computing, physics, biology, environmental sci-
ences. Another important goal is the construction and application of high order accuracy
methods, based on finite difference schemes, in air pollution modelling.

The main tasks are:

1. To develop and study of an adaptive Monte Carlo (MC) method, latin hypercube
sampling algorithm and a lattice set algorithm, based on generalized Fibonacci num-
bers of corresponding dimensionality, to make a comparison with Crude Monte Carlo
algorithm and Sobol quasi-Monte Carlo algorithm and to analyze the computational
complexity of the algorithms.

2. To apply the algorithms for European option pricing, Genz test functions, multidi-
mensional integrals in Bayesian statistics and finding a solution to Richard Feinman’s
problem for evaluation the Wigner kernel in quantum mechanics.

3. To construct and study an improved Monte Carlo algorithm based on balancing of
systematic error and probability error and to obtain the corresponding error balancing
conditions.

4. To obtain an improved Monte Carlo method for linear algebraic systems based on
,walk on equations* algorithm [7].
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5. To develop and analyze new compact finite difference schemes for semilinear parabolic
problems in air pollution modelling. To make a comparison with fourth-order com-
pact difference scheme and the fourth order scheme based on the standard difference
scheme with Richardson extrapolation and to obtain a sixth-order approximation
based on the fourth-order compact difference scheme combined with Richardson ex-
trapolation.

Methodology

The methodology is based on the fundamental results from the following areas: func-
tional analysis [15] - functional series (convergence, Neuman series, ,truncation error‘,
Taylor series); probabilities [4] - random variables, Markov chains, unbiased and biased
estimators, limit theorems; numerical analysis [1]| - approximation, quadratures; numerical
methods for partial differential equations and theory of difference schemes [3].

The source codes of the algorithms are written on MATLAB [28].

Publications

The main results are published in the following papers:

1. I.T. Dimov, R. Georgieva, V. Todorov, Balancing of Systematic and Stochastic Er-
rors in Monte Carlo Algorithms for Integral Equations, 8th International Conference
Numerical Methods and Applications, NMA 2014, Borovets, Bulgaria, August 20-24,
2014, Numerical Methods and Applications (I. Dimov, S. Fidanova, and I. Lirkov
- Eds.), LNCS 8962, Springer, 2015, 44-51. DOI: 10.1007/978-3-319-15585-2_5.
ISSN: 0302-9743. SJR (2015): 0.252.

2. I. Dimov, V. Todorov. Error Analysis of Biased Stochastic Algorithms for the Second
Kind Fredholm Integral Equation, DOI:10.1007/978-3-319-32207-0_1, Innovative
Approaches and Solutions in Advanced Intelligent Systems, ISSN: 1860949X, pp.3-16,
SJR (2015): 0.24.

3. V. Todorov, I. Dimov. Monte Carlo methods for multidimensional integration for
European option pricing, DOI:10.1063/1.4965003, AIP Conf. Proc. 1773, 100009,
ISSN 0094243X, (2016), SJR. (2016): 0.198.

4. Dimov [.,J. Kandilarov, V. Todorov, L. Vulkov. High-Order Compact Difference
Schemes with Richardson Extrapolation for Semilinear Parabolic Systems. IN: Appli-
cations of Mathematics in Engineering and Economics, American Institute of Physics,
1789, 030002 (2016), DOI: 10.1063/1.4968448, STR (2016): 0.198.

5. V. Todorov. Computing High Dimensional Integrals with Monte Carlo Methods,
Journal Scientific and Applied Research, Journal Scientific and Applied Research, 10,
2016, 11-16, Konstantin Preslavsky Publishing House, ISSN 1314-6289.

The second paper is cited in the following article with IF:
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1. Farshid Mirzaee, Nasrin Samadyar. Application of orthonormal Bernstein polynomi-
als to construct a efficient scheme for solving fractional stochastic integro-differential
equation, Optik - International Journal for Light and Electron Optics, IF: 0.742,
Volume 132, March 2017, Pages 262-273, DOI:10.1016/j.ijle0.2016.12.029.

Monte Carlo methods for multidimensional integrals

Latin Hypercube Sampling

One of the main problems of some MC methods is that a sample that is very close
to another does not provide much new information about the function being integrated.
One powerful variance-reduction technique that addresses this problem is called stratified
sampling. Stratified sampling works by splitting up the original integral into a sum of
integrals over sub-domains. It has been shown that the stratified sampling can never
result in higher variance than pure random sampling. Latin Hypercube Sampling (LHS) is
a type of stratified sampling. In the context of statistical sampling, a square grid containing
sample positions is a Latin square if (and only if) there is only one sample in each row
and each column. Thus following the described algorithm, we obtain a set of points with
positions forming a Latin square. Note that this sampling scheme does not require more
samples for more dimensions (variables); this independence is one of the main advantages
of LHS scheme. Below are given examples of random, stratified and Latin hypercube
samplings with 16 points (s = 2, M = 4 in the LHS case, the figure was taken from [14]).

Adaptive Monte Carlo algorithm

The adaptive method does not use any a priori information about the smoothness of
the integrand, but it uses a posteriori information about the variance. The idea of the
method consists of the following (see for instance [2, 6, 12]): the domain of integration G
is separated into subdomains with identical volume. The interval [0;1] on every dimension
coordinate is partitioned into M subintervals. The variance is compared with a preliminary
given value . If the calculated variance in any region is greater than this constant e,
then this region is divided to new M*® subregions, where s is the dimensionality, again by
partitioning the segment of the region on every coordinate to M subintervals. To avoid
infinite loops or inefficiency we put a limit to the total number of regions we could have
- an integer constant § which is the maximum number of total regions we could have. In

Random Stratified LHS
. * . ° ® -
. o -
- L]
° o . . . *
. . . . .
. . *
L]
‘ee . . ° . ® o
° ® - .
. » . . . . . ®

Figure 1: Comparison of the three sampling methods
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the end, an approximation for the integral I =3, I, is obtained.

Lattices and lattice rules

Quasi-Monte Carlo methods rely on sets of points that are evenly spread over the
integration domain, i.e. these sets have small discrepancies. One effective way of obtaining
such sets is to use the lattice point method. The most widely used types of lattice sets are
the following [22]: x,, = {%z}, n=20,...,N—1. Here z = (21,...,2,) is the generating
vector of dimensionality s which has no common divisor with N. Every component of the
vector is replaced with its fractional part. Using the "lattice rule" then, we shall mean

N—1
a rule of the form Ix(f) = + > f(x;), in which zo,...,zy_; are all the points of a
7=0

multiple-integration lattice that lie in [0, 1]°.

The most difficult part here is to find a good value of z, such that the points in the set
are evenly distributed over the unit cube. Indeed, the choice of a good generating vector,
which leads to small errors is not trivial. Complicated methods from theory of numbers
are widely used, for example Zaremba’s index or error of the worst function. Now, we will
focus on one concrete vector with good properties. We will refer to the lattice method
using this vector as Fibonacci lattice method or FIBO method. Consider the generating
vector below for some natural number n [13|: z = (1, F,(2),..., F,(s)). Here, F,(j) =

Foijo1—F,ij_o—...—F,, where F; are the corresponding generalized Fibonacci number
of dimensionality s, i.e.: Fi., = Fy+ Fj.1+ ...+ Fj4,_1,0 =0,1,... with initial conditions:
Fh=F=...=F,_,=0,F,_;,=1,1=0,1,.... After simplifying, one can see that the

generating vector above is: z = (1, F,, 1+ F o+ ...+ Fo_si1,.. ., 1 + F 9, F, ). Tt
follows easily that the computational complexity of the algorithm is linear, since the number
of calculation required to obtain the generating vector is asymptotically O(log F},).

Comparison for multidimensional integrals of smooth functions

We have tested the methods under consideration on 5 and 30 dimensional integrals of
smooth functions:

/ exp(—100z z223)(sin(z4) + cos(xs))dx ~ 0.1854297367, (1)
[0,1]°
4y xie?mrs et
" 20291 ... Tzdx ~ 3.244540. 2
/ (1 —+ x5 + ZL‘4)2 2 30 ( )

[0,1]30

We have carried out some numerical experiments to compare the performance of Crude
MC method, Adaptive MC algorithm, Sobol quasi-MC algorithm, Latin hypercube sam-
pling (LHS method) and a particular QMC lattice rule based on generalized Fibonacci
numbers (FIBO method) for integration of smooth functions with various dimensions. The
last two methods have not been compared before and both are generally recommended in
case of smooth integrands. The numerical results show (see Table 1 and Table 2) that the
FIBO method is better than LHS method for low-dimensional integrals, while LHS outper-
forms FIBO when the integrand dimension is higher. The Sobol nets (their performance

Abstracts of Dissertations 3 (2017) 3-24
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Table 1: Relative error for 5 dimensional integral

N | Crude | t,s | Adapt| t,s | FIBO | t,s | Sobol | t,s | LHS t,s

102 [2.10e-2{0.007|2.15e-3 | 0.27 [1.75e-4|0.007|5.29e-4[0.03|9.38e-3|0.007
10% |4.52e-3| 0.07 [2.01e-3| 2.43 [1.28e-5| 0.06 |1.43e-4| 0.3 |3.44e-3| 0.07
10°[1.19¢-3| 0.64 [6.91e-4| 22.2 |9.50e-6| 0.61 |2.36e-5|2.77|2.01e-3| 0.69
10°(8.47¢-4| 6.06 |2.92¢-4(219.5(5.47¢e-7| 5.98 |6.07¢-6|24.2|1.80e-4| 6.17
107 |2.38e-4| 59.9 |8.21e-5| 2043 |8.71e-9| 58.4 |2.30e-6 | 245 |2.46e-5| 60.5

Table 2: Relative error for 30-dimensional integral

N | Crude |time(s)| Adapt |time(s) | FIBO |[time(s)| Sobol |time(s)| LHS |time(s)
10%|8.56e-1| 0.02 |1.56e-1| 2.27 [8.73e-1| 0.02 [1.29¢-1| 0.27 |2.31e-2| 0.02
10%(7.13¢e-1 0.1 6.91e-2| 20.1 |1.19e-2| 0.18 |8.56e-2 2.5 [6.89e-3| 0.19
10°|4.21e-1| 1.12 [3.76e-2| 229 [2.78e-2| 1.56 [1.91e-2| 20.2 |1.65e-3| 1.54
10%]9.51e-2| 11.07 |6.29¢-3| 2271 |9.56e-3| 13.61 |9.47e-3| 208 |9.61e-5| 13.9

is given as a reference), are outperformed by at least one of the two discussed methods in
any of the considered examples.

Genz test functions

Numerical experiments with this function family
flz) =0+ Zai xi)—(s-&-l)
i=1

have been performed and the results are described in Table 3. This class of functions
belongs to a test package given by Genz (see [10]). The numerical results in the table below
confirm the assertion that he adaptive technique is effective for that class of functions that
have computational specialty in the local subarea of the integration domain. The adaptive
algorithm leads to smaller relative errors (even in 1-2 order) for smaller number of samples
in comparison with other algorithms under consideration.

Wigner kernel

There is a new formulation of quantum mechanics in terms of signed classical field-less
particles recently developed and it describes quantum objects in terms of classical particles
only |21]. The three postulates which completely define the new mathematical formulation
of quantum mechanics in terms of signed particles are enough to replicate the results of
more conventional quantum theories. Our main interest is the second postulate:

Postulate II. A signed particle, evolving in a potential V' = V(x), behaves as a field-
less classical point-particle which, during the time interval dt, creates a new pair of signed

Abstracts of Dissertations 3 (2017) 3-24
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Table 3: Relative error and computational time for the case s = 5, I[f]
2.1200e-06, a = (5,5,5,5,4); and for the case s = 18, I[f] = 9.9190e-06, a =
(l 2 21 2 114 2 11 2 2 11 4 1 l)
9227727292277 9°9% 2722779797272 277979727299/
Adaptive alg. LHS FIBO
s N rel.error time (s) N rel.error [ time (s) N rel.error time (s)
102 3.773e-03 0.33 10° 7.227e-02 0.27 1546352 9.714e-02 0.38
10° 1.288e-03 1.44 10° 3.251e-02 1.22 3040048 6.750e-02 1.32
5 104 4.245e-04 10.75 107 2.520e-03 12.3 11749641 1.538e-02 15.1
10° 4.717e-05 142.1 108 1.664e-03 124.2 175514464 2.925e-03 134.6
10 9.234e-04 15.7 107 8.628e-03 13.6 16776960 7.157e-02 14.7
10? 8.065e-05 142 108 5.119e-03 140 134214912 5.109e-02 144.1
18 103 1.008e-05 1408 10° 1.628e-03 1353.5 1073713152 2.888e-02 1344.3

particles with a probability v(z(t))dt where

Ap'—0t

+oo +o0
V(z) = / DpVi(z;p) = lim = " Vil(z; M Ap),
0o M=—oc0
and Vi (z; p) is the positive part of the quantity
. +o00
v —2ig/ ’ /
Virlwsp) =~ [ de'e BV (@ at) = Via - o) 3

known as the Wigner kernel in a s-dimensional space [25]. If, at the moment of creation,
the parent particle has sign s, position z and momentum p, the new particles are both
located in x, have signs +k and —k, and momentum p + p’ and p — p’ respectively, chosen
randomly according to the (normalized) probability pr) We want to compute (3) in the
3,6,9 dimensional case, where the Wigner potential is V =V (z) = {z;...x,, o', x,p,z +
',z —a' €l0,1]}.

The results are given in Table 4. This is the first time Adaptive MC algorithm is
applied to this problem. It gives superior results in comparison with the other stochastic
algorithms under consideration. To acquire a better intuition about the Wigner kernel we
have plotted it as a function of z and p in one dimensional case after integrating on x’
using the adaptive and Crude MC algorithm (see Figure 3). The behavior of Wigner kernel
explains the advantage and the efficiency of the Adaptive algorithm for this case study.
The particle sighs of the Wigner kernel in one dimensional case are presented on Figure 2.

Application for European option pricing

Monte Carlo methods can be very useful in such cases if the solution (i.e., the value,
V') can be expressed as the mathematical expectation of some random variables. This is
made possible by the risk-neutral valuation formula for the European option [5]: V(S,t) =
E(e"™n(S(T)) | S(t) = S, = r), where E(.) is the mathematical expectation, h(S) is

Abstracts of Dissertations 3 (2017) 3-24
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Figure 2: The position of the particle signs in the Wigner kernel: (a) with deterministic method;
(b) with stochastic method.

Figure 3: The Wigner kernel, obtained with ordinary MC and adaptive MC approach for 100

points in ' and p,z,z’ € [0,1]

the payoff function, h(S) = maxz(S — E,0) for a call option and h(S) = maz(E — S,0) for
a put option. We follow the idea of Lai and Spanier in [17]. Consider an European option
whose payoff depends on k£ > 1 assets with prices S;,i = 1,..., k. Each asset follows the
random walk dS; = p;S;dt + 0;5;dX;, where o; is the annual standard deviation for the
i-th asset and dX; is Brownian motion. Suppose that the payoff is given by h(S},...,S,)
at expiry time T (where S denotes the value of the i-th asset at expiry). Then the current

value, V', of the option (assuming risk neutrality) will be

V=e"T002n(T — 1)) **(detL) " ?(0y,...,0) ' x
> > h(Sy,..., 5, , ,
X / . / Memp(—ﬂbaTﬁfla)dS’l, o, dSy,
0 o S8
where a; = (o;,(T—t)"/?)~? (log%—(r—"—;)(T—t)), r is the risk-free interest rate and X is the
covariance matrix, where the (4, j)-th entry is the covariance of dX; and dX; for k assets.
The infinite domain of integration can be mapped into the k-dimensional unit hypercube in
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Table 4: Relative error for 3, 6 and 9 dimensional integral

l [ N [ LHS [ t,s [Adaptive[ t,s [ FIBO [ t,s [ Sobol [ t,s ‘
102 |4.38¢-03{0.01| 6.75e-04 | 0.4 |3.72e-02[0.02|1.07e-02|0.05
10%|7.94e-04{0.06 | 8.15e-05 | 3.3 |7.06e-03[0.07 |8.77e-03|0.54
s =3[10°[2.51e-04|0.41| 5.01e-06 | 32.6 |3.40e-03|0.43(8.57e-04 |5.74
10°[8.20e-05[3.52| 4.38¢-07 | 302 [1.01e-03| 4.4 |6.73e-04[45.6
107 [1.26e-05[35.4] 9.02¢-08 [2708(1.80e-04 [49.7 | 5.98¢-05 | 409

103 |1.54e-03{0.01| 2.23e-04 | 0.5 |7.82e-03[0.01|2.42¢-02|0.09
10% |6.34e-04|0.06| 4.74e-05 | 4.1 |5.01e-03{0.07(5.02¢-03(0.78
s = 6(10°[4.22¢-04|0.44 | 5.43¢-06 | 37 |6.88e-03]0.43|4.60e-04(6.19
10°(8.57e-05| 3.7 | 5.04e-07 | 351 |7.68e-04(5.973.59¢-04| 53
107[3.03e-05| 38 | 7.12e-08 [2841[4.12¢-04| 48 [8.11e-05] 430

10%(6.11e-03 [0.04| 8.23e-04 | 0.5 [2.03e-02|0.06 | 5.42e-02|0.11
10*{1.02¢-03[0.06| 2.02¢-05 | 4.7 [2.02¢-030.07[6.02¢-03|0.88
s =9(10°[4.69¢-04|0.43| 1.08¢-06 | 40 [9.16e-04|0.53|3.57¢-03(6.56
10°(8.08e-05| 3.8 | 4.14e-07 | 381 [7.13e-04| 3.7 [8.02e-04| 57
107(1.76e-05| 42 | 8.91e-08 [2912[4.84e-04| 40 [5.19e-04| 451

a variety of ways. For example, 2 arctan(z) maps (0,00) to (0,1). Such a mapping trans-

forms the initial problem to a problem, where an integral fol . fol g(x1, ..., z)dxy ... dxy,

over the hypercube is sought. When g is the exponent function with appropriate choices of

the constants involved in the equation, we obtain k dimensional integral [ exp(z1,...,zy)dz; ... dxy
[0,1]%

for the value of the option according to [17]. Numerical experiments for 5 and 20-
dimensional integral are performed.

5 5
/exp(20.5aixf(2—|—sin > @) ~2.923651,0; = (1,0.5,0.2,0.2,0.2),  (4)
5 i=1 j=1,j#i
0,17
20
exp(] ] ;) ~ 1.00000949634. (5)
i=1

[0’1]20
The results are presented on Figure 4 and Figure 5. It can be seen that for lower dimensions

FIBO is better, but for higher dimensions the performance of Sobol quasi-random sequence
is very similar to FIBO.

Monte Carlo algorithms for integral equations

We study the Fredholm integral equation of the second kind:
u(x) = / k(z,2")u(z")da’ + f(z) or u=Ku+ f, (6)
Q
where z,2" € Q C R, u(z), f(z) € Ly(Q), k(z,2') € Ly(Q x Q) and K is the integral

operator. We want to construct Monte Carlo algorithm to evaluate the linear functional
of the solution, denoted by the following expression: J(u) = [ ¢(z)u(z)dz = (¢, u). We

Abstracts of Dissertations 3 (2017) 3-24



Venelin Todorov 14

10"
7 -4
—&— Crude & Crude
—— Sabol FiboLattice
&r FiboLattice 6 —&— Adaptive |
—&— Adaptive Sobol

relative error
log(relative eror)

, : , , . . \ . . . .
4 42 44 46 48 5 52 54 5B 58 0 2 4 [ 8 W 12 14 18 18 20
logy B time in seconds

Figure 4: Relative error for 5-dimensional integral.
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Figure 5: Relative error for 20 dimensional integrals

assume that p(z) € Ly(€2). We construct Monte Carlo method for integral equations based
on discrete Markov chains. We define a set of permissible densities: w(z), p(x,z’) : 7 (z) >
0, p(z,a’) >0, [,m(x)de =1, [yp(z,a')de’ =1, € Q@ C R% In correspondence with
the initial and transition probabilities we define a discrete Markov chain T}, : xo — 1 —

- — x, with length k started from the initial state z,. Let u(®) = f is the approximate
initial solution. It is well known that Monte Carlo algorithm for integral equations is given
by the following expressions [23]:

Ebilg] = (0,u®), 0uli] = ‘“‘””iwjf(xj),

k(xj1, ;)
p(l‘j—laﬂfj)

()~ 5 S

For the probable error we have that:

0.6745||f 1l ., llell .,
N S :

WO - 1, Wj = Wj—l
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Table 5: Relative error and computational time for the example with balancing of two types of

errors (different initial and transition probabilities).

) N k| expected |experimental | time |experimental | time
rel. error| rel. error |(sec.)| rel. error |(sec.)

0.4 865 (3| 0.0445 0.0052 3 0.0239 5
0.2 3457 |4| 0.0223 0.0094 9 0.0121 23
0.1 | 13827 |4| 0.0111 0.0113 28 0.0086 46
0.05 | 55306 |5| 0.00556 0.0177 132 0.0032 222
0.028|176357 5| 0.00312 0.0176 448 0.0031 540
0.02 | 345659 |6| 0.00233 0.0202 901 0.0013 1090

For the systematic error we obtain that:

el 11, Il
re=|(psw) = (0, u®)| < gl Ju —u®| | < TR
L L 1— K[,

Let ¢ is the preliminary given error to solve the problem under consideration. We
suppose that

) 0.6745] [0l ., 1 £l .,
N >
VN (1-[K|,)

(Theorem for error balancing conditions.) The lower bounds for N and k for the Monte
Carlo algorithm with balancing of the errors are:

k+1
el I 1l I, _ 6
5

)
S ) Tk S S
2 1=K,

2 s(1=IKl., )
1349l 1, I f1I 1, L I ST, T,
A\ d(—Kl,,) )T In [|IK]|,,

The balancing of errors (both, systematic and stochastic) allows to get an approximation
of the quantity of interest in the most efficient way by fixing the number of samples NV
and the number of iterations k if the error is fixed. The error balancing conditions play an
important role in reducing the computational complexity of the algorithm.

Numerical experiments

We study the following example taken from neuron networking:

u(r) = /Qk(x,:c')u (') dx' + f (),

0.055
——— +0.07, f(z) = 0.02(32% + e 9%7), ¢(z) = 0.7((x +

Q=1[-272, k(z,2') = T

e
1)2 cos(5x) + 20). We would like to find (¢, u), where o(z) = 0.7((x + 1)? cos(5x) + 20).
The exact solution is 8.98635750518. This integral equation describes the procedure of
teaching of neuron networks. In order to apply the theorem we evaluate the L, norms:

lgll,,, = 27.7782, ||K| ,, = 0.2001, || £, = 0.2510.

In Table 5 the preliminary given error § and different estimates of N and k using
the theorem are presented. The first two columns with the expected relative error and
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computational time in seconds, correspond to the case when the initial and transition
probabilities are constant functions. The last two columns correspond to the case when
the initial and transition probabilities are chosen to be proportional to the function from
the linear functional under consideration and the kernel, respectively, and that leads to
an almost optimal Monte Carlo algorithm (MAO). One can see that the MAO gives much
better results than the Monte Carlo algorithm with constant transition probabilities for
larger values of N and k. For smaller values the Monte Carlo algorithm with constant
initial and transition probabilities gives better results, but the results obtained with MAO
are closer to the expected theoretical error. It means that experimental relative error
of MAOQO algorithm confirms the expected relative error and this algorithm leads to more
reliable results.

Monte Carlo methods for linear systems

Description of the algorithm
We consider a system of LA equations

Bz = f, (7)
where B = {b;;}}',—;, € R™" is a given matrix; f = (fi,...,f,) € R”! and v =
(v1,...,v,) € R™™ are given vectors.

We deal with the matrix A = {a;;}};_,, such that A =1 — DB, where D is a diagonal

matrix D = diag(ds,...,d,) and d; = 3~, i = 1,...,n, and v € (0,1] is a parameter that
can be used to accelerate the convergence. The system can be presented in the form of
equation

x = Az +Db, (8)

where b = Df. Let us suppose that the matrix B is diagonally dominant. Obviously,
if B is a diagonally dominant matrix, then the elements of the matrix A must satisfy
the following condition: Z?:l la;;| <1, i=1,...,n. A new Monte Carlo algorithm
for solving systems of Linear Algebraic (LA) equations is presented and studied. The
algorithm is based on the "Walk on Equations" Monte Carlo method recently developed
by Ivan Dimov, Sylvain Maire and Jean Michel Sellier [7]. The idea is to compute scores
for all the states (seen as new starting states) that are visited during a given trajectory.
The initial equation is picked uniformly at random among the n equations. After that for
each state i we define the total score S(i) and the total number of visits V(i) that are
modified as soon as state ¢ is visited during a walk. For a given trajectory, we store the
visited states in a list [ to compute the contributions to the score of these visited states.
Finally, the solution z; is approximated by the total score S(7) divided by the total number
of visits V (7).

Numerical experiments for linear systems

Example 1. We try to find the solutions z; and x5 defined by the linear systems of
algebraic equations Az = b, where the matrix B and the vectors b; and b, are:
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—+—WE

Figure 7: Weighted residual of the solution for the matrix: (a) 100 x 100; (b) 5000 x 5000.

5 —1 —1 0 0 —1 —1 1 4
—1 5 —1 —1 0 0 —1 1 -2
—1 —1 5 —1 —1 0 0 1 —1
A= 0 -1 -1 5 -1 -1 0 |, b=]1 bo=| o0 (9)
o 0 -1 -1 5 -1 -1 1 —1
—1 0 0 —1 —1 5 —1 1 —2
-1 -1 0 0 -1 -1 5 1 4
Example 2. Let B is the matrix NOS4 from the Harwell-Boeing Collection [27], and
b e RYH =1, i =1,...,100. This particular matrix is taken from an application

connected to finite element approximation of a problem describing a beam structure in
constructive mechanics [27].

Example 3. Let B is a dense matrix 5000 x 5000 with elements in [0,1], and b €
R0 =1, i =1,...,5000.

Comparison of relative errors and computational times for a fixed number of iterations
between refined iterative MC method (RIMC), walk on equations (WE) and our method
(IWE) is shown. The matrice B and the right-hand side b are normalized to accelerate
the convergence rate of the stochastic process. Special values of the relaxation parameter
~ has been chosen. Numerical experiments show that it leads to balancing of the iteration
matrix A. It can be seen that for the 7 dimensional case (see Figure 6) the difference in
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the accuracy between the WE and OWE for a given number of iterations is 2-3 order for
N > 15. It is worth mentioning that the refined iterative Monte Carlo convergence is very
slow except for the trivial solution z; of Example 1. The prior behavior of the proposed
MC algorithm does not depend on the matrix density. The matrix NOS4 has only 5.9
average nonzeros per row and per column. The advantages of the algorithm hold for dense
matrices. The choice of relaxation parameters leads to the balancing of iteration matrix.
The advantages of the proposed MC algorithm can be observed especially for larger matrix
size (see Figure 7).

New high order compact finite difference schemes for models in air pol-

lution

Various processes in chemistry, physics and engineering ared described by models con-
sisting from systems of coupled parabolic problems. Here we construct compact high-order
finite difference schemes for semilinear parabolic systems. Problems of air pollution trans-
port with coupling in the nonlinear reactions terms are of our main consideration, namely,

aaljfl_KA'LLJ"‘blle:Rl(x7y7u17"-)uL)a (fL‘,y,t) € x (O’T]’ (10)
u=0, (r,y.t) €0 x(0,T], (11)
u=w(z,y), (w9 € (12)

where u = (uy, ug, ...,ur), w, = w(z,y,t), L = 1,..., L are the concentrations of L chemical
species (pollutants), K > 0 is the diffusion coefficient and © € R? is a bounded domain.
The assumption regarding the constant K := K, = K, is not a restriction for developing
our numerical approach. This just corresponds to the physical model described in [16].
Following [26, 16] the advection part in (10) may be presented in the following form:

Ou
oy’

ou,
b1.Vu, = p(y — yc)afxl + p(w. — )

where z € (0,X), y € (0,Y), . = X/2, y. = Y/2. The nonlinear chemical part of the
model is (see [16]) given in Table 6:

Table 6: The nonlinear chemical part of the model

Ry | ksuz — (keus + kaur + kzug)uy Re kouzug

Ry | (keus + kaur + kzug)ur — (ks 4 koug)ua R2 | kousg + ksuius + kioug — kauiur

R3 —kiusug Rg 4kiuszug — kaujiug

Ry | 2kiusug + kzujug — kaug Rg kauiuy + 2kguio — (kius — kouz + k10)uo
Rs | kaus Rio | krus — ksuio

The chemical part of the model is given in Table 7 for the sake of completeness. The
rate coefficients can be found in Table 8. Some of the coefficients belong to photochemical
reactions (the ones with term hv), which means that this reactions depend on the light,
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Table 7: The chemical reactions of the model

1| HC+ OH — 4RO, + 2ALD 6 | NO+ 03 = NOs + O,
2 | ALD + hv — 2HO3 + CO 7 | O3 +hv— 024+ 0('D)
3 | ROy + NO — NOy + ALD + HO» 8 | O(*D)+ H20 — 20H
4 | NO+ HOy — NOy + OH 9 | NO,+OH — HNO3
5 NOs + hvy — NO + O33 10 CO+ OH — COs + HO>
Table 8: The coefficients of the chemical reactions

k1 | 6.0e — 12 ke | 1.6e— 14

ko | 7.8e — 05.exp(—0.87/cos0) k7 1.6e — 04. exp(—1.9/ cos 0)

ks | 8.0e — 12 ks | 2.3e — 10

ks | 8.0e — 12 ko | 1.0e —11

ks 1.0e — 02. exp(—0.39/ cos 0) k1o 2.9e — 13

more precisely on the position of the Sun relative to the horizon: in ko, k5 and k7 the angle
0 denotes the solar zenith angle, which is the angle of the Sun measured from vertical. The
chemical species involved in the simplified reactions are written in Table 9. In this study

Table 9: The chemical species in the model

Ul u2 us Uq us ue u7r us ug Uu10
NO | NOy | HC | ALD | O3 | HNO3 | HO> | RO> | OH | O(*D)

we use the following idea for compact difference schemes: we operate on the differential
equations as auxiliary relations in order to express high-order derivatives in the truncation
error [24]. More details and discussions on construction of compact difference schemes for
convection-diffusion problems can be found in [24].
Example 1 (known analytical solution)
Here we consider a problem slightly different from the problem (10)-(12):
oy,

ﬁ - KAUZ +bl vul Rl(xaya 11) +£l(x7y7t)7 (x7y7t) € 2 x (OaT]

The functions &, [ = 1,...,10, and the initial and boundary conditions are chosen so that
the exact solution is
., TT Y _

u; = exp(—t/T)sin(— ~ )sin(— v ), 1=1,..,10, (x,y,t) € Qx][0,T].
The other parameters are as follows: X =Y = 500, T = 1440, p = 27/(607"), K = 1.8.
For the [*" substances with errory,; we denote the error (the difference between the exact
and the numerical solution) in maximum norm, obtained on the last time layer ¢ty = T" for
the number of space subintervals M, = M, = M: errory,; = max, ;cq, [|w(w:,y;,tn) —
ul(i,7, N)||. The ratio between the errors obtained on two consecutive mesh refinements
(usually doubling) is denoted by ratio: ratio = rationsjan, =: €rrory,/errora,.
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Table 10: Comparison of the maximum absolute errors of the CDS and CFDS for Example 1

CDS, O(h? + 72) CFDS, O(h* + 72)
My | My N error g ratio CPU My | My N errory ratio CPU
4 5.702 e-03 - 0.58 4 4 4 5.875 e-03 - 0.72

8 8 8 1.449 e-03 3.94 1.82 8 8 16 3.595 e-04 16.34 3.04
16 16 16 | 3.637e-04 | 3.99 14.42 16 16 64 2.232 e-05 16.11 29.74
32 32 32 9.102 e-05 | 4.001 | 143.7 32 32 256 1.392 e-06 16.03 1076
64 64 64 2.276 e-05 | 4.00 3959 64 64 1024 | 8.698 e-08 16.003 60907
128 | 128 | 128 | 5.691 e-06 | 4.00 | 32709 128 | 128 | 4096 | 5.436 e-09 | 16.0001 | 720477

In Tables 11 and 12 the mesh refinement analyses using CDS and CFDS, and CDS and
CFDS with Richardson extrapolation (RE) in space and time are presented. The results
confirm the expected rates of convergence for both numerical methods. The comparison
of the results about CPU time in Tables 10 and 11 shows a priority of using RE both in
space and time obtaining smaller errors for comparatively same computational time. The
advantage of CFDSRE is also clearly seen.

Table 11: Comparison of the errors in maximum norm for the numerical Example 1 for CDS

and CFDS with Richardson extrapolation in space and time

CDS with RE in space and time, O(h* + 7%) CFDS with RE in space and time O(hS + 74)
My | My N erry ratio CPU My | My N erry ratio CPU
4 5.649 e-05 - 6.73 4 4 4 8.476 e-06 - 3.36

8 8 8 | 9.722 e-06 | 5.81 18.71 8 8 16 1.748 e-07 | 48.49 30.26
16 16 16 | 5.989 e-07 | 16.23 | 194.81 16 16 64 2.847 e-09 | 61.39 1276
32 32 | 32 | 3.715e-08 | 16.12 4594 32 32 256 | 4.529 e-11 | 62.86 | 66991
64 64 | 64 | 2.171 e-09 | 16.03 | 37101 64 64 1024 | 7.086 e-13 | 63.91 | 790800

Example 2 (no exact solution)
In this case we consider more realistic variant of problem (10)-(12) with the follow-

ing parameters of the domain: the spatial domain is the square Q = [0,500]* with
side length 500 km, the length of the time interval [0,77] is 1440 min and the num-
ber of equations is L = 10. The initial conditions on the time level ¢ = 0 are the

constant functions ug(x,y) = (10%,10%,10%,5.10%,5.10%,10%,1072,1072,1073,10~ '), mea-
sured in mol/km? and the boundary conditions are chosen to be periodic: 7; has the
form 7,(t) = const;(sin(t/C) + 2), where C' = 4 is a constant and the constants const,,
[ =1,...,L are chosen in such a way that the compatibility of the boundary and initial
data is ensured. The diffusion coefficient is set to be K = 1.8km?/min and the coefficient
pis p=2m/(60xT).

The log-log plot of the errors versus space mesh size for the Fxample 2 is presented on
Fig. 8. The increasing of the slope of the lines corresponds with the increasing of the rate
of convergence. The lowest line confirms the advantage of the CFDS in combination with
Richardson extrapolation.

The numerical solutions obtained by CFDS for y = 27/(607") with mesh parameters
M, = M, = 32, at final time layer N = 256 (a) for u;; (b) for us are shown on Fig. 9.
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Figure 8: The log-log plot of the errors versus space mesh size for the Example 2.
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Figure 9: Numerical solution obtained by CFDS for y = 27/(607") with mesh parameters M, =
M, =32, N =256 Ezample 2: (a) for uy; (b) for us

It is interesting to see what is the behaviour of the solutions if the coefficient g in the
convection term is taken to be p = 27 /(X) as it is in [16] instead p = 27/(60 * T') as it
is in [11]. The increasing of the convective coefficients leads to significant change of the
numerical solution near the corners, see Fig. 10, where y = 27/500. It can be seen that
the constant initial values have been left relatively intact in the middle of the domain, but
they have been stretched near the boundary by the sinusoidal boundary conditions.

Comparison with Monte Carlo method for linear systems

We consider the one dimensional problem in = (0,1) x (0,7") with parameters a = b =
c=d=1, f(z,t,u,v) =u(l—u—v)+&(z,t), gz, t,u,v) =v(l —u—v)+&(x,t), T =1,

_ 2500~
2000
1500

1000

numerical solution u

500
40

Figure 10: Numerical solution for Ezample 2, obtained by CFDS with p = 27/(500) and M, =
M, =32, N =256: (a) for u; (b) for us
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where functions & and &, are chosen, so that the analytical solutions are u = e~ *sin(wx)

and v = e 'z(1 — x).

The comparison between the computational time for the fastest Matlab linear solver
bicgstabl (CPU(b)) and the IWE method (CPU(mc)) is given in Table 12. The bicgstabl
method is at least four times faster than the MC method.

Table 12: Error in maximum norm for the numerical example

CDS, O(h? 4+ 72) CFDS, O(h* + 72)

M N erry ratio | CPU(b) | CPU(mc) M N erry ratio | CPU(b) | CPU(mc)
10 | 10 | 3.82e-03 - 0.36 1.12 10 40 1.36 ¢-05 - 0.473 1.57
20 | 20 | 9.11e-04 | 4.19 0.94 3.78 20 160 | 8.34¢-07 | 185 1.503 5.62
40 | 40 | 2.23e-04 | 4.08 3.49 16.02 40 640 | 5.19 e-08 | 16.1 5.354 26.78
80 | 80 | 5.51e-05 | 4.05 8.71 33.12 80 | 2560 | 3.24e-09 | 16.02 | 25.98 118.32
160 | 160 | 1.37e-05 | 4.02 25 114 160 | 10240 | 2.02 e-10 | 16.01 169 733
320 | 320 | 3.42 e-06 | 4.01 166 725

Contributions

An adaptive MC method, particular 1-rank lattice Monte Carlo algorithm, based on
generalized Fibonacci numbers and a variance reduction method called Latin Hyper-
cube Sampling are constructed and discussed. A comparison with Crude MC method
and the Sobol quasi-MC algorithm has been performed. We apply the five methods
for multidimensional integrals of smooth functions. The tables with the obtained
errors are shown. It can be seen that FIBO method produces better results for lower
dimensions, but when the integrand has a dimension higher than 20 the LHS method
outperforms the FIBO method. The efficiency of the Adaptive algorithm is clearly
shown in the case studies of Genz test functions, where the integrands have compu-
tational specialty in the local subarea of the integration domain. The quasi-random
Sobol sequence gives good results regardless off the dimension, but it is outperformed
by at least one of the discussed methods, in any of the considered examples.

Five stochastic algorithms have been applied to Wigner kernel case study. The
stochastic algorithms under consideration have linear computational complexity that
is one solution of Richard Feynman’s problem for Wigner kernel evaluation. This
is the first time the Adaptive MC algorithm is applied to this problem and it gives
superior results in comparison with the other stochastic algorithms under considera-
tion. Four completely different approaches are applied in finance for European option
pricing evaluation. FIBO has strong advantage in the case of lower-dimension prob-
lems as long as the integrands are sufficiently regular. Some of the multidimensional
integrals of smooth functions play an important role in Bayesian statistics.

Monte Carlo method based on balancing of the systematic error and probability error
is presented. Lower bounds for N and k are obtained. Monte Carlo algorithms with
various initial and transition probabilities are compared. Experimental relative errors
confirm expected theoretical errors. Monte Carlo algorithms with probabilities chosen
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to be proportional to the function from the linear functional under consideration
and the kernel, respectively, give more reliable results. The algorithm is applied for
examples of integral equations in biology, neuron networks and physics.

e A new Monte Carlo algorithm based on WE algorithm for solving linear algebra
problems is presented and studied. The algorithm can be used for evaluating all the
components of the solution of a linear system. Due to the optimization techniques it
gives superior results to the standard “walk on equations” method and it is established
as one of the fastest and accurate Monte Carlo algorithm for solving systems of LA
equations.

e A fourth-order in space compact difference scheme for semi-linear parabolic systems
in air pollution modelling is proposed and studied. Two different ways to derive high-
order difference schemes for semilinear parabolic systems of equations are analyzed.
First, using central difference approximation with Richardson extrapolation a fourth-
order method is defined. Second, the fourth-order in space compact difference scheme
is extended by Richardson extrapolation to sixth-order approximation. The time-
stepping is carried out using #-scheme, but in the numerical computations - by the
Crank-Nicolson /Newton algorithm. The reported computational results demonstrate
that the convergence rate of the CDS is O(h? + 72), while for CFDS it is O(h* 4 72),
but in combination with Richardson extrapolation they are respectively O(h* + 72)
and O(h%+72). The advantages of the CFDS over the CDS both in the accuracy and
CPU time have been confirmed numerically. The skilful application of Richardson
extrapolation also plays important role in obtaining good results in real time with a
small number of grid nodes despite the large intervals of the domain both in space
and time in air pollution problems.
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JucepTarmoHHUAT TPYJL € OOCHJICH W JIONYyCHAT JO 3allUTa Ha Pa3IIUpPEHO 3a-
cenanme Ha ceknusa ,Jllapaneman amropurvmu npu UMKT-BAH, cbherostmo ce Ha
23.05.2017 1.

JuceprarmoHHUAT TPY/L Chbpka 184 crpanunu, B kouto 26 dgurypu, 45 Tadaunm

1 18 cTpaHuy JuTepaTypa, BKIOYBaIIa 237 3arjaBus.

BarmuraTa Ha JEcepTalMOHHIA TPV e ce cheron Ha 03.10.2017 1. ot 14:00 yaca B

zasia 218 na UNKT-BAH na orkpuro 3acemanue.

Aprop: Benemun JIrobomupos Tomopos

BarraBue: Merogn Monre Kapsio 3a MHOroMepHN WHTErpajd U WHTEIPATHUA YPaB-

HEeHNA U IIPpUJIOZKEHU A
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YBoxa

Memodume Monme Kapao (MK) ca memodu 3a npubiusiceno npecmsmare Ha
PEWEHUEMO NG 3a0a4U OM USHUCAUMEAHAMG MAMEMAMUKA YPE3 UNOAIBAHE MG
CAYHATHU NPOUECU, KAMO NAPMEMPUME Ha CBOMBEMHUA NPOUEC C5ENAdaMm ¢ peue-
Huemo Ha 3adavwama. Memodsm moowce da zaparmupa, we 2pewkama npu npubsu-
2HCEHOMO NPECMAMAHE HA HEUSBECNMHAMA BEAUMUNA € NO-MANKG 0M 3a0a0eHa CMOTi-
nocm ¢ onpedenena seposmmocm [7]. Meroaure Monre Kapiio ce usnosnssar 3a ore-
HsIBaHE HA BEJIUYMHM, KOUTO MOTaT Ja ObJIAT MPEJICTABEeHH KATO MaTeMaTHIECKO
OYaKBaHe, Upe3 OCpeJIHsIBaHe Ha PEe3Y/ITaTUTE, MOJYIeHH OT TOJIsiM Opoil CTaTUCTH-
vecku ormutu. Meroaure Monre Kapsio ca 0CHOBHO cpejcTBO 3a YHCJIEHO pelllaBaHe
Ha KJIACOBE 3aJIadl B TAKHBA BaXKHU 00JIACTU KaTO (DU3MKA Ha eJIeMEHTapHHU IacTH-
I, MHKEHEePHA XUMIS, MOJIEKY/IsIpHA JUHAMUKA, (pruHaHCOBa MaTeMaTnka. OCHOBHO
HAYYHO IIPEIU3BUKATE/ICTBO B PA3BUTHETO Ha chBpeMennutTe Monte KapJsio meroun
e TIXHaTa OTHOCHTETHO OaBHA CKOPOCT Ha CXOJMMOCT, KOSITO B PEJIUIA CAydal UMa
acumnroruka O(N~V2), kpuero N e pasmepsT nHa mssajikara. Vma msa 1moaxosa
3a moa00psiBaHe HA CXOAMMOCTTA - HAMAJsIBaHEe Ha JMCIEPCHSITa Ha OIEHSBAHATA
BeJIMYMHA U HaMaJIgBaHe Ha JIUCKPEITaHca Ha M3IO0JI3BAHUTE PETUIIN.

[Ipes Bropara cBeroBHa BoOiiHa, chBMecTHaTa pabOTa Ha TOJEMU YUYEHH KaTo
don Hoitman, @epmu, Yiam u MeTpormosmc u mosiBaTa Ha ChbBPEMEHHUTE JIATH-
TaJHI KOMITIOTPH, JaJie CHJIEH TJachK Ha TEOPHUsITa, 3aJ0xKeHa B MeroauTe MorTe
Kapmo. Cratusara ma Metropolis n Ulam, nybiukysana npe3 1949 r. u o3araBena
»,The Monte Carlo Method" [38], ce Bb3upuema 3a mwbpsara crarTus, 0OBbp3BaIla
nanmenosaureto ,Monte Kapso* ¢ usnosnssanero na ciydaitan seamaunu [46]. Ho
KakTo orbessizBa Epmakos B [16] cBemenns 3a perenne Ha peajieH mpobiem ¢ Me-
tox, Monrte Kapiio chiecrByBa ome B Crapus 3aBet, KbaeTo nap Co/oMoH cTpon
Boxusa xpam. Moxke 61 Haii-paHHOTO JIOKYMEHTHPAHO M3MOJI3BaHE Ha CJIydaiiHa 13-
BaJIKa 3a HaMUpaHe Ha IPHUOJIMKEHa CTOMHOCT Ha MHTerpaJ, € ToBa Ha Bydon 3a
U3YHCIsIBaHEe Ha YUCJI0TO 7 Upe3 XBbpJsHe Ha uria. Tepmunabr ,,Monre Kapiio®
€ BbBEJICH OT y4YeHHTe, paboTelu 1o pa3paboTBaHeTO Ha SapeHn opbxKud B Jloc
Astamoc npe3 40-Te, KbJIETO ce € ThpceJ OTTOBOP Ha BBIIPOCA JAJIH € Bb3MOXKHO
[IpEIN3BUKBAHETO Ha siApeHa peakius. VI3BecTHO e, Ye MHOXKECTBO HEYTPOHH, JIBH-

2Kellu ce B ypaH, MoraT Jda IIPEeAU3BHUKAT II0 CJIy9IacH HadMWH IIOCJICABallla €eMUCHA Ha
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JpYyru HEYTPOHU, HO HE € MOXKEJIO Jla Ce IIPEABUAA TEOPETUYHO JAJIM BEPUTUTE OT
peaknuu, oOpa3yBalllil CJIOXKHA MPeXKa, IIe TPeIN3BUKAT aTOMHA €KCILIO3U. ¥ vue-
HuTe N3M03BaT KoMiiorbpa ENIAC, 3a 1a Mofe/mpaT cIydaiiHuTe TPACKTOPUN Ha
HEYTPOHUTE [IPE3 ATOMUTE Ha ypaHoBus 3apsj. [IpoeKThT e Ou ceKpeTeH ¢ KOIOBO
nanmenoBanue ,Manhattan®.

Monte Kapio meTonnTe mpejmarar mpocToTa Ha KOHCTPYKIIUATE U 9ECTO Ce M3-
MOJI3BAT 3a CUMYJIAIUS Ha IPOIECH, YMeTO IOBEJIEHNE MOYKe Jla Ce MHTEPIPETUpa
CaMO B CTATUCTUYECKU CMUCHJI. CbIIECTBYBaT MIMPOK KJac 3aJadu, 3a KOUTO Me-
TOJUTE MOHTe Kapﬂo Ca €JMHCTBECHUTE Bb3MOXKHU YUCJICHU MCETO/AN 3a pPellaBaHe.
[Ipu cpaBuenmero Ha obumkHOBeHHsi MeTos MonTe KapJiio 3a 4dmnciaeno nHTerpupamHe
C JIeTEPMUHUCTUYHUA METOJM Ce HaJjlara W3BOJLT, Ye TO3U IOJXOJ € eJUH OT Hail-
edeKTUBHUTE TP IUCJEHO IIPEeCMsTaHe Ha MHOTOMEPHU UHTErPaJIi, 0COOEHO B CJIy-
Yasi Ha MHOI'O BHCOKHU Pa3MEpPHOCTH U 0e3 Jia e OTYeTeHa IJIaKOCTTa Ha MOIUHTEr-
pamaara Gynkinua (Bx. [7]). HesaBucumo or yrmsepcasmocrra na Monte Kapiio
METO/IUTE, TeXEH CEPUO3€H HEJIOCTATHK € cjadaTa UM CXOIUMOCT, OCHOBaHA BbPXY
rpemka ¢ nopgabk O(N~Y/2) upu cratucruuecka ussajka ¢ pasmep N, Korato e
ce M3IM0JI3Ba JOIbJHATeHA HHMOpMaIws 3a nanaute [2|. Jopu ckpomHE 10106-
peHnd B Te3u MeTOAU MMaT CBIIEeCTBEH ITPUMHOC IIO OTHOIIIEHUE Ha ed)eKTI/IBHOCTTa
n obxBaTa MM Ha NpWIOKUMOCT. ['oyisiMa "acT oT ycuindata B pa3paboTBaHETO Ha
Monte Kapso merojaure, ca HacoueHU KbM KOHCTPYHPaAHE Ha METOIM C HAMAJIEHA
jaucriepeus. 3a Ta3u IeJI MOraT Jia Ce U3MOJI3BAT PA3/IMTHU aJallTUBHU [POIIEILYPH,
KOUTO W3IOJI3BAT IPEJIBAPUTETHA U/UIN arocTepuopHa nH(GOPMAIUs, MOJTydeHa B
mporieca Ha IpecMdTanudaTa. B obmus ciyvail, npu peajgu3aluuTe Ha PABHOMEDPHO
pasiipejiesieHa caydaiiHa BeJIMIrnHa MOKe J1a ce HabJII0/IaBa CTPYIIBAHE B OIIPEJIETICHI
110/100/1ACTH U TOBa Ja JIOBEJIe JIO MOBUINABAHE HA JIUCIIEPCUSATA, Thil KATO peasin-
3allMUTe HE Ca TOJKOBA J0OpE PABHOMEPHO pasipejie/eHl B 00JacTTa, KOJTKOTO Ce
OoYaKBa. 3aTOBA M3CJIeJBAHUATA 32 HAMaJsgBAaHe Ha JUCIEPCHATA Ca HACOYEHU KbM
KOHTPOJINPAHO PA3IIpe/ie/isHe Ha peajim3aluuTe B choTBeTHaTa obJiact. Koncrpyn-
paHeTo Ha MeTOja Ha ,cioucrara’ m3Bajka (,stratified sampling) n kBasu-Monte
Kapmo metonn e pesysnrar ot Te3n yemms. Keasu-Morte Kapio meTonnre n3nosns-
BaT KBa3UC/Iy4YailHU PeJUI BMECTO OOMYaiiHUTE TICeBJOCTyYaiinu peauru. /Jokaro
[ICEBJIOC/Iy YAHUTE YHC/Ia Ca KOHCTPYUPAHU, TaKa dUe Jia CUMYJIUPAT IIOBEIEHUETO

Ha UCTUHCKUTE CJIYYallHU YHUCJIa, T€3U CUJIHO PABHOMEDPHO pa3lpe/ie/IeHn Yucyia, Ha-
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pevYeHr KBA3WUC/IyYallHu YHC/Ia, ca KOHCTPYHPAHH Jia ObJIAT TOJKOBA PaBHOMEDPHO
pasmpejiesieHn, KOJTKOTO € MaTeMaTHIecKl Bb3MOXKHO. KBazucaydaitHuTe unciaa ca
KOHCTPYUPAHH JJa MUHUMHU3UPAT MAPKaTa 3a TIAXHOTO OTKJIOHEHWE OT PaBHOMED-
HOCTTA, HapedyeHa JuCKpenanc. Taka MMO-BUCOKUAT HOPSIbK HA CXOIUMOCT MOXKE
J1a ObJie TIOJIyYeH Ype3 U3I0/I3BaHe Ha, JIeTEPMUHUCTUYIHU PABHOMEPHO pasmpeiesie-
U penuny. [IpubankeHOTO MHTETPUPaHe ¢ U3MOJI3BaHe Ha KBA3UCITyIallHI PeTuI
nMma 110-0bp3a cxogumoct, ¢ nopsabk (O)(N~Hlog® N), kbiaero s e pasmepHocTTa
Ha 33Ja4aTa (3a cpaBHeHue, obukHoBeHusiT Monre Kapisio MeTos numa mopsibk Ha
cxommoct (O)(N~Y2). B nocnepnure pecermierns ksasu-Monre Kapio meronn
MU3BECTHU KAaTO TOYKOBU MHOXKECTBA OT THUI PeNeTKa, CTaBAT BCe IO-TIOMYJISPHH.
Muoro 3a1b16049€HO U3CIeABaHe Ha Te3u aiaroputyu e Hanpaseno ot Cooan [44].
Toszu MeTo/1 € TIOJIXOJIAIT 38 IVIAJIKU U EPUONTHN (DYHKITUH B S-MEPHUS XUIEPKYO.

CwiectByBart jiBa kitaca Mmerogaun Mourte Kapiio - npekn n nreparmonnun. [Ipeku-
Te METO/IU C€ XapaKTepU3UpaT CaMoO C €JIMH THIl T'PEIKa, HapedeHa BepOgTHOCTHA.
Toit kKaro ¢ ureparmonuuTe Mmeroan Morre Kapiio ce mpubinzkaBa IUCIEHO ChOT-
BETHOTO UTEPAIMOHHO MPUOJINYKEHNEe Ha TOYHOTO DeIleHne, TO3M KJIac METOJ/IU Ce
XapaKTepu3upa C JIBa THIA I'PENTKU: BEPOATHOCTHA, KOSATO 3aBUCU OT Oposd Ha pe-
aJIn3allinuTe Ha BeEpHUTraTa Ha MapKOB n cucreMaTn4dHa, KOATO 3aBUCHU OT 6pOH Ha
uTeparynTe B Iporeca. 3ajadara 3a OajaHncupaHe Ha CUCTEMATUYHATA U CTATUCTHU-
YecKaTa Ipelika € U3KJII0YUTE/THO BayKHa, KOraTo Ce MPUJIATaT aJrOPpUTMHU OT THIL
MonTe KapJio. Ta3u 3aj1a1a n3ucKBa HaMUPAHETO HA ONITUMAJIHO ChOTHOIIIEHIE MEXK-
J1y Oposi Ha peajin3alliuTe U CPeJIHATA, Ib/IKUHA Ha CIyIallHUTe TPAeKTOPHUH, KOETO
criomara 3a MoBHIIaBaHe Ha e(beKTUBHOCTTA Ha aaropurbMa (BxK. [7]).

Yacraure pudepennuanan ypapuenus (YY) ce yTBbpmuxa KaTo MHOTO YCII€l-
HO CPEJICTBO 3a MaTeMaTUIeCKO MOJeUpaHe Ha Pa3/IMIHU MIPOIECU B €KOJIOTHATA U
npyru obyactu. Tbit KaTo BCe TMO-CJI0KHE TIPOIecH ca 00EKT Ha MOJIe/IUpaHe, TOBa
ce oTpasdBa n Bbpxy cboTBeTHUTE 1/IY. Hncnennar MmeTos, mocTpoeH 3a perraBaHe
Ha JTaJleHa MaTeMaThIecKa 3a/iada, KOsITO MOJIe/INpa PeaJsieH Mporiec OT IpaKTUKaTa,
TpsibBa Jia mpuTexkana pejuiia kadectBa. OT eHA CTpaHa XapaKTePUCTUKU, CBbP-
3aH C TEOPETUYIHUTE U3NCKBaHUA Ha YUCJICHUA aHa/JIn3, KaTO CbBMECTHUMOCT, TOY-
HOCT, YCTOWHYMBOCT M CXOJIMMOCT, & OT JIpyTa cTpaHa, TpSAOBa Jia MpeiaBa aJleKBaTHO
cBoficTBaTa Ha JgudepeHInaJHaTa 33/a49a - HAIPUMED IOJIOYKUTEIHOCT, MOHOTOH-

HOCT, TIBTHOCT U Jpyru. OT ocobeHa BazKHOCT € U peajn3aludra Ha pazpaboTeHus

Asmopeghepamu na ducepmavuu 3 (2017) 25-80



30 BenenuH Togopos

AJITOPUTHM U HEroBaTa e(peKTUBHOCT, KOSITO €€ OTYUTA IO CJICJHUTE TTOKA3ATEH -
TOYHOCT Ha YHUCJIEHOTO DeIlleHne, KOMIIOTHLPHO BPEMe U ONepaTHBHA MaMeT, Heob-
XOJUMU 3a npecMaTanusdTa. udependnnre cxemMu ca 4ecTo M3MOI3BAHU 33 pelra-
BaHETO Ha YACTHU JUMDEPEHITNAHNA YPABHEHUS, TIOPAJIN JIECHATA UM peaIu3alius 1
n3vucuTeHaTa uM edpekTuBHOCT. [Ipu permaBaneTro Ha eTUNTUYHA U TAPaOOTIMITHH
YV, nait-uecto msnoa3BanuTe audepeHIHn cxemu ca oT BTopu peja. Tesm aude-
PEHYHU CXEeMU Ce HapU4aT CTAHJAPTHU U Ce MPUaraT IPU PeriaBaHeTO Ha MHOTO
zasiaan. [Ipu uznomsBaneTo Ha craHjapTHUTE AUMEPEHIHN CXeMU OT BTOPH PEJI, 3a
Jla ce TIOCTUTHE MCKAHATA TOYHOCT, Ce MOJIydaBaT TOJIEMUA CHCTEeMHU, KOUTO U3UCKBAT
MHOTO TOJIsIMa U3YUCIUTETHA [TaMeT U FoJIsIM Opoil Tpoliecopr BbPXY ChbBPEMEHHUTE
cynepkommioTpu. Hamocsie/IbK, rojsgMo ycuiine ce chCpegoTodaBa B pa3padoTBaHe-
TO Ha KOMIAKTHU JIMMEPEHIHN CXeMU C BUCOK PeJ Ha TOYHOCT, KOUTO WM3IOJI3BAT
caMo BbB3JINTE Ha MpeKaTa, CbCE/IHU Ha IEeHTpaIHus Bb3el. Vjiesara, KosaTo e n3-
oJI3BaMe B HACTOSIIOTO U3CJeIBaHe, € Jia paboTUM BbPXY JAudepeHITnaTHUTE YpaB-
HEHUs, TaKa 4e Jia U3Pa3UM [POM3BOJHUTE OT TO-BUCOK PeJi B JIOKAJTHATA T'DEIKa
Ha alpokcuMalusaTa. B mociieinuTe rojuHn Bce MOBEYE HAPACTBA MHTEPECHT KbM
KOMIIAKTHUTE JU(PEePEHIHATE CXeMU 3a peltaBane Ha napabdbouaan IV B ekoso-
TUsTa, TTOPAJIN HEOOXOMMMOCT OT TOYHO OIEHSIBAHE Ha 3aMbpPCSIBAHETO B TOJIEMUTE

€BPOIIENICKU T'PAJIOBE.

e m 3agaym Ha JAUCEPTAIMOHHUA TPY/I

HenTa nHa Hacrosmara JucepTalus € pa3padoTBAHETO, PEAN3UPAHETO U U3CJIE/I-
BaHero Ha edexkrusHu ajgropurmu Moure Kapio (kBasu-Monre Kapiio) 3a mHOrO-
MEpHHM MHTErpaJjii U UHTEIPAJIHU YpaBHEHHUs, ChOTBETHO JIMHEHN cuctemu. Baxkna
YacT e IPUJIOKEHNeTO Ha HM3CJIe/IBAHUTE AJITOPUTMH B MHOrO 00JIACTH, OT KOUTO
ocHOBHHTe ca (uHancH, pusnka, buosiorns, ekosorusd. JlombJIHITEHA 11 € KOHCT-
pPyHpaHETO Ha HOBU YUCJIEHU METO/M C BUCOK peJ Ha TOYHOCT Ha Oa3aTa Ha MeTo/a
Ha JndepeHIHITe CXeMHU 38 MOJIEJIH, CBbP3aHH C €KOJIOTHYHATa Oe3011aCHOCT.

KOHerTHI/ITe 3aJla4l 3a IIOCTHUI'aHETO Ha Ta3Hu IeJI Ca:

1. Jla ce pazpaboTu u u3cjeasa HOB mouTu onrumaJjeH ajgropurbm Monrre Kapiio
3a MHTErpaJHU ypaBHEHUs, Oa3upaH Ha OajaHCHpaHe HA CHCTEMATHIHATA U

CTOXaCTUYIHaTa I'PEIIKA. ﬂa ce I10J1ydaT OIEHKH 3a 6p05{ Ha peaJin3alluuTe 1
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Opod Ha WTEpaIuuTe U JIa Ce U3CJe/IBa e(PEKTUBHOCTTA Ha AJITOPUTHMA BLPXY

WHTETPaJIHU ypaBHEHUs C NPUJIOXKEH XapaKTep.

2. Jla ce peanusupa kBazu-MK meTo 1 oT THII perieTku ¢ reHepupaiil BeKTop 0000-
meHara peauiara Ha Pudbonadn, MK mMeron 6asupan Ha m3BajKaTa JIATHHCKHI
xurepky6 n ajgantusen aaropurbMm MK. [a ce usciienBa Koit oT aJropuTMuTe
e Hail-e(pbeKTUBEH B 3aBHCHMOCT OT Pa3sMEePHOCTTA Ha MHTerpaJia u IJIaJIKoCTTa

Ha MOJUHTerpajnaTa (OyHKIHS.

3. ﬂ;a Cce IIpuJIo2KaT pa3rjiecJaHuTE METOAU BbPXYy MHOT'OMEPHU MHTETrpaJin C IIpU-
JIO2KCH XapaKTEp BbLB Cl)I/IHaHCI/ITe n B CTaTHUCTHKaTa, KaKTO U Ja CE€ IIoJIy4daT
OIICHKU 3a AJPOTO Ha BI/II‘Hep B KBaHTOBaTa MeXaHMUKa 1 J1a Ce U3CJjieIBa KOM OT

MeToJIuTe e Hail-epeKTHBEH 3a pellaBaHe Ha 3ajadara Ha Pudapa Paitaman.

4. Jla ce xoucrpyupa nHos Meroj MK 3a jmmneiinn cucremu Ha 6a3ata Ha METOJIa
MK 3a juHeitHE crcTeMu ,C/IydaiiHO OJIy:KIaeHe 110 ypaBHEHUSATA M Jia ce

HallpaBXU CpaBHEHHNE MEKJ/Y JBaTa aJIlOPpUTbMa U pa(i)I/IHI/IpaHI/IE{ AJITOPUTBM

MK.

5. Ha ce pazpaboTu HOBa KOMITAKTHA CX€Ma C YEeTBBHPTH PEJl HA TOYHOCT 3 CUC-
Temu oT napadosmaau LY. /la ce MOBUIM TOYHOCTTA C TIOMOIITa Ha €KCTpa-
nostarug o Pudapzcon. /la ce mpuaoykm KOMITAaKTHATA CXeMa BbPXY MOJIEN Ha

JaJiedeH IIpeHoC Ha 3aMbpPCUTE/IM BbB Bb3/yXa, KaKTO U 3a JAPYT'U IIPUMEPH.

MeTtonoJsiorust Ha M3CJeJIBAHETO

MeTO,ZLOJ'[OI‘I/IHTa Ha HaCTOAdIINUTE M3CJieJBaHMA CE€ OCHOBaBa Ha d)yH,ZLaMeHTaJ'IHI/I

pe3yJTaT OT CJIeIHUTE ODJIACTH:

e dyukimonasen anaius [27] - byHKInoOHATHA pejioBe (cxoauMocT, pel Ha Neumann,

rperka oT ,,0TpsA3BaHeTo Ha pen (truncation error), pex wa Teitrbp);

e Teopusi Ha BepogTHOCTHUTE [4| - ciydaiiHu BeJIMYMHU, FPAHUYIHE TEOPEMU, U3~

MeCTeHU ¥ HEeM3MECTEHU OIeHKU, Bepuru na MapKos;

e uncsieH aHaau3 [1]| - anpokcumanus, KBaJapaTypHu (hOPMYIIH;
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® YNCJIEHU METO/M 3a JupepeHnaaInl YpaBHEHU U Teopus Ha JudepeHIHuTe

cxemu 3.

HpOFpaMHI/ITe KO/ZIOBE Ha KOHCTPYUPaAHUTE aJITOPUTMHU Ca HallMCaHW Ha IIPOIrpaM-

HaTa cpeja 3a npecmsranng MATLAB [56].

Arnpobariust Ha pe3yJTaTure

PeBynTaTI/I, BKJIIOYE€HU B JUCEpTaludTa, Ca JOKJ/IaJBaHU Ha: CbBMeCTEeH CeMHNHap

Ha cexiun ,llapasennn anmropurmu” n  Hayanu npecmaranusa na UMKT-BAH,;

YHact or peE3YyJITAaTUTE Ca IIpeJCTaBEHN Ha CJICIHUTE KOHCbepeHHI/II/IS

1.

9th International Conference on ,,Large-Scale Scientific Computations* (LSSC’13),

Coszonos, boarapus, 2013;

. 8th International Conference on Numerical Methods and Applications: NMA’14,

bBopoger, 2014;

10th IMACS Seminar on Monte Carlo Methods, (MCM 2015), Linz, Austria,
July 6-10, 2015:

. Advanced Computing for Innovation, AComlIn 2015, 10-11 moemspu, 2015,

Codust;

. Mexynaposnara koudepennusaTa Numerical Methods for Scientific Computations

and Advanced Applications, NMSCAA’16, 29 maii - 2 roru, Xucapsi, 2016;

. APPLICATION OF MATHEMATICS IN TECHNICAL AND NATURAL

SCIENCES: 8th International Conference for Promoting the Application of
Mathematics in Technical and Natural Sciences - AMiTaNS’16, 22-27 ronu
2016, Anbena.

Cnoucbk Ha Hy6JIPIKaHPIPITe II0 JucepTanuamuAaTa

OcHOBHUTE PE3Y/ITATH 110 JIUCEPTAIUATA Ca IIyOJTUKYBAHU B:

1.

I.T. Dimov, R. Georgieva, V. Todorov, Balancing of Systematic and Stochastic

Errors in Monte Carlo Algorithms for Integral Equations, 8th International
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Conference Numerical Methods and Applications, NMA 2014, Borovets, Bulgaria,
August 20-24, 2014, Numerical Methods and Applications (I. Dimov, S. Fidanova,
and L. Lirkov - Eds.), LNCS 8962, Springer, 2015, 44-51. DOI : 10.1007/978 —

3 —319 — 15585 — 2 5. ISSN: 0302-9743. SJR (2015): 0.252.

2. Dimov, I.T., Todorov, V., Error Analysis of Biased Stochastic Algorithms
for the Second Kind Fredholm Integral Equation, International Conference
on Advanced Computing for Innovation, AComlIn 2015, Sofia; Bulgaria, 10-
11 November 2015, 2015 (Margenov S.,Angelova G.,Agre G. eds.), Studies in
Computational Intelligence 648, 2016, 3-16. Springer Verlag. DOT : 10.1007/978—
3 —319 — 32207 — 0_ 1. ISSN: 1860-949X. SJR(2015): 0.187.

3. V. Todorov, I. Dimov. Monte Carlo methods for multidimensional integration
for European option pricing, DOI:10.1063/1.4965003, AIP Conf. Proc. 1773,
100009, ISSN 0094243X, (2016), SJR (2016): 0.198.

4. Dimov I.,J. Kandilarov, V. Todorov, L. Vulkov. High-Order Compact Difference
Schemes with Richardson Extrapolation for Semilinear Parabolic Systems.
IN: Applications of Mathematics in Engineering and Economics, American
Institute of Physics, 1789, 030002 (2016), DOI: 10.1063/1.4968448, SJR (2016):
0.198.

5. V. Todorov. Computing High Dimensional Integrals with Monte Carlo Methods,
Journal Scientific and Applied Research, Journal Scientific and Applied Research,
10, 2016, 11-16, Konstantin Preslavsky Publishing House, ISSN 1314-6289.

Yerupu ot mpejicraBennTe mybaukanun ca B u3ganus cbe SJR daxTop.

Bropata cratus e nuTupaHa B U3JIAHUETO ¢ UMIAKT (PaKTOpP:

1. Farshid Mirzaee, Nasrin Samadyar. Application of orthonormal Bernstein polynomials
to construct a efficient scheme for solving fractional stochastic integro-differential
equation, Optik - International Journal for Light and Electron Optics, 132,

2017, pp. 262—273, DOI1:10.1016/j.ijle0.2016.12.029, IF: 0.742.
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Anropurmum Monte KapJsio 3a MHOroMepHU WHTErPAJIn

Tasu riaBa e mocBeTeHa Ha W3CJIEBAHETO, PEAJTU3UPAHETO, CPABHEHUETO U IIPU-
JIoKeHreTo Ha pasiaumdanun merogun Monre Kapio n kBasu-Monte Kapiio 3a mHOrO-
MEpHO MHTerpupane. B aucepranusita e HAIIPaBEHO MOAPOOHO OIMCAHUE HA METOILT
Mounte Kapio, 6asupan na ussajkara jaruacku xunepky6 (LHS). Peamusupan e
ajlantTuBeH Metos, Monre KapJsio 3a MHOrOMepHM MHTErpPaJId, KOWTO M3II0JI3Ba CAMO
arocrepropHa uHGOpMaIys 3a MOPsi/bKa Ha JUCIHepCHsTa (CTaHJIAPTHOTO OTKJIO-
HEHNe), HO He U 3a IJIQJKOCTTa. V3cieiBaHa e M3YUC/IUTeTHATa CJIOKHOCT HA ajl-
TropuTbMa, KOATO € CbhbIIOCTaB€Ha CbC CJIO2KHOCTTa Ha O6I/IKHOB6HI/IH METO/], MOHTe
Kapso. HanpaBenu ca duciienn ekcriepuMeHTH ¢ TectoBu dbyHkimu Ha Lenr [18],
KOWUTO JIOKa3BaT OvYakBaHUdA eeKT Ha HaMaJjsIBaHe Ha JuciepcusTa. KoHcTpyupan
e n kBasu-MoHTe KapJyio MeToJ1 OT THUIl PEIeTKU, ¢ TeHepUpaIl] BEKTOp 0boOIeHa-
Ta peauniia Ha PuboHauM OT CchOTBETHaTa pa3MepHOCT. HalpaBeHo e cpaBHeHHE C
KBasu-ciaydaiinnTe pequi Ha Co6os1 3a Tajku (GpyHKIUN U IPHU OIEHKa Ha €BPO-
neiicku onnun BbB puHancuTe. Hait-BaxKHOTO MPUIOKEHNE € TIPU OIEHKa Ha siIPOTO
Ha Buraep B kBaHTOBaTa MexaHuKa. llojydeHUsT pe3yarar € OpUrnHaJIeH 110 CBOSI
XapaKTep 1M OTroBapsd Ha BDBIIPOC, IIOCTaBEH IIpeau HAKOJIKO JCCETHUJICTHUA OT €IUH
oT Haii-dabesnexkureaaure pusnuiy Ha 20 Bek Puaap @alinman 3a cbIecTByBaHETO
Ha AJITOPUTHBM C JIMHEHHa WX MOJUHOMHUAIHA, HO HE W EKCIIOHEHIMAJIHA, W3THC-
JINTEJIHA CJIOXKHOCT 3a siApoTo Ha Burmep. Bewmdku mpegcraBeHH METOMH OT THII
Monte Kapio/kBasu-Monre Kapio gasar mo-mo6pu pesyararu oT jocera H3IOJ-
3BAHUTE METOJU 3a OIEHKA Ha sJIpPOTO, KATO aJIAlITUBHUAT AJITOPUTHM CE OKa3Ba
Haif-ebeKTHBEH, TTOPaJIK IMOBEJICHIETO Ha SAPOTO.

Pesynrarure, npesicraBenu B Tas3u riasa, ca myouaukysanu B [47, 48].

Omnucanne Ha aJIropuTmMmurTe

N3zBagka JaTUHCKHN XUIIEPKYO

[Mogxoabr Ha caoncture’ u3Bagku (,stratified sampling®; Bx. [46]) ce ocHoBaBa
caMo Ha Ha4YaJTHO pasOuBaHe Ha 00JIacTTa U MOJAXOISI 1300 Ha Opost Ha CIydaitHITe
TOYKH B ChOTBETHATA T10/100JIaCT, KOETO JIa rapaHTUpa HaMaJIgBaHe Ha JIUCIIEPCUATA
B cpaBHeHUe ¢ obukHoBenus Metoj; Monte KapJsio, Ho He u noBuiaBane Ha MopsIb-

ka O(y/1/N) na BeposiTHOCTHaTA rperika. 36upar ce nmoede TouKM B 06JACTUTE,
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B KOWTO JIOKAJTHATa JUCIepcus e rojsama. [loaxoabT He ¢babpsKa ujedra 3a ajall-
TUBHOCT (PEKYpPCHBHO pasJiesisiHe Ha MOJ00JIACTH) W He W3IO0JI3Ba IpeBapuTeHa

nndopMaIysd 3a IJIaJKOCTTa Ha MMOJUHTerpaanaTa QyHKIUs.

Teopema 1. Teopema(Coboaw, [46]) 3a dukcuparno pasbusane wa obaacmma Ha

unmezpupare u N; = N p; e 6 cuna, we
DA, < Dy,

ksdemo DOy e ducnepcuama Ha OueHKAMaA HG UHME2PANL, MOAYHEHA C 0OUKHOBEH

o —%k
memod Morwme Kapao u N caywatinu moukyu 6 obaacmma wa urnmezpupane, a DOy
e ducnepcuama Ha OUEHKAMA HA UHMEZPAAL, NOAYYEHA ¢ Memoda Ha ,caoucmume’

USGCL(%CU, U p; € nasmuocmma 6 Csomeemhuama nodobaacm.

CbIiecTBEH HEJOCTATHK MPU MIpUJIaraHe Ha TO3U TOIXOJ, € PA3JIeITHeTO Ha 110~
nobsacT. AKO ejiHa s-MepHa o0JiacT ce pas3bue Ha paBHOMEDHH I0JI00/IACTH Upe3
pasjiesisine Ha JIBe 10 BCSIKO HallpaBJIeHue, ce mojrydasar 2° nojgobaactu. B ciayyas na
roJjieMu § OpoLAT Ha 10100/ IaCTUTE PSI3KO HapacTBa, KOeTO OrpaHrnvaBa CUJIHO n360pa
Ha Pa3MEepPHOCT Ha cjIydaiiHaTa m3Baka. 1031 mpobsieM ce IpeoIo/isiBa OT N3BaIKaTa
"latin hypercube sampling" (LHS) [26]. I3Bagkara LHS e crnenmasen Bu ,ciaoncra’
U3BaJIKa, U3I0/I3BaHa 3a IPbB I'bT 1pe3 1979r. B [37] u passuTa B 110 CKOPOIIHY ITy6-
JuKanuu — Bk [39]. B nBymepHus ciryuail KBajgpaTHa Mpeka e JATHHCKA KBaJpar,
TOraBa W CaMO TOTaBa, KOraTO BbB BCEKU PEJl U CThJAO Ha KBajpara IOMaja CaMo
eJlHa peajm3aliusd Ha ciaydaiiHaTa BeJnmduHa. JlaTmHcKn xunepkyO e o0oOIIenre Ha
Ta3u KOHIIEIIUs 3a IPOU3BOJIHA pa3MepHOCT. Ta3n TeXHUKa N3UCKBa TOTHO TI0 €JIHA
caydaiiHa TOYKa BbB BCIKa O00/IaCT, TOBA CBOMICTBO € €/IHO OT OCHOBHUTE TIPEIHUM-
CTBa Ha M3BaJKaTa JIATHHCKU XUIEPKyD. 3a mo-roysiMa scHota Ha Pur. 1 e gaiena
n3BaJIKaTa JATUHCKU XUIEPKYO, cpaBHEHA CbhC ,,CJIOUCTATa U CIydaiina W3BaJIKa C
16 Touku (s = 2 e pazmeproctTa, a M = 4 ca 6post ogobaacTn).

ApantuBen aaropurbMm Monte Kapiio

UscnenBan e ajlanTuBeH ajaropuTbM, Oa3upaH Ha Ha ajrOPpUThbMa, OIMUCAH B
[8, 20, 28|. OcHoBHaTa H/Iesi € KOHIIEHTPUPaHe Ha CJIyJailHi TOYKH B 1000JIaCTHTE,
B KOUTO JIUCIIEPCHsITA € ToJisiMa (110 OTHOIIEHHUE Ha MPEIBAPUTEHO 3a/1ajleHa TOU-

Hoct). [Togxoabr ce ocHOBaBa Ha PEKYPCUBHO pas3jieisiHe Ha 00J1acTTa, U310/ I3Baiiku
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Random Stratified LHS
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Qurypa 1: CpaBHeHUe Ha PA3JIMIHU TUIIOBE U3BAJIKH

arocTepruopHa NHMOPMAIIHS 38 IPeIKaTa IPpH TEKYIIOTO pa3jessiHe. Taka againTuB-
HUAT aITOPUTHM JaBa IpubuzKenne ¢ rpemka &€ < ¢ N~V/2 knaero ¢ < 0.67450(6)
(0(0) e cranIAPTHOTO OTKJIOHEHHUE), HO TIOPABKBT € ChIIUT, KAKTO [IPU OOUKHOBE-
Hus ajaropuTbM Monte Kapio. PeanmmsupanusaT TyK aJalTHBEH aJropuTbM HE H3-
I0JI3Ba HUKAKBa IIpeIBapuTeIHa HH(pOpMaIis 3a IVIaJIKOCTTa Ha MOJAMHTErPATHATA,
GyHKIMSI, HO U3MO/I13Ba AIIOCTEPUOPHA HHMOPMAIA 3a JUcCepcuaTa. ATanTuBHIAT
aJITOPUTDHM ce OKa3Ba Hail-epeKTuBeH 3a (PYHKIUU C OCOOEHOCTH B M3YHMCIUTE/THO
OTHOIIIEHHE - TP siApoTO Ha Burnep m recrosure dbyHknmm Ha ['eHi, Toil jgaBa
OTHOCHUTECJ/IHU I'PCIIKU C HAKOJIKO ITOPAIbKa HO-,ILO6pI/I OT OCTaHaJIUTE aJI'OPUTMHU.
AJ’IFOpHT'bM’bT 3allo4Ba C pa3desidHe Ha MHTEPpBaJIuTe II0 BCUYKHN HallpaBJICHUA Ha
M nommnTepBaJja, Karo M e 3aaaJieHO KaTO BXOJMIIN IIapaMeTbp. BbB Beska 1o-
J06/1acT ce npecMgaTa CTOMHOCTTa Ha ChOTBeTHUs unHTerpan lo.,j = 1,...,M u
nuctiepcus. CrieJ1 TOBa MMOJIydeHaTa JIUCIIEPCUsT Ce CPABHSIBA C IIPEIBAPUTE/THO 3a/1a-
nena croitaoct. [lomyaenara uHpOpMAaIns ce M3MOI3BaA 38 CJIEIBAINOTO CI'bCTIBAHE,
Tbil KaTo 1oj00/1acTTa ¢ Hall-TOJIAMO CTAH/IAPTHO OTKJIOHEHHE ce pasjiesd Ha 2°
HOBU 10001acTu. V3Ib/IHEHHETO Ha aJrOpUThbMa CIHpa, KOraTo 3a CTaHIapTHO-
TO OTKJIOHEHHE € JOCTUTHATA IPeIBapUTeTHO 3aJajeHara TOYHOCT € BbB BCHUIKU
01061aCTH, TIOJIYYeHU CJIeJT JIeJIeHHeTo (UM KOraTo € JOCTUTHAT IPEeJIBAPUTETHO
3a/1a/IeH MaKCUMaJIeH Opoil Ha HUBaTa Ha Pas3Jie/IidHe W Ha I10J001acTUTe, B KOUTO
HE € U3II'bJIHEH CTON-KpuTepusr). Taka ce mosydaBa €J{HO MPUOJINKEHNE HA WHTEr-
pana [ = Zj Ia;,j=1,..., M° c momxon Monte Kapio.

KBazu-MonTte KapJsio MmeToau ¢ n3moJ/i3BaHe Ha TOYKOBU MHOXKECTBA OT
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THUII pelIeTKa

Jla pasriietaMe KBaJipaTypata
N—

—_

1

In(f) = N f(x),

7=0
kbjiero Py = {xg,21,...,2y-1}, ; € [0,1)° e MHOXKECTBO OT TOUKH, 3aJIaBAIIO
MHTETrPAIIMOHHUTE BH3/IU Ha (popMmystara. M360pbT HA BBH3/IUTE € MHOTO ChITECTBEH,
TbIf KATO OT TOBA 3aBUCH JUCKPENAHCHT U TOYHOCTTA Ha TOJIyIeHOTO TPUOJIIZKEHNE.
[IpakTuvecko mpuIoKeHe € HaMePUJI TEOPETUKO-UUCTIOBUAT METOJ, 38 UHTEIPUPa-

He, npejioker or Kopabos [31], mpu Koiito Bb3mTe Ha KBajgpaTypHata (hopMysa

xk:<{%}{%}{k]\zf}>k:12N (1)

Kbjero N e 3ajajien Opoil TOYKH, z € S-MepeH HEeJIOYNCIeH BeKTOp, a upe3 {a}

nMaT BUIa:

O3HaYaBaMe JpobHATA YaCT Ha YUCI0TO a, T.e. {a} = a — [a]. BekropbT 2 ce Hapuva
FeHepupall] BEKTOp WX T'eHepaTop Ha MHOXKECTBOTO.

Ja mocraBuM JIOIbIIHATETHO U3MCKBaHEe K'bM IIQJKOCTTa Ha yHKnuaTa f(x), a
MMEHHO JIa IPEJIoIoKuM, e pyHkimaTa f(x) npunajieku Ha Kiaca xa Kopabos

E¢(C), 3amanen no ciennus Hadnd [45]:

Hedbunnunusa 1. Kassame, ge f(z) npunasyrexn ua Kiaca EFS(c) 3aa > 1nc > 0,
ako f e mepmojmaHa (DYHKIWS € HEPHUOJ| CIUHUIA 110 BCSKa OT IIPOMEHJINBUTE CH
x; i =1,2...,s, nedunupana Bbpxy eauandaus xunepky6 [0, 1]° u koedurmentn i

na Oypwue yI0BIETBOPSIBAT HEPABEHCTBOTO:

C
la(m)| = CARE A (2)
K'bJIETO
Im|, ako |m|# 0,
0, ako m = 0.
1 KOHCTaHTaTa ¢ He 3aBUCHU OT My, . .., M.

Teopema 2. (/5]) Axo f(z) € ES(c), mo cowecmsysa onmumaser usbop na zere-

pupauy, 6eKmMop 2, 3a KoUmo 3a 2pewrama om UHMEeZPUPaGHE € 8 CUAG

N-1

%k f({%})_ / f(w)du SCd(s,a)(lo%)j(w (3)

=0 [0,1)*
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3a pynryus f € E¢(c),a > 1 u d(s,a), (s, a) ne saasucam om N. Hewo noseue,

axo N e npocmo wucao, mo B(s,a) = a(s —1).

BekTopbT z, 332 KOWTO HEpABEHCTBOTO (3) € M3II'bJIHEHO, ce Hapuda J00bD Wn
OIITUMAJICH FeHEPUPAIIl BEKTOD, 4 HErOBUTE KOMIIOHEHTH - OITUMAJIHN KOe(DUIUCHTH
B cMucbia Ha Kopabos. ToukoBoTo MHOXKeCTBO Py € MHOMXKECTBO OT JI00pH LEJI0-
YUCJIEHU TOYKH, & ChOTBETHUAT METO/L 32 YMCJIEHO MHTErPUPAHe ¢ KBaJparypara ce
Hapu4a MeToj Ha jo0pure nenouncienn rouku (Good Lattice Point method - GLP
MeTo/1). V3BecTHH ca pejuia TeopeMu, JIOKA3BAIlN ChIeCTBYBAHETO Ha ONTUMAJIHI
reHepupaly BeKTopu. TpyJHOCTTa € B KOHCTPYUPAHETO Ha Te3U ONTUMAJIHU BEKTO-
pH, 0COOEHO B 3aJa4l OT IoJisAMa pasMepHocT. IIpu s = 2 onrumasHa KOHCTPYKIUS
cbiectByBa. Bakhavalov mpes 1959r. B [5] mpejicraBs KOHCTpYKIHsi, OCHOBaHA Ha
gquciara Ha Pubonaun. [Tpes 1981 r. B [25] e HampaBeno o6obIIeHne Ha peJUIA-
Ta Ha Pubonaum 3a npousBosHa pasmepHocT. Hua u Wang KoHcTpyHpaT TOYKOBO

MHOKECTBO OT THII PEIIeTKa ChC CIeHNs TeHepupanius BeKTop [25, 50]:
z=(1,F,(2),...,F.(s)), (4)

3a HSIKOE eCTecTBeHO 4ucio n. B cuna e F,(j) = Fryjo1 — Foyjo— ... — F, , KbJIeTO

F; ca crorBeTHUTE 0000I1IeHN Ync/ia Ha PrOOHAYN C PAa3MEPHOCT S, T.€.:

E+5:F}—i_F}+1+...+F}+5_17ZZO,1,... (5)
C Ha4YaJIHO YCJIOBHE:

Fo=F =..=F,_,=0, F,_y =1, (6)
3al = 0, 1, e CJIG,ZL OIIPOCTsABaHE€, MO2KE Ta C€ BUJ/IN,9€ '€HEPpUDPAIIUAT BEKTOP I10-
rope e:

z = (1, anl + Fn72 + ...+ anerl; .. ,Fn,1 + Fn,Q, anl) (7)

Cropes [25], nmame cireiHaTa ONEHKA 3a JHCKPENAHCca Ha MHOKECTBOTO, HOJIYYeHO

¢ M3MOJI3BAHETO Ha TO3M BeKTOp u F), Opoii Touku:

Teopema 3. Mnootcecmeomo

(EREC DERCCH R
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uMa QUCKPENAHC
_l_++_ﬁ
2 s s
D(Fn):O(Fn 2 .log2 2 )

[IpeaumcTBOTO Ha pasrie:KjaHUsS MeTOoJ €, Ue OpoAT Ha olepaluuTe, HeoOXO-
JMMH 3a TIoJlydaBaHe Ha reHepuparniusi BekTop, e acumnrorudno O(log F),). Cren
KaTO MMaMe TO3U BEKTODP, PeHepHUpaHeTO Ha HOBA TOYKA M3MCKBa KOHCTAHTEH OpOil
onepanun. Tbit KaTo TPsAOBa Ja renepupamMe F,, TOUKH, 3a JIa IOy IUM TOIKOBO MHO-
2KEeCTBO OT THII PelieTKa OT pasriekanud Buj ¢ F), Touku, me ObaaT HeoOX0IuMu

O(F,,) 6poit oneparu.

]._.[pI/I.TIO}KeHI/Ie B BeiicoBckara crarucTmka

OynmamenTaseH mpodsaeM B BelicoBckaTa CTaTUCTHKA € TOYHOTO IIpecMATaHe Ha
MHOTOMEPHU WHTErPAJIA OT CJIEIHUTE JIBa BHUIA, onncanu oT Shaowei Lin mpe3 2011 B
[33, 34]. II'pBusT By HETErpasy uMar creauns Buj: [, pi*(z) ... pe*(x)d, kbaero
QeR® = (x1,...,24), pi(x) ca HOTMHOME U U; Ca TEJU YUCJIA. BTOPUIT BUJI MH-
Terpau umar suta [, e V@ ¢(x)dr, kpaero N e ecrecrseno uucio u f(z), ¢(z) ca
MHOTOMepHH ToimHOMHU. TakuBa ca H-MepHUst U 15-MepHIsT MHOTOMEPHI WHTErDAJIH,

JaJIEHN TI0-J10JTY.

/ exp(—100z1xox3)(sin(xy) + cos(zs))dr ~ 0.1854297367. (8)
[0,1)5
10
(Z 23) (w11 — 23y — 20y — 17, — 755)2dx ~ 1.96440666. 9)
s =1
/ %emmmom . aaodr ~ 3.244540). (10)

[0,1]30

Hamnpageno e neraitino cpaBHenue mexky ooukuosern MonTte Kapiio ajiropurbm
(Crude), aganrusen anropurbm Monre Kapio (Adapt), airopurbM ¢ usnosissase Ha
KBasucayvaiinara peauna #a Cobosr (Sobol), aaropurbmM ¢ u3Mo0I3BaHe HA TOYKOBO
MHOKECTBO OT THII pereTKr 6asupano Ha obo0menara peauna va Pudbonaqan (FIBO)

u uzBaKa or tun jaruacku xunepkyb (LHS). Pesyararure ca majgenu B Tabunn
1,2m3.
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3a cpaBHUTE/IHO MaJjIKa pa3MepHOCT 3a H-mepHus narerpajs MmeroabT FIBO moc-
TUTa Hali-MaJjKa OTHOCUTEIHA T'DEITKa IIPH IIPEIBAPUTEHO 3a/a/1eH Opoil peasn3a-
mun - Bk Tabmuma 1. 3a pasmeproct 15 Sobol moctura mo-mMaJiku OTHOCHTETHU
rpemkn or FIBO - Bk Tabsmia 2. Ananmusnre mokas3sar, de 3a BUCOKA Pa3MEPHOCT
30 m3Bagkarta LHS npepbsxoxmga FIBO u Sobol - Buxx Tabumma 3. Ot Tabaumnm-
Te MOXKe Jia ce HampaBn u3Boja, de mMetomabT FIBO e edexkturen 3a mpecmsarame
H& MHOIOMEDHU MHTErPAJHM OT IVIAJIKU HOJUHTErPAJTHE (DYHKIMH IIPH CPABHUTEIHO
MaJIKH Pa3MEePHOCTH, 3apali BUCOKATa TOYHOCT U HUCKATA U3YUCIMTEIHA CJI0ZKHOCT.
3a mo-rosiemu paszMepHocTH 3a npegnountane e MeroabT LHS. Meromnsbt nHa Cobour
e snaunTenHo no-6agern or FIBO m LHS, 3atoBa mopm B ciydamre Ha CXOJTHH OT-
nocurean rpemkn FIBO e mo-edexkTuseH, 3amoro TpyI0eMKOCTTa My € TO-MaJIKa.
AanTuBHEAT MeTOJ € Hali-6aBeH, 3apali PeKypPCUBHOTO JieJIeHe Ha IOJ00IaCTH U €
HA-T10/IXO/ISIII 38 UHTerpupaHe Ha (DyHKIIUU C 0CODEHOCTH, KOETO I1e O'bJIe TTOKA3aHO

B cjlefBalnTe naparpadu.

Tabmuna 1: OTHOocHTEHA T'DEIKa 38 H>-MEePHUS UHTErPaJ

N | Crude |Bpeme(s)| Adapt |Bpeme(s)| FIBO |Bpeme(s)| Sobol |Bpeme(s)| LHS |Bpeme(s)

103|2.10e-2| 0.007 [2.15e-3| 0.27 |1.75e-4| 0.007 |5.29e-4| 0.03 [9.38e-3| 0.007

10%|4.52¢-3| 0.07 [2.01e-3| 2.43 |1.28e-5| 0.06 |1.43e-4| 0.3 [3.44e-3| 0.07

10°|1.19e-3| 0.64 |6.91e-4| 22.2 [9.50e-6| 0.61 [2.36e-5| 2.77 [2.01e-3| 0.69

10%|8.47e-4| 6.06 [2.92e-4| 219.5 |5.47e-7| 5.98 [6.07e-6] 24.2 [1.80e-4| 6.17

107|2.38¢-4| 59.9 |8.21e-5| 2043 |[8.71e-9| 58.4 (2.30e-6| 245 |2.46e-5| 60.5

Tabmuma 2: OTHOCHTETHA TPemKa 3a 15-MepHUsT HHTErpat

N | Crude |Bpeme(s)| Adapt |Bpeme(s)| FIBO |Bpewme(s)| Sobol |Bpeme(s)| LHS |Bpeme(s)

103]6.31e-2| 0.09 [3.16e-3| 8.24 [5.34e-2| 0.08 [2.04e-3| 0.98 [1.06e-2| 0.12

10%|4.30e-2| 0.95 [1.49e-3| 68 1.22e-3| 0.93 (2.89e-4| 9.3 |7.33e-3| 1.07

10°|2.77e-2|  9.70 |5.76e-4| 547 [1.08e-4| 9.65 |[1.13e-5| 93.8 |1.5de-4| 10.11

109/7.13e-3| 95.8 |1.29e-4| 5235 |6.37e-6| 96.9 [5.93e-6| 735 |[1.14e-5| 99.6
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Tabmuma 3: OrHOCHTETHA rpemika 3a 30-MepHIS HHTErPAJI

N | Crude |Bpeme(s)| Adapt [Bpeme(s)| FIBO |Bpeme(s)| Sobol |speme(s)| LHS |Bpeme(s)
103(8.56e-1| 0.02 |1.56e-1| 2.27 [8.73e-1| 0.02 [1.29e-1| 0.27 |2.31e-2| 0.02
10%]7.13e-1 0.1 6.91e-2| 20.1 |1.19e-2| 0.18 |8.56e-2 2.5 6.89¢-3| 0.19
10°(4.21e-1| 1.12 |3.76e-2| 229 [2.78e-2| 1.56 |1.91e-2| 20.2 |1.65e-3| 1.54
106(1.73e-1| 11.07 |6.29¢-3| 2271 [9.56e-3| 13.61 |9.47e-3| 208 |9.61le-5| 13.9

TecroBu dbynknuu Ha I'enis

MeTobT Ha pelieTKUTe He € MPUIOXKHUM 3a (PYHKIIMU ¢ OCOOEHOCTH, KaKTO Ce
BIKJIA OT YHCJIEHUTE eKCIIEpUMEHTH B TasW ceKius. Heka e jajieHa cjejaHaTa Mo-

Jiesina (DYHKITHIS:
flo) =1+ a; ;) ¢+, (11)
i=1

Pasrnexpannar xiaac oT TecToBH (DyHKINU NPUHAJJIEIKH Ha HAKeT, IPe/JIOZKeH
ot Genz [18]. N36panoro MHOXKECTBO OT (DYHKIIN UMAT ¢IMHCTBEH JIOKAJICH MAKCU-
MyM B OJIM30CT JI0 €IUH OT BbPXOBETE Ha MHOTOMEDHUS €IMHIYEH Ky0, NoZ00HO Ha
HSIKOM MOJIeJIHN (DYHKIIUH, ONACBAIN U3MEHEHNETO B KOHIIEHTPAIINNTE Ha 3aMbPCHU-

TeJIM BbB Bb3/yXa.

Tabsmna 4: OTHOCHTEIHA TPEITKa U U3YUCTUTETHO BpEMe B CEKYH/IN 3a Pa3MEPHOCT
s =05, I[f] = 2.12e-06, a = (5,5,5,5,4).

Ajanrusen aar. MK LHS FIBO

N |Inlf] () | N |[In[f] (s) | NV In[f] (s)
102 [3.7735e-03| 0.33 | 10%|7.2274e-02 0.27 | 1346269 [9.7135e-02| 0.38
103[1.2877e-03| 1.44 | 10°]3.2518e-02¢-02| 1.22 | 3524578 |6.7594e-02| 1.32
10%[4.2452e-04| 10.75 || 107|2.5207¢-03 12.3 (114930352 |1.5377e-02| 15.07
10°]4.7169e-05| 142.18 || 10®| 1.6646e-03 124.2 102334155 | 2.9245e-03 | 134.58

PeSyﬂTaTI/ITe, IIOJIydeHu cjie/l Ipujiarad€To Ha OIIMCaHUuTe aJI'OPUTMU B Ta3U I'Jla-
Ba - JIATUHCKH XHUIIEPKYD, TOUKOBO MHOXKECTBO OT THUII PelIeTKN, Oa3upaHo Ha 0000-

meHara pejania Ha PuboHaqn u aganTupes ajaropurbm Monrre Kapiio, 3a naTerpasm
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OTHOCHUTETHA

Tabmuma  5: rpemka U U3YACJUTETHO  BpeMe B Ce-
KYHJIM 3a  pasMEepHOCT S = 18, I[f] = 9.919e-06, a =
12 212114 211 2 114 11
-

Ananrusen aar. MK LHS FIBO

N | oru. rp. | Bp.(s)| N | orn. rp. Bp.(s) || NV OTH. TD. BP(S)
10 | 9.2341e-04| 15.7 || 107| 8.6285e-03| 13.6 || 14930352 7.1579e-02| 14.7
10%] 8.0653e-05| 142 || 10%| 5.1195¢-03| 140 | 102334155 | 5.1096e-02| 144.1
103| 1.0081e-05| 1408 || 10%| 1.6283¢-03| 1353.5| 1134903170| 2.8883¢-02| 1344.3

¢ pa3mepHocT D u 18, ca majeru cborBeTHO B Tabymia 4 u Tabiuma 5. Msciensana e
edeKTUBHOCTTA Ha peau3upaHus aJalnTuBeH aaropurbMm Monte KapJio 1mo oTHorre-
HIIe Ha OTHOCHTEJIHA I'pEIIKa U U3YUCIUTETHO BpeMe. Pesyitarure mokas3Bart, e 3a
IIOUTH €IHO U ChIIO BpeMe aJIallTUBHUAT aJITOPUTHM JaBa IMO-MaJKH OTHOCHTETHHI

PENKA, TOPUA B TOPSTHITA.

IIpunaoxxenne 3a gaaporo Ha Buruep

Enun or naii-uzsectuure dbusuny na xariero speme Puaapy Paitnman mocrass
npean HAKOJIKO JEeCETUJICTHA BbIIPOCa 3a CbIIECCTBYBaHEC Ha e(l)eKTI/IBeH AJITOPUTBM C
JIMHEHA WJTU TOJIMHOMUAJIHA NU3YUCTUTETHA CJIOXKHOCT 3a SApOoTo Ha Burnep B MHO-
romepuus ciaydaii [17]. Jocera ca usnonas3Banu camo JETEPMUHUCTUIHU aJINOPUTMU
C eKCIIOHEHIIMATHA U3YUUCTUTETHA CJIOZKHOCT, KOUTO CTPAJIAT OT ,IIPOKJIATHETO HA
pa3MepHOCTTa”, 3a KOeTo Oellle Bede CIOMeHaTo. Tpure MocTysiara, KOUTO OIMMCBAT
HAITHJIHO HOBaTa MaTeMaThdecKa (DOPMYJIMPOBKA Ha KBAHTOBATA MEXaHUKA Ca Jia-
JIeHH B TEPMUHUTE Ha YACTHUIM ChC 3HAK M TE3W TPHU MOCTY/IATa Ca JOCTATLIHU JIa
OTTOBOPSAT Ha PE3YJITATUTE HAa 10 CJIOXKHU KBanToBU Teopun [43]. Tyk maBame camo
BTOpHUS IIOCTYJIAT:

[Mocrynar I1. Hactuna cbe 3HaK, oTmessiia ce B morernuan V = V(z), ce mbpxu

KaTO KJjlaCn4eCKa TOYKOBa YaCTHUIla oe3 I10JIe, KOATO Chb3/JaBa HOBU YaCTHUIIN CbC 3HAK
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¢ BeposgTHOCT Y(z(t))dt ¢ maTepBa dt,3a Bpemero dt, K'bJeTO

Ap'—0t

oo +o00
y(z) = / Dp'Vii(x;p') = lim Z Vit (z; M A P, (12)
s M=—00

u Vi (z;p) e momoxurennara 4acT Ha BeJMIMHATA

+o00
] 24 ./
co) 1 ,—2tz'p n o o

Virlain) = —per [ e BVt o) = Vi = o), (13)

—0oQ
M3BECTHA KATO si/ipoTo Ha Burhep B s-mepHOTO mpocTpancTBo [51]. Ako mo Bpeme
Ha Cb3JaBaHeTO, Cb3JaBalllaTa YaCTUIla MMa 3HAK 2, IO3UIUA T U MOMEHT P, HOBUTE
YACTUIM UMAT ChIaTa HO3UIMS T, UMaT 3HAIM +2 U —2, U MOMeHTH p + p' u p —

P’ ¢cHLOTBETHO, U3OpPAHU CJIYUYARHO B CHLOBETCTBHE C HOPMAIM3UPAHATA BEPOSATHOCT
Vi (z;p)
()
Nsnon3same cieannsa Buraepos moreHimal:

V=V()=x1...0,, 2 x,p,x + 2,0 — 2" €]0,1].

[lesTa Ha HACTOSAIIETO W3CJIE/IBAHE € Ja ce IPeCMeTHe MHOroMepHus uarerpai (13),
Ipe/ICTaBIABAI si/IpOoTO Ha Buruep.

Haii-nampe npuiarame JeTepMUHUCTHYICH METO/I Ha CPEIHUTE PABOLI'bIHUIIN,
obukHoBeH MeTos MonTte Kapio n kBaszu-Monte KapJio ¢ u3nosizBane Ha KBa3UCIy-
vaitan pegumy Ha Cobost. Pesynararure ca magenn B Tabmuma 6. lerepmuHucTuaHm-
AT METOJ € Haii-OaBeH ! 3aIl0uBa Jia I'yOn TOYHOCT C yBeJndaBaHe HA Pa3MEpHOCT-
Ta Ha nHTerpasa. Meroabr Ha Co60/1 € mo-TodeH oT obuKHOBeHHUsT Metoa Monre
Kapso, o e mo-6asen - Bmk Tabmumna 6. ObuknoBenusT anropurbm Monte Kap-
J10 e mo-HeTodeH oT kKBasu-Monte Kapsio anropurbma ¢ peaurnm Ha CoboJt, mopan
cBoOficTBaTa Ha JI0OpE pas3lpeIe/IeHUTe PEIHIIN.

S aporo na Burnep, mosydeso ¢ 0OMKHOBEH 1 ajanTuBeH aaroputbMm Morre Kap-
Jio, e mwioctpupano Ha Pur. 2. Ha @ur. 3 ca nokazaHu MO3UIUITa Ha TaCTUIIATE ChC
3HaK B gpOoTO Ha Burnep u BbpXbT Ha poTO Ha Burnep, moyydenu ¢ alanTUBHAA
ajropuTbM. OT TOBEIECHUETO Ha SIJIPOTO €€ BHUXKJA, Ue Hail-epeKTHBEH 3a IpeCcMsi-
TaHeToO My O OmJI amanTuBHEAT ajroputbM Monte Kapiio, KoeTro ce moTBbpKIaBa

n OT IIPOBEJCHUTEC CKCIICPUMEHTH. Yucrenunre pe3yJITaTu IIOKa3BaT, 1€ MEeTOABLT OT
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Tabmauma 6: OrHocuTe/HA IpelIKa 3a sJpoTO Ha BUIHEp ¢ JeTepMUHUCTUYHH M CTOXAC-

THYH METOAN

S N Cpezann npasosr. [Bpeme (s)|Cobosr anr. |Bpeme (s)|Obuknosen aur. |Bpeme (s)
322 x 50 8.51e-03 0.2 8.47¢-03 0.1 8.37¢-03 0.003
322 x 100 8.21e-03 0.5 8.11e-03 0.21 8.19¢-03 0.008

3| 642 x 50 5.76¢-03 1 5.26¢-03 0.5 5.11e-03 0.1
642 x 100 4.89¢-03 1.9 4.55¢-03 1.1 4.76e-03 0.3
84 x 502 1.16e-02 41.2 8.64e-04 19.5 9.09e-04 4.1
84 x 1002 9.75¢-03 160.6 | 5.73e-04 53.4 6.44e-04 17.9

6] 16* x 502 7.84e-03 635.2 | 1.90e-04 149 4.37e-04 51.5
16* x 1002 2.12e-03 2469.1 | 1.29e-04 | 601.6 3.80e-04 132.1
65 x 163 1.75e-03 835.5 | 5.45e-04 | 188.5 9.35¢-04 46.5
65 x 323 1.35e-03 5544.1 | 2.36e-04 | 1067.6 8.29¢-04 225.1

9| 6% x 403 1.12e-03 10684.4 | 1.07e-04 | 2190.5 5.12e-04 491.5

Qurypa 2: Aaporo na Burnep, mojydenHo ¢ oOMKHOBEH M aJIAIITUBEH aJrOPUTHM

Monte KapJio

THUII PEIIETKN U TO3U Ha Cobour IIpoussezKaaT HO,ILO6HI/I OTHOCHUTEJ/IHU I'DEIIKHU 3a €1H

u cbir Opoit peasmmzaruu. 3a 9-mepuust nnrerpas FIBO u Sobol nasat cxosuu pe-
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Qurypa 3: Ilosurua ma yactunure B gpoTo Ha Burnep m BBLPXbBT HaA AJIPOTO HA

Burnep ¢ ajjantusen ajaropurbMm

3yJITATH, KOUTO Ca IO-HETOYHH OT aJAlTUBHUS aJropuThbMm M usBajkatata LHS —
Bk Tabsmia 7. AJAaITUBHUAAT aJIPOPUTHM JaBa Hail-100py pe3ysITaTi B CpaBHEHUE
¢ OCTaHAJUTE CTOXACTUIHHU AJTOPUTMU C JI0 JBa Hopsaabka mo-aoopu or LHS, HO e
3HAYUTE/HO 1M0-0aBeH — BiK Tabsmra 7. PaspaboTeHuAT a/lalTHBEH aJITOPUTHM € C
JINHETHA U3YUCIUTETHA CJI0YKHOCT, KOETO € eUH Bb3MOXKEH ITOXO0/] 38 MHOI'O TOYHO
npecMATaHe Ha MHOT'OMEPHUA UHTEerpaJi, OIIMCBAIll AJPOTO Ha 131/II‘Hep7 u € pelileHue
Ha BBIIPOCa, mocraBeH oT Puuapa PaitHMaH, 3a KONTO Oelle ClioOMeHAaTO B HAYAJIOTO.
[IpaBu Brmeuarenue u gobpuaT pesyarar Ha meroma LHS, koitto sapagm 6bp3u-
HaTa CH CbHINO € eJIMH Bb3MOXKEH II0JIX0/I 3a OlleHsiBaHe Ha siipoTo. [IpeaumcTBOTO
Ha ajantuaus MonTe Kapio meroj cienBa OT BUJIA Ha SIAPOTO, MIIOCTPUPAH HA
Qur. 2. C yBemyaBaHe Ha pa3MepPHOCTTa IIPEeIMMCTBATA Ha, aIAIITUBHIS aJIlOPUTHM
[Ipe/I OCTAHAJINTE METOJIM Ce 3aCUJIBAT. BCHYKN N30/ I3BAHN METO/IH JIaBAT 3HAUUTE -
HO I10-JI00PHU PE3yJITaTh OT JIoCera M3IOJI3BaHUA JETEPMUHUCTUIEH TIOJIX0/, KaKTO
110 OTHOIIE€HME Ha TOYHOCT, TaKa KW II0 OTHOIIIE€HMHE Ha HN3YUC/IUTE/IHO BpeEMeE. I/I3C—
JIEABaHUAT aJallTUBEH aJITOPUTDHBM IIO3BOJIABA Ja CE IIOCTUI'HE BHCOKa TOYHOCT CbhC
CPABHUTEJHO MaJIKa U3YUCIUTETHA CJIOKHOCT, KOETO € €JIMH Bb3MOXKEH IOJIXO]T 38
npecMdATaHe Ha MHOIOMEPHHUsI HWHTerpaJi, OIUCBAII s/ipoTo Ha Buruep, u e perenne

Ha BbIpOCa, nocrtasen or Puaapy Paitnman [17].
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Tabmuma 7: OrHOcHTeHA rpemKka 3a 3, 6 1 9 MepHUS HHTErpaJl

N | Latin | t,s |amanTusen| t,s | FIBO | t,s | Sobol | t,s

103|4.38¢-03/0.01| 6.75¢-04 | 0.4 |3.72¢-02|0.02|1.07e-02|0.05
10%]7.94e-04/0.06| 8.15¢-05 | 3.3 |7.06e-03|0.07(8.77e-03[0.54
s = 3|10°]2.51e-04|0.41| 5.01e-06 |32.6|3.40e-03|0.43|8.57e-04|5.74
10°|8.20e-05|3.52| 4.38¢-07 | 302 |1.01e-03| 4.4 |6.73e-04|45.6

103|1.54e-03|0.01| 2.23e-04 | 0.5 |7.82e-03|0.01|2.42e-02{0.09
10%]6.34e-04/0.06| 4.74e-05 | 4.1 |5.01e-03|0.07|5.02¢-03|0.78
s = 6(10°]4.22¢-04(0.44| 5.43e-06 | 37 [6.88e-03|0.43|4.60e-04|6.19
109(8.57e-05| 3.7 | 5.04e-07 |351|7.68¢-04|5.97|3.59¢-04| 53

103|6.11e-03|0.04| 8.23e-04 | 0.5 |2.03e-02|0.06|5.42¢-02(0.11
10%|1.02e-03|0.06| 2.02e-05 | 4.7 |2.02e-03|0.07|6.02e-03|0.88
5 =9(10°]4.69¢-04(0.43| 1.08¢-06 | 40 [9.16e-04|0.53|3.57¢-03|6.56
10°|8.08¢-05| 3.8 | 4.14e-07 |381|7.13e-04| 3.7 |8.02e-04| 57

HpI/IJ'IO}KeHI/ISI 3a eBpOHeﬁCKH ornmnunumn

Omnmusita € J10roBOp (I_[eHHa KHHFa), JaBalla Ha COOCTBEHHKA IIPaBOTO, HO HE U
3a/IbJIZKEHUETO Jia Tpojiajie (IyT OIus) Wik ja Kymnu (KOJI OIIHsi) OIPEJIeIeHO KO-
JINYECTBO IIEHHU KHMXKa WJIM BaJlyTa Ha (DUKCHUPaHa B JIOrOBOPA IeHA, B PAMKHUTE Ha
A JICH IIepuo OT BpEMeE. HpI/I OIIIUUTE IIpUTE2KaTe/Id MOXKE Jla YIIPpazKHU WJIX J1a He
yIIpaXKHU CBOETO IPABO B ChOTBeTHUA CPOK. [Ipm eBpomeiickus BuI onimm coOCTBe-
HUKBT UM MOXKE Jla YIIPayKHHU IIPaBOTO CH caMoO B Kpas Ha nepuojia. Monre Kapiio
u kBasu-Monre Kapsio MeTomure Morar JUPEKTHO Jia ce IPUIOXKAT KbM (bUHAHCO-
BH ITPOOJIEMH, BKJIFOUBAIIM MHOTOMepHU mHTerpaJu. [lo-m1omy e niatocrpupame Kak
nscjeJBannuTe aJropuTMm MoraT ereKTI/IBHO 1a 6’]3/:[‘aT IIPUJIO2KECHU K'bM IIpecMATaHe
Ha EBponeiicku ommuu. MaesTa ce ¢bCTOM B CJAEIHOTO: CTOMHOCTTA Ha OIIUATa 1/
ce dpopMmyupa B TEPMUHHUTE HA MaTeMaTHIeCKO OYaKBaHe Ha CydaiiHa BeJIUYNHA,
CJIeJl TOBa CPEJHO apUTMETUIHOTO Ha HE3aBUCUMH peasii3alliy Ha clIydaiiHaTa Be-

JIMYNHa Ce€ U3II0JI3Ba 3a OICHABaHE Ha OIIIHUATA. Wsznosssa ce PHUCKOBO-HEYTpPaAJIHATA
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dopmysia 3a EBpomneiicka omus:
V(S,t) = E(e" " In(S(T)) | S(t) = S, =), (14)

Kkbjero E(.) e maremarndeckoro odakBane, h(S) e miarexknara Gynkiws, h(S) =
max(S — E,0) 3a kou ommuara, h(S) = maz(E — S,0) 3a myT ommusra.

Jla pasriemame eBporeiicka OIIus, IUATO IJIaTexKHa (DyHKIMA 3aBucu or k > 1
akTuBa ¢ neHu S;, 0 = 1,..., k. Becekn akTtuB cjenBa ciiydailHOTO JiBUMKeHEE (Taka
HapedeHaTa ciaydaiiHa pasxojka): dS; = p;S;dt + 0;5;dX;, KbJero o; e TOIUIIHO-
TO CTaHJAPTHO OTKJOHEHWe Ha i-Tus aktuB u dX; e BpaynoBoro jasmxkenwue. [la
IIPEIIIONIOKIM, de pH manexka T miarexxmara GyHkmus ce gasa c: h(Sy,. .., S,;),
(kbaero S’ o3HAUABA CTONHOCTTA Ha i-THsl aKTUB IpU n3Tnvane). ToraBa Tekymara

CTOWHOCT Ha onnuaTa, V', OTXBbPJANKI Bb3MOXKHOCTTA 3a apbuTpazKk (mosrydaBaHe

Ha 6e3pucKoBa mevasba) e obie
V= e*T(T*t)(QW(T — t))*k/2(det2)*1/2(0'1, o) X

X / . / Mexp(—O.E)aTZ_la)dS;, ..., dS,,
0 0 Sla : 7Sk;

/
— 1/2\-1 5 o?
Kbaeto o; = (oy(T —1)'/?) (logg: — (r—)(T'—1)) , r e TMXBeHUAT HPOLEHT 1 X €
MaTpHIlaTa Ha KOBapUAIlHs, K'bJETO eJieMenTa (i, j) e KoBapuanuaTa Ha dX; n dX; 3a
k akTuBa. 3a 3a/1a9u KaTO Ta3u, MHOTOMEPHUTE UHTEIPAJIM MOTaT Jia Ce OICHAT Ipe3
Momnte Kapiio u kBasu-Monte Kapsio meronu. 3a j1a mojryanM TbpceHara (hpopMyin-
pOBKa, Oe3kpaiiHaTa 00/1aCT Ha MHTErpUpaHe MOXKe Ja ce N300pasu B S-PasMepHUS
2
eaunnden Ky6 no pasmmann naumnu. Hanpumep, 2 arctan(z) uzobpasasa (0,00) B
(0,1). Mozxke ma ce usnossBa u (GyHKIMs Ha PA3Npeie/ieHne HA PA3JIUIHU CJIyJaii-
HU BeJMYnHU. TakaBa TpaHcdopMalus mpeodpasyBa mpodjieMa B TaK'bB, TPU KONTO
. 1 1 d d
ThPCHUM CTOHOCTTA Ha MHOIOMEPHUS WHTETPAJT fo o fo g(x1, ..., x5)dxy ... drs HA
equHnyHuA xunepky6. Koraro g e dpyHKnusaTa eKCrioHeHTa, ¢ MOIXOJIAI n300p Ha
KOHCTAHTHUTE BKJIIOYEHNU BKJIIOUEHH B TOPHOTO ypaBHEHUE [32] mosryuaBame s-MepHUst

unrerpan [ exp(x1,...,xs)dx ... dvs TucieHUTe €KCIEPUMEHTH BKJIIOUBAT [IPEC-
[0,1]%
MATaHETO Ha H U 20-MepHU UHTErpaJsIn:

5 5
/ exp() _0.5a;2](2+sin Y a;))da ~ 2923651, a; = (1,0.5,0.2,0.2,0.2),
[0,1]5 i=1 J=1j#i

(15)
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Tabmuma 8: OTHOCHTEIHA IpEMIKa 3a H-MEpHUsT HHTErPaJl

Bpeme B cek.|obukHoBeH MK |agantusern MK | FIBO | Co6os

0.1 3.07e-3 1.34e-2 7.26e-5|8.22e-4

1 1.32e-3 2.44e-3 2.28e-5|2.91e-4

5 1.43e-3 4.93e-4 5.94e-6/1.71e-5

10 8.47e-5 1.88e-3 3.85e-7|1.79e-5

20 2.52e-4 2.71le-4 7.49e-7|4.96e-6
20

exp(] [ zi)dz = 1.00000949634.
0,120 i=1
ik : i

logy, N

relative errar
o
=3
o

Crude

—*+— Sobol
—+H—Fibolattice {
—&— Adaptive

34 36 38 4 42 44 4B
logyhf

48 5 52

log(relative eror)

—&— Adaptive
Sobol

—&— Crude
FibolLatlice

(16)

Qurypa 5: OTHOCHTETHA TPENIKA U U3YUC/IUTETHO Bpeme 3a 20-MepHus uHTerpad.
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Tabmuma 9: OrHOcuTe HA rpemika 3a 20-MepHIS HHTErPAJI

Bpeme B cek. | obukHoBeH MK |agamntuser MK| FIBO | Sobol
1 9.14e-3 1.58e-3 1.48e-5(3.25e-5
2 3.68e-3 1.028e-3 9.17e-6{3.97e-5
5 2.67e-3 8.58e-4 5.19e-6|1.45e-5
10 3.34e-4 4.02e-4 1.73e-6|2.71e-6
20 1.53e-4 1.13e-4 1.38e-7|1.76e-6

3a Bcekm MHTerpaJl e ImpecMeTHaTa OTHOCUTETHATA IPEITKa IIPY OTHAIIPET 3a,/1a-
JIeH Opoii peau3aliiy U MoJIydeHaTa OTHOCUTETHA IPEeIKa IIPU OTHAIIPE/ 3a/1a1eHO
u3qucauTeHo BpeMe. [IpaBu Brieuatiienue, ¥e npu MaJKU PA3MEPHOCTHU ITPEIMMCT-
Bara Ha FIBO ca 6esciopan — Bk Tabauna 8 u @ur. 4. [Ipu rorsma pasmepHOCT
3a 20-mepuus naTerpas MeroabT FIBO u To3u ¢ pegumu vHa Cobosr gaBar Ou3KU
pesyararu, Ho nak FIBO nma npeaumcreo — Buzk Tabsuna 9. AgantuBHus ajaropu-
ThM HMa IPEJIUMCTBa Ipeji obukHoBeHus: MeTos i Moute Kapiio ¢ yBesmaaBane Ha
Pa3MEpHOCTTA, HO KAKTO BUJIsIXME TOH e Hal-Toaxo/sI 38 (DYHKINA ¢ 0COOEHOCTH
B U3YHCANTEIHO OTHOIIeHne. Hail-6bp3 asropurbM e 0OuKHOBeHUST MeTod MoHTe
KapuJio, kato merobT FIBO nma cxojna 6bp3una. Moxke J1a ce HAIIpaBu U3BOjIa, 1€
FIBO e naii-106bp m300p 3a MaJIKi pa3MepHOCTH, KaTo jgopu 3a 20-MepHUsi UHTEr-
paJi, Ma IPEeJUMCTBO [0 OTHOIIEHNE Ha Obp3MHA M TOYHOCT CIPsAMO KBasu-MonTe

Kapso amropurbma ¢ pegunm Ha Cobosr — Bk Qur. 5.

Anropurmu Monte KapJio 3a mHTEerpaiHu ypaBHeHUsI

B mbpBa cekius Ha BTOpa IViaBa € ONHUCAaH Mojauduinupan ajaroputTbm Monre
Kapiio 3a npubsimxkeno npecmsitane Ha JinHeeH (PyHKIIMOHA OT PEHIEHUETO Ha WH-
TerpaJHo ypaBHeHne Ha PpeaxosiM 0T BTOPU PojI, ObasupaH Ha OajaHcupaHe Ha CUC-
TeMaTUIHATa U CTOXACTUIHATA TPEIIKA.

Pesysrarure, npejicraBeny B Ta3u riasa, ca nyosukysanu B |9, 14| u ca nurupanu
B crarusra c [F: [40].

Paszriiexxia ce 3as1adara 3a npuOJIMZKEHO ITpecMdTaHe Ha JInHeeH (DyHKIINOHAJ
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(i, u) OT peleHneTo Ha MHTErPAJTHOTO ypaBHeHne Ha OpeaxosM oT BTOPU POJI:

u(z) = / k(x, 2 \u(x)da' + f(z), z,2' € QCRY, wm u=Ku+ f,
Q

Kbjeto K e uurerpasen omeparop, k(z,x’) € Lo(Q x Q), f(x) € La(2) ca nase-
o dyuriwm, u(x) € Lo(2) e HemsBectna dyHKIws, () e orpannveHa obsact. B
ChOTBETCTBHE ¢ HadasHaTa 7(x) u npexomuure p(z,z') BepositHOCTH B () ce KOHCT-
pyupa ciydaitna Tpaekropus (Bepura Ha Mapkos) T}, ¢ mab/okunaa k, crapruparia

cbC cbeTOsiHue To: T) 1 Tg —> T3 — ... —> xp. B [46] e nokazano, 1e

k
EOl] = (0. u®),  xmiero ek[sonfgg;Zvvjfm),
k(rj 1, 25)
p(wj_1,25)

u cvorBerTHaTa onenka 1o Merog MK sa (¢, u®™) e: (p,u)) ~ + Zi\;l 0k[¢],,. Cie-

WOZL VVj:VVj—l J=1...,1

JIOBATEJTHO CIydaitnara Besmanna O[] MozkKe Jja ce pas3riejia KaTo OleHKa 38 Thpce-
HaTa CTOWHOCT ((p, U) TIPH JOCTATHIHO TOJIAMO k ¢ BEPOATHOCTHA I'PEIIKA ¢ OPATHK
O(N~Y2), kpaero N e Gpost Ha peaiuzanuute Ha sepurata na Mapkos, a Oi[p], e

croiinocrra Ha O[], nosyuena BbPXy n-tara TpaeKTopusd. Ako npenonoxum [46]

@) el
P t) = e ade” " T o) e

TOraBa aJrOPUTHMBT ce Hapuda nourn ontumMaseH Monrte Kapiio amropursm (MAO)

U TOBa TapaHTUpPa HaMaJgBaHe Ha JUCIICPCUATA. 34 JIa Ce TMOBUIIY U39HCINTETHATA
e(PEeKTUBHOCT Ha AJrOPUTbHMa TPAOBa CTOXACTHYHATA I'PEHIKA 7'y Ja Obie IpuoJim-
3UTEJIHO paBHA Ha CHCTEMATHIHATA IPEIIKa 7} WIN Ja e u3bjaHeHo [7] ry = O(ry).
BaJiauara 3a GajJaHcHpaHe Ha IPeIIKUTe ce TpaHcOopMUpa B 3ajada 3a HoJIydaBa-
He Ha ONTHMAJIHO CHLOTHONICHHE MexKy Opos Ha peanusanuute N Ha ciydaiiHaTa
BeJIMYNHA U CPEJHHUA OpOil CThIKHU k BbB BCAKA CIydaiiHa TPACKTOPHS.

3a oleHKa Ha BEPOsITHOCTHATA I'PEINKa € II0JIyY€eHO:

0.6745|/ f |l ., ¢l 1,
N < )
VN (1K)

3a cucreMaTudHATA, rpenika IoJjiydaBaMe CJje/lHaTa OIEHKa Ype3 HEPpaBEHCTBOTO Ha

Komu-IIIBapr:

© f K k+1
= (o) ()| < gl ] < 1PNl DI
1=K,
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[Tomobpenuar aaropuTbm e DasupaH Ha MO-JOJJHUTE TBBLPJECHU, KOUTO UTPAT

BazKHa POJId 3a U3YHUC/IUTE/IHATa MY CJIO2KHOCT. ﬂa JOITyCHEM, Y€

< 0673l s, el 1 1L, IS
" VN (L= IK]) bl

) )
-, T —.
=9 'k 2

IN

k+1
KIS A1,

[Tpubmmkasame k = k(N), karo npennosarame, e O.6745||f||L2\/LN = (=T,
2

Teopema 4. (Teopema 3a barancupanocm) B Mowme Kapao aszopumsma 3a uh-
Me2PALHU YPasHeHus, ba3upan Ha OaAGHCUPAHE HA CUCTEMAMUYHAMG U CTMOTAC-

muywnama epewra, doasnume epanuyu 3a N u k ca:

2 (1=K 1)
1.349(o|[ 1, Il f1I 1, P P S P

S\ -IKl,) ) Wik,

MozkeM ja TOJIydUM ONTHUMAJIHO CHOTHOIIEHHE MEYKJIy JIBETE TPEIIKH 110 JIBa
pPa3/IMIHN HAYMHA:

B Monme Kapao arzopumosma 3a unmepasnu ypashenus basupan 1a 6aiaHCU-
PAHE HA CUCTMEMAMUYHAMA U CMOTACMUYHAMA 2pewku, ako N e bauzo do ceoama

doana eparuya, mozaea 0oAHaAMa 2paHuYa 3a k e:

| 06745
1K, VN
Ik,

Axo nspeo usbepem k da 63de bausKo do ce0AMaA AONHA 2PAHULA, NO GHANO2UNEH

HAUUH NoAYHasame Jdosnama epanuya 3a N :

0.455

kI
[opauTE TBBPIEHNS ca OT 0COOEHO BayKHO 3HAYEHHE 32 U3UNCIUTETHATA CJI0XKHOCT
Ha aJrOpUTHMA.
YucjeHu eKcriepuMeHTU
[IbpBugT mpuMep nMa NPUIIOKHO 3HaYeHHE B OuoJiorusTa. Pasriexame ypas-

HEHHMETO, OIMCBAIIO MOIMYJIAIMOHeH Mojiesl B Guosorusra [15]:

u(z) = /Q k(2,2 )u () de’ + f (2),
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Tabmuma 10: OTHOCHTE HA TpElKa U U3YUCJIUTETHO BpeMe 3a IIbPBHUs IIPUMEP C

fasaHcHpaHe Ha rperikaTa (PasjaudHU TPEXOIHU IIBTHOCTH).

0 N |k| ouaksana |excrnepumenrasHa(const)|speme|excriepumentanaa(MAO) | Bpeme
OTH. TpeInKa OTH. TpeInKa CeK. OTH. T'pelnKa CeK.
0.037 | 5101 [4] 2.24e-02 4.12¢-03 11 4.06e-03 7
0.025 | 11172 [5] 1.52¢-02 1.45¢-03 16 1.21e-03 9
0.014 | 35623 |6| 8.49¢-03 4.572e-04 56 4.001e-04 34
0.0055(230809|7| 3.34e-03 1.524e-04 424 9.881e-05 346

kpgaero Q0 = (0,1, k (z,27) = 3e”, f(z) = 2¢%, p(z) = 6(x).

Tounoro pemenue e u(z) = e”. Vckame jia HaMepuM PEIIEHUETO B CpejaTa Ha
unTeppasia. sunciasame Ly nopmure: ||of|, =1, |||, = 0.3917, || f||,, = 1.1915.
MonTe Kapso ajropurbMmbT 3arouBa oT g = (.5, Taka Ye TOYHOTO pEIIEHUE €
1.6487, 7 (z) = 0(z). Hanpasenu ca 20 aJropuT™MUYHE CTBHIKH.

B Tabiuna 10 ca npexncraenn 6pos Ha peasusanuure N u Oposi Ha WTepariy-
ure k B 3aBUCHMOCT OT IIPEJBAPUTEIIHO 3aJa/[eHaTa TOYHOCT O CIOPEJ] TIOJIy YeHUuTe
yCJI0BHsl 32 OaJIAHCUPAHOCT HA CHCTEMATHIHATA U CTOXaCTHIHaTa rpemka. Ouakpa-
HATa WM TEOPETUYHA TPEIIKA CE MMOJIydaBa KaTo Pa3/IejiuM 0 Ha TOYHATA CTOMHOCT.
Cemara 1 ocMa KOJIOHA Ca 33 eKCIIepUMEHTaIHaTa oTHOcHTe Ha rpertka ¢ MAO ai-
ropuTbMa, KOHTO CMe KOHCTPYHPAJIU U BPEMETO 3a IIpecMsATaHe Ha (byHKIMOHAA OT
PEIIEHNEeTO, a TIeTa U MeCTa KOJIOHA ca ChoTBeTHO 3a ajaropurbMma Monre Kapiio 3a
MHTEIPATHA yPABHEHNS ¢ KOHCTAHTHY IUIHTHOCTH. BeiHara ce Bk /1a, 1e ouakBaHa-
Ta OTHOCHTEJIHA IPEIlKa Ce MOTBbPK/IaBa OT [0JIyYeHATa eKCIIEPIMEHTAJIHA TPEIIKA.
Mozxe sa ce oruere npeauMcTBo Ha ajropurbma MAO B cpaBHeHEE ¢ ajropuTbMa
¢ KOHCTAHTH ILTBTHOCTH.

Pasriex qanusat Bropy IpuMep IMa BayKHO 3HAYCHHAE B HEBPOHHUTE MPEKHI 1 13-
KyCTBEHHsI MHTEJICKT. PasriexaM cielHOTO HHTErpaano ypasHenne Ha Opeaxom

OT BTOPH POJI, ONUCBAIIO TIPoIleca Ha 0OydeHne Ha HeBPOHHU Mpexku [20):

u(x) = /Qk(x,x’)u () da' + f (2),

Kbjeto ) = [—2,2], k(x,2') = 13'2?21 +0.07, f(x) = 0.02(32% + e70%2) | o(z) =

0.7((z+1)? cos(52)4-20). Tounoro permenue e 8.98635750518, karo ||p||, = 27.7782,
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Tabmuma 11: OTHOCHTEIHA T'peIKka W M3YUCJAUTETHO BpeMe 3a BTOPHSI IPHUMEDP C

fasaHcHpaHe Ha rperikaTa (PasjaudHU TPEXOIHU IIBTHOCTH).

) N k| ouakBana |excrnepumenTasHa(const)|Bpeme|excriepumernaiaaa(MAO)|speme
OTH. T'peIllKa OTH. I'DeIlKa CeK. OTH. T'peIlKa CeK.
0.2 | 3457 |4| 2.23e-02 9.45e-03 9 1.21e-02 23
0.1 | 13827 |4| 1.11e-02 1.13e-02 28 8.63e-03 46
0.05 | 55306 |5| 5.56e-03 1.77e-02 132 3.24e-03 222
0.028]176357|5| 3.12e-03 1.76e-02 448 3.11e-03 540

1K, = 0.2001, [[f]|,, = 0.2510. Pesynrarute ca usnoxenn B Tabmmma 11.

Jlecno moxke j1a ce Buau, 1de banancuparuatr MAQO ajaropurbMm j1aBa MHOTO TI0-
n106pu pesysratu or Monrte Kapsio ajgropurma ¢ KOHCTAHTHE TTBTHOCTH 38 TOJIEME
croftnoctu Ha N u k. Ilpu marbk 6poit peanuzanuu meroga Monte KapJsio ¢ komc-
TAHTHU [JI'BTHOCTH J]aBa [TO-MaJIKa OTHOCUTETHA IPEIKa, HO Pe3yJITATUTE IOy YeHH
¢ MAQO anropurbMma ca Mo-0JIM3KH JI0 OYaKBaHATA TEOPETUIHA OTHOCUTEHA TPEI-
ka. Ennncreeno npu 6amancupanns MAQO ajropuTbM eKclepuMeHTaJHATa IPEITKa
HOTBbPIKIaBa OYaKBaHaTa oTHocuTe Ha rpemka. [Ipy MAQO anmropurbma uzduc/iu-
TEJIHOTO BPEMeE € IIO-TOJISIMO, 3aI[0TO U3I0/13BaMe METO/1a Ha CeJIEKIUATa, 38 MOIe I~
paHe Ha HadajHATa IUTBTHOCT. B TO3M ciryvail ToBa He e HeOOXOIUMO 3a MTPEXOTHITE
IUTBTHOCTH, T'bil KATO SIAPOTO HA HHTErPATHOTO YpaBHEHNE € (DYHKIIS CaMO Ha €IHa
IIPOMEHJIMBA M KOTaTO MMOMCKAME IIPEXO/IHUTE IIBTHOCTH Ja Ca MPOIIOPIIUOHATHU HA
SIIPOTO, TIOJIyvdaBaMe, de Te ca KOHCTaHTu. Paspaborenust Ganancupan MAO asr-
FOPUTHM JIaBa MHOTO IO-JI00pHU pe3ysTaru oT dasancupanus meron Monte Kapio
¢ KOHCTAHTHH ILTBTHOCTH IIPU yCJIOBHE, Y€ IIPEeXoJHaTa IIBTHOCT € pa3/ImdHa OT
0-dyukrusara. Korato mpexojHarta mirbTHOCT € 0-(DYHKIUATA JBaTa METO/A JABAT
OJIM3KHU pe3yaraTi, Ho OTHOBO Oasancupanuss MAQO e MaJiko mo-ToYeH.

WNuTepecHo e ma ce BUAM JAJIN TPeJIOKEeHNs aJrOPUThM MOXKe Jia Ce Mpuiara
3a HEJIMHEHHN MHTErPAJIHA YpPaBHEHUS C IMOJTMHOMUAIHA HeJauHeitHocT. Moxe 1a ce
OovaKBa, Ye aKO HEJUHEHHOCTTa HE € MHOI'O CTPOra BMECTO Jia Ce M3I0JI3BAT (PyHK-
[MOHAJIN BbPXY paskioHsBaiu ce Bepuru Ha Mapkos ([10]), moxke 1a ce usmosssa
KOHCTpyHpaHus OaslaHcupan ajropurbM. CreBamiust MpuMep € OT OCHOBHO 3Ha-

YeHre TpU MOJIEJIMPAHETO Ha Tpoliecu BbB dusukara |7]. Pasriexame cieaHoro
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Tabmuma 12: OTHOCHTETHA TPENTKa 3a TPeTHus IpuMep ¢ DajlaHcupaHe Ha TPenikaTa.

) N |k| ouakBana |eKcliepuMeEHTAJIHA

OTH. I'PEIIKa OTH. I'PEIIKa

0.03 | 1487 |2| 6.00e-02 8.56e-02
0.01 | 13381 |3| 2.00e-02 7.10e-02
0.005] 53522 4| 1.00e-02 6.02e-02
0.002]334512|5| 4.00e-03 4.56e-02

UHTEeTrpaJ/JIHO ypaBHEHHUE C IIOJIMHOMMAJIHA HeﬂHHeﬁHOCT, OIIKMCBallO IIPOoIieCa Ha B3a-

UMOJIefiCTBUE MEXKJTy JB€ TBbP/IM (DU3UYUHU TeJIa:

w@) = [ | k) i+ f @),
kpjero @ =E=[0,1], f(z)=c— 2, ¢ (z) =6 (z — x0),

6 7 (agy — 2)°
(CLQZU—Z)Q, k?(ZL',y,Z) = M

p(y.2) = 2a3 — 3ay + 2 a

EjsHo moctarbaHo ycoBHe 3a CXOIUMOCT Ha IIPOoIeca e:

bt 205 —3a2+2 1
K, = k dydy = =2 ~"2° = ~ _,
’ ;2[%?1(]/0 /o [k (.9.2) | dyd 6aq = 2

WurerpasHoTO ypaBHEHUE UMa €JIUMHCTBEHO PEryJISPHO pelienne u(r) = ¢, Korato

2
c=+—F2u ) | Usbupame a; = 11,as = 4,a3 = 12,¢ = 0.5 u TOIHOTO

a3(2a§—3a2+2)
K|, = 0.408,[[fll,, = 0.459,[[¢]|,, = 1. Pesynrarure ca

perenne e u(x) = 0.5,
nzoxkenu B Tabsmmra 12. [Ipomyckame metoma Monte Kapsio ¢ KoHCTaHTH TLTBTHOC-

—N—r——

TH, Thil KATO JIaBa MHOI'O JIOIIU PE3yJITaT! 33 HEJMHEWHN NHTErPATHI YDABHEHUS.
3a 1mpobsieMu KATO TO3W YUEHUTE Ca JIOBOJIHU Jla UMAT I'PEIIKa OT MOPs/IbKa Ha
5% nma 10%. OrTyk MOXKe Ja 3aK/II0UNM, Y€ KOHCTPYUPAHUAT IIOYTH OINTHMAJIEH
MeTon MonTe Kapso 3a mHTerpasan ypaBHeHUs, OasupaH Ha OajJaHCUpaHe HA CHC-
TeMaTUYHATa U CTOXACTHYIHATA T'PEIKa, € TPUIOKUM U 3a HeJIMHEHHU WHTErpaTHu

ypaBHEHUS.
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Metoan Moute KapJjio 3a JuHeiiHU cucTeMu

BbB BTOpa cekins Ha BTOPa IVIaBa € KOHCTPYHUPAH U U3CJeIBAH MOJ00PEH METO/T
Mownre KapJio 3a yuneitnu cucremu (IWE), koncrpyupan ua 6a3ara Ha metoga Mon-
te KapJio 3a jmneiinu cucremu "ciryuaitno 6ty aetre o ypasuenusra' (WE), onu-
can B [13]. Hampagero e cpasuenue ¢ padbunupanus meron Monre Kapiao (RIMC),
onucan B |7]. TIpoBejiern ca Yuc/ieHn €KCIEPUMEHTH € PA3JIMYHU IPUMEDH Ha MaT-
PHUIN OT HUCKA M BUCOKa pa3mepHocT. MeTomnbT Moxke eeKTHUBHO Jla ¢ KOHKYPUPa
o Obp3una ¢ Brpajenute aaropurmu B MATLAB u moxe j1a ce npusioxku u mpu
pelaBane Ha JUHEHHUTE aJreOpUIHN CUCTEMU, MOJTYUYEHU CJIEJT JUCKPETH3alnd Ha
JaCTHUTE JTrdepeHITnalil ypaBHeHNs, ONUCAHN B CJIeJIBaIlaTa IIaBa.

Pasriexxname ciemmara cucrema ot jmHeinu anrebpuann ypasaenus: (CJIAY):

Br = f, xpaero B = {b;};;-; € R™" e nanena marpuia; f = (fi,-., ) €

R uv = (vy,...,0,) € RI*" ca nanenn exropu. Mznoaseame Marpunara A =
{aij}i;=1, TakaBa we A = [ — DB, xpaero D e omaromamnata Marpuna D =
diag(dy,...,d,) m d; = §~, i = 1,...,n, w v € (0,1] e penaxcanuonen mapa-

MeTbD, YMiTO M300p BjHUsE BHPXY CKOPOCTTa Ha UTEpallMOHHUs Tporiec. ['opHa-
Ta CHCTeMa MOXKE JIa Ce IMPEJCTaBH KATO CHCTeMa BbB Buja T = Ax + b, Kbrero
b= Df n a;; ca peannn uncia. a npexanosoxum, e B nMa JuaroHaaHO Ipe-
obsmanasane. OueBnaHo, ako B e Marpuna ¢ npeob/agaBaly IJIaBeH JUaroHas, TO-
raBa €JIEMEHTHUTC Ha MaTpHulaTa A Tpﬂ6Ba Ja YAOBJIETBOPABAT CJA€AHUTE YCJIOBUAL:
Z?:1|al-j|§1, 221,,n

Hedunupame Bepura na Mapkos Tj ¢ n+ 1 cberoguud aq, . . ., ay,, n+ 1, Takasa
qe Plogsr = jlag = 1) = |a; 4], ako i #n+1u Ployys =n+ 1oy, =n+1) = 1.
Hedunnpame BekTopa ¢, Takbs Ue ¢; = b;, ako 1 < i < nwuc(n+1) = 0. O3nagaBame
cT = (ag,aq,...,0p,n + 1) ciydaiiHaTa TPAEKTOPHUS, KOATO 3all09YBA B HAYATHOTO
cbeTosiHUE (v < M+ 1 m MuHaABa 1pe3 (ay, . .., qy), JJOKATO CTUTHE JI0 ChCTOSTHUETO
Ha morrbliane a1 = n+ 1. BeposgTHocrra ja 6b/e 0CbIIecTBeHA TPACKTOPUATA T €
P(T) = PapPagas» - - - Pag_1 oy, Pay,- 3momssame MAO anropurbma [7] 3a BeKTOpa Ha
HavYaIHATA BEPOATHOCT P = {Po}7_; ¥ 3a MATpUIaTa Ha NPEXOJHUTE BEPOATHOCTH

P = {pap}t, =1, cporBerno. Ternara @, ce onmpesenar upes:

Qm:Qm—laam;ham) m:]-)"'ak7 QU:Qﬂ‘ (17>

m—1,0m Payg
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Bennmuunara X, (7) Moxe Ja ce npeacraBu Kato X, (7) = ¢q + Qk(;i—k:, a=1,...n,
B3eTa C BepOATHOCT P(T) = PagPagars - - - Pay_y payPay - VI3IOM3BaME, e clydaifnara
Besmania X, (7) € Hem3MecTeHa OIEHKA 33 T, T.e. F{X,(7)} = z, [13].

Onucanue Ha ajaropurTbMa

N nesita Ha ajropuTbMa € J1a ce IPeCMEeTHAT MTPUOJITNKEHO CTONHOCTUTE HAa BCUYKN
KOMIIOHEHTH Ha PelleHneTo (pasryieflaHi KaTo HAYaHU CheTostHus ). [IbpBoHavas-
HOTO ypaBHEHHE ce n3bupa CIydailHO W PABHOMEPHO CpEJ| I'bPBUTE 1 yPABHEHUS.
Cuies1 ToBa, 3a BCSIKO ChCTOsIHUE 1 Jlecbunupame oo pesysarar S(i) ¢ obur 6poii moce-
menns NV (i), kouto ce Moaudurmpar, BeJHara moM CbCTOSHIETO i € TIOCETEHO T10
BpeMe Ha CJIydailHoTo OJyxKjaeHe. 3a jlajieHa TPAeKTOPHUs 3ala3BaMe MOCETCHUTE
CBCTOSIHUS B CIUCHK [, 32 Jla IPECMETHEM TI0-JIECHO IIPUHOCA UM K'bM Pe3y/iTaTa Ha
[IOCETEHUTE ChCTOsIHUS. Hakpasi peleHnero r; ce mpuOImKaBa ¢ OOII Pe3y/ITar
S(i), pasmenen Ha obrmust 6poit mocerernss NV (7). AKO ¢bCTOSHIETO HUKOTA HE €
nocereHo, T0 NV (i) = 1. AKO CbCTOSHHETO € TIOCEeTEHO TI0BeYe OT BEIHBXK B PaM-
KUTE Ha €JIHA TPAEKTOPHs, OOMKHOBEHO MA3UM IIPUHOCA Ha II'bPBOTO MOCEIEHNE, 3a
Ja ce peaynupa juctepcusta. Obmuar 6poit TpaekTopun N ce uzbdbupa O6JM3KO J10
Pa3MEpHOCTTA 71 HA CUCTEMATA.

[Ipn yckopstBaHe Ha CXOIMMOCTTa Ha aJTOPUTMHUTE Ce M3IOJI3BA MOC/IeI0BATE-
rustt Meros; Monre Kapio (Sequential Monte Carlo, SMC) 3a jmHeitnu cucremu,
KoiiTo e peasm3upan or John Halton mpes 1960-te [22] u e pa3Bur B m0-cKOpOIIHI
nybsmkanun (24, 23).

[TomobpennaT aJropuTbM 3a HAMUpaHe Ha eJHa KOMIIOHEHTa Ha PEINeHUuEeTO Ce
C¢'bCTOM B M30MpaHe Ha crierua/ieH n300p Ha PeJaKCAITMOHHUS TapaMeTbp, KOETO BOJIH
J10 bajlaHCUpaHe Ha UTEPAIMOHHATA MATPUIA U JIO0 MO-MAJIbK OpOil M3YHC/INTETHI
orteparuu cripsgmo WE, koero Bojn 710 HaMajsiBaHe HA U3UUCTUTETHOTO BPEME.

YHucjieHn eKcrnepuMeHTH

[To-1outy 11Ie HAIPaBUM CPABHEHUS 3a JTUHEHHU CUCTEMHE C Pa3JINIHA PA3MEPHOCT
Mexk iy cranjapraus padunupan Mounre Kapio meron (RIMC) [7], opurunanuaus
Monte Kapisio meron ,ciyqaitno 6uyzxknaene mo ypasaenusta® (WE) [13] u xoner-
pyupanusaT moyobpen Merosi Monte Kapiio 3a yimneitnu cucremu, oznaden ¢ [IWE,
Oa3upaH Ha METOJIA ,,CaydaitHO OJIy2KIaeHe 10 ypaBHEHUATA .

[Tpumep 1. TpsibBa j1a HAMEPUM PEIIEHUsITA T1 U Lo JeDUHUPAHN Ipe3 JTUHeHHATA

cucrema Bx = f, kbiero marpuriure B u BekTtopure f; u fy ca:
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—+—WE

I
20

30

@urypa 6: TersioBu pesujyasn Ha perenueTo 3a Matpurara 7 X 7: (a) 3a x1; (b) 3a

X9.

5 —1 -1 0 0

-1 5 -1 -1 0

-1 -1 5 -1 -1

A= O -1 -1 5 -1
0 0O -1 -1 5

-1 0 0 -1 -1

-1 -1 0 0 -1

Pemrenuara ca
I =

—_ = = = e e

_ O O O O O =

G U G U VA G G

. (18)

(19)

[Ipumep 2. Heka B e cumerpuanata mosiokuTeiHO onpeesiera marpuriara NOS4

ot KoseknuaTa Ha Harwell-Boeing [55], a f € R b, =1, i =1,...,100. Tasu mar-

puna € B3€Ta OT IIPUJIOZKEeHUA, CBbP3aHu C allpOKCHUMaIlA 110 METOLa Ha KpaﬁHHTe

eJIeMEeHTH Ha MOJIeJI, OIUCBAII I'PeloBa CTPYKTypa B KOHCTPYKTHUBHATA MeXaHUKA.

Matpurara NOS4 uma Touno 597 menysnesn enementa, 100 HeHyIeBU eJleMeHTa 110
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IJIaBHUA JIMaroHaJ u 247 1oy W Ha i TJIaBHUS JUAroHaJI, WU CPeTHO 9.9 HeHylaeBu
eJleMeHTa BbB BCsIKa KOJIOHA U BCeKH pejl. 3a Marpurnata NOS4 e moka3aHo, 1e MeTo-
1T Monte Kapiio WE e no-1066p oT Metosia Ha cupernatus rpajuent PCG — Bk
Qur. 7. Yeuexsr Ha PCG ce ab/ku Ha ¢dakTa, ue Toi € IPUIOKUM 38 ONTUMAJHN
nonpocTpancTBa Ha Kpuios. MeroabT MonTe KapJiio ¢bIlo e npuioXKum 3a ONTH-
MaJIHI ToanpocrpancTBa Ha Kpuios. Pasznukara e, ge mokaro mpu PCG tpsbsa ma
ce pelaBa ONTUMHU3AIMOHHATA 33/1a9a, ¥ KO UMa JIOKAJIEH MUHUMYM J10 TJI00aTHUS
MUHHEMYM, CXOJUMOCTTA Ha IIPOIEca MOKe J1a KJIOHU K'bM JIOKAJTHUS MIHUMYM, KaTo
TOYHO TaKbB € u caydas 3a marpunara NOS4. Meroabsr Monrre Kapiio 3a mHeitHn
CUCTEMU € He3aBHCHM OT TaKaBa OINTHMU3AIIMOHHA ITPOIIE/Iypa, U 3aTOBA PE3Y/ITaTH-
Te ¢ MonTe KapJio ca mo-106pu. To3u dakTt He MoxKe j1a ce 0000IIIH, ITOHEXKe YCIIeX'bT

Ha MeTOda 3aBUCH OT KOHKPETHUA (byHKL[I/IOHaJI, KOMTO Tpﬂ6Ba Ja C€ MUHUMHU3UDA

upu PCG.

MG ——

CGM

0.001 4

0.0001

1e-05 | E

1e-06 | E

1e-07 Il 1 1 1 1
0

Qurypa 7: Cpasuenne nHa merosia Monre Kapio IWE u merona PCG 3a matpuriara

NOS4 or koneknusara Harwell-Boeing.

[Ipumep 3. Heka B e mrbrHa nomoxkureana matpuiia H000 x 5000 ¢ eremeHTr B
[0,1], u f € R b, =1, i=1,...,5000.

Matpunure B u jgcHaTa 9acT f ca HOpMUpaHHU, 3a Jla Ce YCKOPH CXOJUMOCTTA
Ha CTOXaCTUYHU« Iiporiec. V30paHu ca crenuaJHu CTOMHOCTU Ha pPesIaKCAIlMOHHUS
napamMeTsp . HucjaeHuTe eKCllepuMEeHTH TI0Ka3BaT, Y€ TOBa BOJM J0 OajiaHCcUpaHe

Ha uTepannonara marpuiia A. Moxe ma ce Bujm, 9e B 7-MepHUS CJIydaii, pa3ankara
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Tabmuma 13: TersoBu pesuayasn Ha permenuero 3a mMarpurute B € R0 4 B ¢
RSOOOXSOOO

100 x 100 5000 x 5000

N| RIMC | ¢t WE t IWE t || RIMC | t WE t IWE t
2 (7.25e-02|0.05]4.18e-01|0.8413.02e-03|0.08|5.43e-03|10.05|4.30e-02| 3.95 |2.93e-02(0.15
5 (5.45e-02|0.22]4.14e-01|2.37|3.07e-05|0.24||3.87e-03| 60.2 |1.21e-01| 13.3 |1.82e-04| 0.9
10]4.32e-02]0.56|5.94e-03[5.31|7.46e-08|0.61|2.86e-03|130.5|2.30e-05| 32.3 |1.23e-07| 2.4
15]3.52e-02(0.78]2.41e-06| 9.1 |1.21e-10|0.89(|2.36e-03|310.7]6.48e-09| 67.8 |1.83e-10| 5.1
20(3.19e-02]1.11|3.33e-09|13.5|1.02e-13|1.13||1.94e-03| 811 |3.20e-09|171.5|1.05e-14|11.1
30(1.83e-02|2.15|3.66e-12|24.6|1.11e-16{1.92|1.70e-03| 2135 |1.12e-07|418.6|2.48e-16|25.2

vexxy WE u IWE npu 3aanen 6poit urepamnuu e 2-3 nopsiibka 3a N > 15. Tpsio-
Ba JIa Cce CIIOMeHe, ¥e CXOJAUMOCTTa Ha padunupanus meton Monre Kapsio e muoro
O6aBHA, OCBEH B CJIydas Ha TPUBUAJIHOTO perenue 3a r1 or [Ipumep 1 — Buxx Pur. 6.
Ba 100-mepHus ciydait Ha paspegenara marpuiia NOS4, 1mog100peHuaT aJaropuTbm
IWE nocrura muoro mo-go06pu pesynraru or WE u e nmourun 5-6 mbru mo-0bp3 —
Bk Tabmuia 4.2. [osenennero na Monrte KapJsio anropurbma He 3aBUCH OT ILTHT-
HOCTTa Ha MaTpuiiara. [IpemummcTBaTa Ha aaropuTbMa ca B CUJIA U 3a pa3peeHu
MaTpuru. Pasiimkara B oTHOCHTeIHATA Ipenika 3a (pukcupan O6poit urepamun e 3-5
nopsabka — Bk Qur. 7. Crenosaresrso IWE nma mpeauMcTBo 110 OTHOIIIEHNE HA
110-7100pa TOYHOCT ¢ yBeJnvdaBaHne Ha pazMepHocTTa. ChIo MPeInMCTBOTO Ha, HOBUS
MEeTOJI MOKe $CHO JIa C€ BHUJIU 110 OTHOINEHHWE Ha IMO-MAJIKO HW3YUCUTETHO BpEMe.
Ba mno-rosgma paszmepHocT, npeaumctBata Ha [WE B cpaBuenne ¢ WE e ore mo-
no6pe mspaszeno. Cies 30 urepanuun WE nocrura Tounoct 6imso 1o 10710, 1oxato
IWE noctura Tounoct 10716, Mzuncaurennoro speme 3a IWE e 15 mbTr 110-7106po B
cpaaenne ¢ WE — Bk Tabuma 20. CrennaauaTr m300p Ha peTaKCAIIMOHHUS T1a-
paMeTbp BOJH J10 OajaHCupaHe Ha HTEPAIlMOHHATA MATPHUIIA U TOBA U TOBa ODSICHABA
zamo IWE e mo-0bp3. IIpegumcersoro na nojpobpenns Monre KapJiio ajsropurbm e
0CODEHO ABHO 3a TOJIEMU Pa3MepHOCTHU. EKcIepuMeHTHTEe TOKa3BaT, de 3a IoJIeMu
Pa3MEPHOCTHU TOJ00PEHNETO BOJIM JIO TO-MaJjiKa OTHOCUTETHA T'PEITKa 3a MO-MabK

opoit SMC urepanun 3a IWE.
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—&— IWE e WE
——WE ——WE

@urypa 8: TersioBu pesuryas ua pemtennero 3a marpurara: (a) 100 x 100; (b) 5000 x
5000.

HoBu umncienn MeToAun C BHMCOK pe€d Ha TOYHOCT 3a

MOJZeJIn B €KoJIorndTa

B noceqaara riaBa ce KOHCTPYHPAT HOBH KOMIAKTHU JU(EepeHIHn cXeMu (Cxe-
MH C MHHHMAJIEH MIabJIoH) 3a ¢1ab0 CBbP3aHHU CHCTEMH OT HapabOIMdHH YacTHU
nudepentnasau ypasaerust (1Y) ¢ nenmneitan xuvuaan peakiuu. OCbIEeCTBEHO
€ IIPUJIOXKEHUE B €JHOMEPHUSA W JIBYMEPHUA CIydali, KaKTO U IIPUA MOJEJ Ha JaJje-
YeH MPEHOC Ha 3aMbpPCHTENN BbB Bb3jyxa Ha Oazara #Ha Unified Danish Eulerian
Model, UNI-DEM [52, 53]. Pasruexa ce noamosen, B Koiito yuacrsar 10 xumud-
HU 3aMbpcuTess. Pasriexaa ce ciaydas Ha TOYHO aHAJUTHIHO PEIleHne U KOraro
HsIMa, TOYHO pellleHne, KOeTo ChOTBETCTBA Ha peaJiHaTa 3ajada. Pasriexia ce mpa-
BObI'bJIHA obsacT ¢ pasmepu oT 500 KM 3a emqHO JeHOHOIIMe. Pa3riexkiga ce ChbIno
1 OIPOCTEH MOJIE] Ha XUMUTHH IIPOIECH B aTMocdepara 10 IUKb/aa Ha HanMaH Ha
OazaTa Ha TpH BellecTBa. HampaBeHo e cpaBHEHHE MEXKIY JIBa PA3/JINTHH I10/IX0/1a 38
IIoJIydaBaHe Ha CXEMU OT Y€TBbPTU pel Ha TOIYHOCT- KOMIIaKTHa ;LI/chepquHa cXeMa
" CTaHJapTHa CXeMa C IIOBHUIIICH IIOPAABK C €eKCTPpaIlloJIallusd 110 PI/I“Iap‘I_LCOH. HOJIy“Ie—
Ha € CXeMa C IIeCTU PeJi Ha TOYHOCT 10 IMPOCTPAHCTBOTO KATO BbPXY KOMIIAKTHATA
cxeMa, e IPUJIoKeHa eKCTparoanus 1o Puaapacon.

Pesynrarure, npejicraBeHn B Ta3u cekiys, ca myoanKyBasu B [12].
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ITocranoBka Ha 3agadaTa

Tasn rnaBa e mocBeTeHa Ha KOHCTPYHPAHETO Ha HOBH KOMIIAKTHH JUdepeHdHH
cxemu (CFDS) ¢ BuCOK pejt Ha TOYHOCT 3a MOJTYTMHEHHN TapabOIMIHN CHCTEME. 3a-
JIavu OT MOJIC/IN Ha IPEHOCH Ha 3aMbPCUTEN BbB Bb3/1yXa ChC CBbP3aHU HeJIMHEHN

peakKnuu, ca OT OCHOBCH MHTEpPEC, a NUMEHHO:

% — KAu, +bVu, = Ri(x,y,uy,...,ug), (x,y,t)€Qx(0,T], (20)
u=0, (z,y,t) €I x (0,7, (21)

u = uy(z,y), (z,y) € Q, (22)

KbJeTo u = (ug,us,...,ur), v = w(zr,y,t), I = 1,..., L ca konnenrpaiuu Ha L

xuMuaHE BeriectBa (3ambpentenn) u K > 0 ca koedurpentu Ha judysusara u
Q) € R? e orpanmyena obmact. [Ipenonoxennero 3a koncranture K = K, = K, ne
e OrpaHuveHre 3a Pa3BUTHETO HA pa3paboTeHust ducjeH mojxoa. ToBa cboTBeTCTBA
Ha usnuecku Mojes, onucan B [19, 29].

OcHOBHATa 1EJI € NPUJIOKEHUETO U YUC/AEHUTE €KCIIEPUMEHTH Ha T10-TOpe CIIO-
MeHaTUTe UbEePEHIHE AIIPOKCUMAIAN 34 CJIeHATA PeaTHo busnaHa mapabomaHa
TpaHcropTHa cucrema, omucana B [19]. Creapaitknu [19, 29, 54| axseknusra B (20) e

Gul aul
P (e — x)a—y,
kbaero = € (0,X),y € (0,Y), z. = X/2, y. = Y/2. Hesmneiinara xuMudnHa 9acT Ha

b1.Vu, = pu(y — ye)

MOJeJIa € cjiegHaTa:

Ry(uy,...,ur0) = ksua — (kgus + kyur + ksug)uy,
Ro(uq,...,u10) = (keus + kqur + ksug)us — (ks + koug)us,
R3(uy, ...,u10) = —kiuzug,
Ry(uq,...,u10) = 2kjugug + ksujus — kaua,
Rs(uq,...,u10) = kous (23)
Rg(uy, ..., u19) = kougup,
Ry(uy,...;u10) = 2kaug + kzuyug + kroug — kyuguz,
Rg(uy,...;u10) = 4kjuzug — kzuyug,
Ry(uy,...,u10) = kauyuy + 2ksuig — (kyus — koug + kio)uo,
( )

= kyus — kguqp.
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Tabsmma 14: XuMudHE peakiiuyu Ha MOJesIa

1| HC+OH — 4RO, + 2ALD 6 | NO+ O3 — NO;y+ O,

2 | ALD + hv — 2HO, + CO 7 | O3+hv— Oy +O('D)

3| ROy + NO — NOy+ ALD + HO, || 8 | O(*D) + H0O — 20H

4| NO+HOy — NOy+ OH 9 | NOy+OH — HNO;

5| NOg+ hv — NO + 033 10 | CO+OH — COy+ HO9

Tabmuma 15: CKOpOCTHU KOHCTAHTH HA XUMUYHUTE PEAKITNN

ki | 6.0e — 12 kg | 1.6e — 14
ko | 7.8 — 05.exp(—0.87/cos @) || k7 | 1.6e — 04.exp(—1.9/ cos @)
ks | 8.0e — 12 ks | 2.3e — 10
ks | 8.0e —12 kg | 1.0e — 11
ks | 1.0e — 02. exp(—0.39/ cos 0) || kio | 2.9¢ — 13

XuMugHaTa 9acT Ha Mojesa e gajeHa B Tabsuna 14 3a mbanora. CkopocTHHATE
KOHCTAHTHU Ha XUMUYHHUTE peakiuu ca jgajenn B Tabsmia 15. Hakou or koedurm-
eHTUTE TIPUHAJIEXKAT HA (POTOXUMUIHU Peakiyu (Te3u ¢ wieH hv), KOeTo 3Ha4H, de
TE3U peaKIU1 3aBUCAT OT CBeTJIMHaTa, I1I0 TOYHO OT IIO3UIHATa Ha C.H'bHHeTO CIIp«A-
MO XOpHu30HTA: B ko, ks 1 k; BI'bibT 6 0O3HaUYaBa CABHUEBUS 3€HUTEH bIbJI, KONTO

€ bI'bJla Ha CJI’bHHeTO, HU3MEPEH 110 BEPpTUKAJIA. XUMAYHATE BenmieCcTBa, BKJIIOYEHHU B

OIIPOCTEHUTE peakIuu, ca jajeHun B Tadsuma 16.

Tabuma 16: XuMudHITE BEIecTBa Ha MOJIEIa

Uy Uz Uus Uy Us Ue

Uz Uus Ug Uio

NO | NOy | HC | ALD | O3 | HNO;

HO, | RO, | OH | O(*D)

Or IIpaKTHU4eCKa U MaTeMaTHU1I€eCKa I'VIeJHa TOYKa, MTHTEPpEC IIpeJCTaBJ/IsddBa CbhbIIEC-
TBYBAHETO 1 Ka9€CTBEHOTO IIOBEJICHUEC (HeOTpI/IHaTGHHOCTTa) Ha pelneHuneTo Ha 3ada-

gara (20)-(22). KopekTHOCTTa Ha HAYaIHO-IpAHUYHATA 3a/a49a 3a M0-001a cucTeMa
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ot (20) e mosyuena B [41]. Ille momyckame 10 Kpast ChIeCTBYBaHE U €IMHCTBEHOCT Ha
KJIACHIEeCKO perierne Ha 3agadara (20)-(22), koeTo o3HauaBa, de (bYyHKIHsITA [TPU-
nagexxn ma C([0,7] x Q) CH(0,T); C(Q)) N(C(0,T); C*(2)) m ynosrersopsia
(20)-(22) TOTOYKOBO.

Pasriex janve cucrema, ONMUCBAIA XUMUYHE KOHIIEHTPAIIUH, HEOTPUIATETHOCTTA

Ha pereHnero TpsioBa Ja ce 3amnasu. Jlokazano e [41], ge ako
1. uO('r?y) 2 0;

2. Ry(x,y,u), I = 1,...,L e nenpexbcHara 110 JIMIIINUI 10 OTHOIIEHUE HA KOH-
HEHTPAIUNATE U1, Usg, . . . , Uy, U YIOBJIETBOPsIBA HepaBeHCTBOTO Ry(x,y,u) > 0,

kbaero u; =0, mu € RY = {u, >0, k=1,..., L},

torasa u > 0 3a Besko (z,y) € Qut € [0,7].

Jlecro e ja ce mpoBepH, Ye XUMUIHUTE peakiun Ry(uq, ug, ..., up), | =1,...,10
3a/aeHn 0T (23) ymoBIeTBOPABAT TOUKa 2. U perrennero Ha 3amadara (20)-(22) c
(23) e meorpurnaresno 1o Bpemero t > 0, ako HadaHuTe MaHHN Ug(z,y) > 0.

B nocsieiauTe roguan ce HabI0[aBa HOB M BCE MIO-HAPACTBAIL HHTEPEC K'bM KOM-
HaKTHUTE JU(EPEHTHN CXeMH ¢ BUCOK PeJi Ha TOYHOCT 3a pemaBane Ha LY [42].
Harmocembk, To/IsiMo yeuine ce ChCpeioTouaBa B Pa3BUTHETO HA KOMITAKTHU JIU-
depeHdYHrN CXeMU ¢ BHCOK P€JI Ha TOYHOCT, KOUTO U3IOJI3BAT CAMO Bb3JIUTE HA Mpe-
JKaTa, ChCEIHN Ha MEeHTPaJHus Bb3es. KoMimakTaure cxeMmu, npeioxenu ot Kpaiic
u Osmrep [21| usnonssar momobeH MabJ/IoH, HO W3UCKBAT TPHUIMATOHAJIHO /I eT-
JMaroHa/iHo obpwbinane. pyra ujes, KoATO ce U3IOJ3Ba, € Jia ce paboTu BbLPXY
JudepeHIaHuTe ypaBHEeH!sI, TaKa de Jla Ce U3Pa3sT MPOU3BOJHUTE OT II0-BUCOK
pe/i (TpeTn u YeTBbPTH) B JIOKaJHaTa rperika Ha anpokcnmanus (LTE) [49].

Komnakrau nudepenynn cxemu (CFDS) B nsymepnus ciayuaii

B Tasm cekius ce ommcBa MOCTPOSIBAHETO HA KOMIAKTHH JIU(DEPEHIHN CXEMU

(CFDS) B aBy™MepHus ciydail 3a cucremMara OT J[Be YDABHEHUSI:

ou 0%u 9%u ou ou

= ek = 4 2 _ 24
T a(z,y) 92 b(z,y) o7 +c(z,y) 5 d(z,y) o r(z,y,t,u,v),  (24a)
ov 0% 0% ov ov

a - 6([[’,?/)@ - f(xv y)a_yQ + g(ﬂf, y)% + h(l’, y)a_y - S(I, y,t,U,U), (246)

nedunupana B obnacrra Qr = Q x (0,T), kbaero ) C R? e orpanudena ob/1acT ¢

Jlunmumosa rpanuna. Hejuneiinure GyHKIUM 7 1 S ca JOCTATHIHO TVIAJIKH 110 TEX-
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HuTe aprymentu. Koedburmenrure a(z,y), b(x,y), e(x,y) u f(x,y) ca nomoxuresHun

B (). Ilpeanosarame rpanmaan ycioBus Ha upuxite

(@, y,t) = bz, y,t), v(@,y,t) = bx,y,1), (z,y,t) € 92 x (0,T]  (25)

" HaYaJIHU YyCJIOBUA

u(z,y,0) = ¥(z,y), v(z,y,0)=d(x,y), (v,y)€Q, (26)

K'bIETO O, E, Y u E ca JIaJeHU U TVIAJKA ¥ ChbBMECTHMOCT C HAYAIHUTE U IPAHUIHI
ycsioBust e ocurypena. Heka 3a nmpocrora obsactta €2 e mpapobrbianauk §) = [0, X] X
[0,Y]. la BbBeieM paBHOMEPHUTE MPEKH W, = {T; = thy, 1 =0,1,... N, h, =
X/N,}, Why = {y; = jhy, j=0,1,...,N,, h,=Y/N,} utorasa Q) = wy, X W,
Qp, = Q, U0y, Kbero (), ce ¢CbCTOH OT BCHYKU BBHTPEIIHI MPEXKOBU TOUKH, a OS2,
- OT BCUYKHN I'PDAHUYHA MPEXKOBU TOYKH.

JTuckpemusayus no npocmpancmeomo. nesta e, 4e B JlOKaJHaTa I'peIlka Ha
AlPOKCUMAIIUsSI 1JIEHOBETE OT BTOPH MOPAIbK ChIbPKAT TPeTa M YeTBbLPTa IPOU3-
BOJIHA Ha PEHICHHETO, W 3a Ja OCTAHeM Ha Cblnus IabjIoH, TpabBa J1a I'M U3Pa3uM
Ypes IPOU3BOIHE OT IO-HUCHK PeJl, KaTo JudepeHnupanme AByKpaTHo audepeHImali-
nure ypaphenns. CjiejoBaTesHo, 3a Ja euMuHIpamMe dienosere ot pej O(h2 + hz),

2 Bu  dtu
JnepeHnpamMe ypaBHeHI/IeTO (24a) Ba BTH 1O T U TIOJIyYaBaMe U3pas 32 5%, 5.1,

U JIBa I'bTU 110 ¥ 34 g u 90 8 2-¢. B nonpobHocTH Tasu mporenaypa e onucana B [12, 49].

[TonywgaBame ciienarta cucrema OJ1Y

—d — — —

Q%Uh—IrPUh = QR+®, te(0,T), (27)

et d = et =

Qavh +PV" = QS+ 9, (28)
¢ navammu yerosna UM(0) n V(0), momytemn ot ¥ u ¥ 3a (i,§) € O caen mpe-
Hapezkianero. B cucremara (27), (28) marpunara P (amanoruamo P) e (N, — 1) x
(N, — 1) 6;109HO TpHIHArOHAJIHA MATPUIA P = tridiag(Pyx_1, Prg, Prys1) 1 Py,

| =Fk—1,k k+1 ca cbmo tpuauaronannu marpuiy ot pea (N, — 1) x (N, — 1).

Torasa enementure Ha Py ca
Py = tridiag(p,(fszi_l,p,g;gvz,p,(:f}vz_Q) l=k+e, e6=0,%£1. (29)
Euntemenrure na @, (anasornino 5)) ca

Q= tmdzag(qk . Ni_l, q,(COQEBVx, q,(:f;vx_Q) l=k+e, e=0,+1 (30)
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cbe 3abeseykkara, Je 3a € = £1 maTpurure @k’l ca JMaroHaHU (BMECTO TPH/IAro-
HaJIHN) MaTpHuiy. Bektopure @ n D ca CBbp3aHU C IpaHuYHATE (DYHKIIUU U CHIIO
3aBUCAT OT BPEMETO .

Juckpemusayus no epememo. 3a TUCKPETU3AIMs 110 BpDEMETO € U3I0I3BaHa CXe-
Mma ¢ tera ¢ § = 1/2. ToraBa mbanata mauckpernsaius mo Kpauk-Hukbiacba 3a

(27), (28), e KaKTO CJe/BA:

_Un+1_Un . o .
O— " +PU™ = QR +3"" n=1,. N-1, (31)
-

:Vn+1 — Vn = = :nﬁ
Q——  +Pv? = QS +d , n=1,.,N—1.

Cucremara (31) e npenanucana 58 dpopmara Y (W) = 0, kbgero W = [UT, VT]T

0
e BekTop ¢ abkuHa 2(N, — 1)(N, — 1). ITocrapame W™ karto nadanno npubin-
JKeHWe Ha HOBUs CJION 10 BpeMeTo t = t,.1 Jia O'bJie PellenneTo Ha CTapus CJION 1o
BpemeTo t = t,. ToraBa 3a j1a HAMEPUM pPeIIeHNeTO Ha CJIoA t = t,,1 UTepalluoOHeH

IIPOTIEC € TIOJXOJISAIIO CTOII MPABUJIO € U3MOJI3BaH:

k k k
T/(Wn+1) A= —T(Wn+1),
k+1 k

(32)
Wn+1:WTL+1 + Z .

k k
Tyk A e BeKTOpa Ha HapacTBaHMSATAa U MaTpuiara Ha SIkobmama Y'(W"!) 3a 6§ =
1/2e

1 1D 1" "YOR 1 "YOR
T/(M/]fn—l—l): FQI+3P—3Q5% Qg (33)
1098 10l + 1P — 108 e
2% oU T 2 2oV (UV)=(U,V)

B dunciiennTe ekcriepiMeHTH, 3a JIa PEIIUM [I'bPBOTO ypaBHeHue B (32), KOHTO e
muueiina cucrema ot 2(N, — 1)(N, — 1) ypaBHenus1, nsnoy3BaMe Taka HapedeHHs
,Herouen Mero 1 Ha Hroron (inexact Newton) [6], T.e. pemasame cucremara npub.iu-
’keHo ¢ BrpajeHara MatLab dyuknusa bicgstab(l) (biconjugate gradients stabilized
(1) method), koiiTo maBa Hail-TOOpUTE pe3yaTATH 33 YHCIEHUTE €KCIEPHUMEHTH IO
OTHOIIeHNe Ha Gpoil BLTPEIIHE Olepalui U U39UCIUTETHO Bpeme. Moxke Ja ce us-
nossBa u MeroabT Monte Kapiio 3a jmuHeiiHn cucreMu, HO € 3HAYUTEHO HO-OaBeH

3a pa3rJjieK/jaHuTe 3aa9u.
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Excrpamnosamuga na Puyapacon

Jpyr HaduwH 3a mojydaBaHe Ha JUMEPEHIHN CXeMU C BUCOK eIl Ha TOYHOCT, €
Jla ce M3IO0JI3Ba MeTojia Ha ekcrpanosanus Ha Puaapycon (RE). [iaBuara umes [36]
e Ja ce pemu JgudepeHdHaTa cXeMa Ha JBe WM II0BeYe BJIOXKEHU MPEKU U CJIe]
TOBa Jda C€ KOM6I/IHI/IpaT IIOJIydYeHuTe YUCJICHN PEHICHHA C ITOAXOALAINN Terjia. [La
JloycueM, de h, = h, = h U 3a 9uCIEHOTO pellleHue Ha N-THs CJIOH 10 BpeMeTo,
CTIEJIHUAAT U3Pa3 € BepeH:

U];— - Un ) - U(Il‘, yjatn) + Clha + X(h7 T)a (xbyj)tn) S Qh,’ra (34)

(4.

Kbjero dyukiuaTa X(h,T) e octarbuen wieH u KoHcrantata Cp He 3aBucu or hy,,

hy, n 7. Axo nckame ja emmmunupame djaena Chh7%, ce IpaBsaT CJIEIHUTE CTBIKU:

e pemasaMe audepeHYHaTa CXeMa Ha JBe II0C/Ie0BATETHI MPEKH: rpyda (1 » 1

buna €2y, /5 ; 1 HeKa CHLOTBETCTBAIIUTE YUC/ICHH pemtenus da obaar Uy u Uy /2

® HaMHpaMe€ TerJlaTa 7y; U 7y OT CUCTEMATa

Tty =1 (35)
’71+£ =0

e I10JIydaBaMe HOBO UHCJIEHO DellleHre Ha IpydaTa MperxKa
Ueatr = MUy +72Up )5 (i, Yjrtn) € Qnr -

Ot (35) umame 3a ciaydas Ha cragaprtaa cxema (CDS) wa Kpank-Hukbiacbh (o =

2), 4e KoeUIMEHTHTE HA eKCTPANOJIAIUTa 10 Pudap/icoH ca
T=-1/3  p=4/3 (36)

3a ciyuas wa kommakTHa cxema (CFDS) u ekcrpanonanus no Puuapscon (o = 4)

CbOTBETHUTE TEIJIOBU KOQ(bI/H_LI/IeHTI/I ca

y=-1/15 7, =16/15. (37)
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YucieHnu ekcnepuMeHTH 3a MOJieJI B eKoJiorudaTra - cucremara 4/1Y ot
10 ypaBHeHu#a

B Tazm cekiys ce pa3riiek/iaT JIBa YUCIEHN eKCIIEPUMENTa 3a MOTBbPKICHUE Ha
TeopernanuTe pesyararu. [Ibpsara 3agada ([Ipumepl) e ¢ Touno perenne, a Bropa-
ta (IIpumep 2) e onpocrena aByMepHa MOJETHA 3a/a4a ¢ MPEHOC HA 3aMbPCUTEIH,
ormcad B [19].

IIpumep 1 (uzeecmmo anasumuwHo pewerue)

Tyxk pasriexgame mpobsieM, MAJIKO 0 pasjndeH ot mpobsema (20):

Ju
a—tl — KAu +b.Vu = Ri(x,y,u) + &(x,y, 1), (x,y,t) € Q x (0,77 (38)
Oyuknuute &, [ =1, ..., 10, 1 Ha9aIHUTE ¥ TPAHUYHU YCJIOBHUA Ca M30paHM, Taka 4e

TOYHOTO peleHue Jia O0bie

w = exp(—t/T)sin (7;(—96) sin (7;_y) , 1=1,...,10, (x,y,t) € 0Q x[0,T]. (39)

pyrure mapamerpu ca, Kakto caensa: X = Y = 500, T' = 1440, p = 27 /(607),
K =138.

3a [-rata cyGcTaHIUs € erTor,, O3HaYaBaMe TpeliKarTa (pasinKaTa MexKILy TOUY-
HOTO ¥ HPUOJIMXKEHOTO pEeIleHne) B PaBHOMEDHA HOPMA, MOJIyYeHa Ha IIOC/IE/THS
cJi0it 1o Bpemeto ty = 1" 3a 6poit nogunTepBasn 10 Bpemero M, = M, = M:

hye -
erroryry = max [lu(wi, yj, ty) — up' (i, J, N
i,jth

OTHOI_HGHI/IGTO MeEXKy I'peikuTe, II0JIy9YeHd Ha JBE II0CJIeJOBaTE/IHIU MPE2KU (O6I/IK—

HOBEHO Y/IBOCHH) € O3HAYCHO C Tatio:
ratio = rationr o, =: errorM,l/errorgM,l.

B tabsmmmnure ca mpejicTaBeHr aHAJIM3H ChC CI'bCTABAHE HAa MpeXKaTa ¢ U3IO0I3Ba-
uero Ha CDS u CFDS, CDS u CFDS ¢ (RE) mo npocrpanctsoro u CDS u CFDS
¢ (RE) mo mpocrpancToTo 1 Bpemero. Pesynrarnre moTBbprKIaBaT TEOPETHIHMUS
peJl Ha cXOJuMOCT 3a jaBara uncjaenu merosga. Ot cpapassanero na CPU Bpemero 3a
Tabaumm 17 | 18 u 19 cienasa npeauMcTBo Ha nsnos3Banero Ha RE exHoBpemenno
110 BPEMETO U IIPOCTPAHCTBOTO 3a MOJIydaBaHETO Ha IIO-MAJIKU IPEIIKU 38 T0-KPaTKO

Bpeme. [Ipemmvcroro Ha CFDSRE e cbio oueBuano. @ur. 9 mokaszsa rperkara B
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Tabmuma 17: Cpasuenue na rpemikara 3a CDS u CFDS 3za ITpumep 1

CDS, O(h? 4 72) CFDS, O(h* + 72)
M, | M, | N error g ratio | CPU | M, | M, N error s ratio CPU
4 4 4 | 5.702 e-03 - 0.58 4 4 4 5.875 e-03 - 0.72
8 8 | 1449 e-03 | 3.94 | 1.82 8 16 | 3.595e-04 | 16.34 3.04
16 16 16 | 3.637 e-04 | 3.99 | 14.42 16 16 64 | 2.232 e-05 16.11 29.74
32 | 32 | 32 | 9.102 e-05 | 4.001 | 143.7 || 32 | 32 | 256 | 1.392e-06 | 16.03 1076
64 | 64 | 64 | 2.276 e-05 | 4.00 | 3959 || 64 | 64 | 1024 | 8.698 e-08 | 16.003 | 60907
128 | 128 | 128 | 5.691 e-06 | 4.00 | 32709 || 128 | 128 | 4096 | 5.436 e-09 | 16.0001 | 720477

Tabmuma 18: I'pemka B paBHomepra HOopMa 3a IIpumep 1 3a CDS u CFDS B RE

110 TIPOCTPAHCTBOTO

CDS ¢ RE no npocrpancrsoro, O(h* + 72) CFDS ¢ RE o mpoctpancrsoro, O(hS 4 72)
M, | My, | N erry ratio | CPU || M, | M, N erry ratio | CPU
4 4 4 | 5.677 e-03 - 1.34 4 4 4 5.711 e-03 - 1.38
8 8 16 | 3.545 e-04 | 16.014 | 16.17 8 8 32 8.912 e-05 | 64.087 | 17.45
16 | 16 | 64 | 2.216 e-05 | 15.997 | 544 16 | 16 | 256 | 1.392 e-06 | 64.022 | 1497
32 | 32 | 256 | 1.385 e-06 | 16.001 | 3055 || 32 | 32 | 2048 | 2.1757 e-08 | 63.989 | 23390

MakcuMasHa HopMma 3a [Ipumep 1 (a) ebe CDS n RE no npocrpancTBoro u Bpemero
3a M, = M, =16, N = 16 ; (b) ¢ CFDS u RE 1o npocrpaicrBoTo u BpeMeTo 3a

M, = M, =16 , N = 64 u e B chorBercTBHUE C pe3yararure B Tabsuma 19.

IIpumep 2 (6e3 mouno pewerue)

B To3u ciyuaii e pasriean mo-peaJncTUUeH BapuaHT Ha 3a1adara (20)-(22) cbe

cJIeIHATE TapaMeTpy Ha objiacTTa: ob1actTta e Keaapat 2 = [0, 500]? ¢ xbizkuna 500

km, abkunara Ha uaTepBasa 1o Bpemero [0, 7] e 1440 min u 6poar Ha ypaBHEHUS-

ta ¢ L = 10. HagaytHuTe ycaoBus Ha bPBUS CJION 110 BpeMeTo ¢t = () ca KOHCTAHTHH

dyHKINN

ug(z,y) = (10*,10° 10%,5.10%, 5.10°, 10%, 1072, 1072, 1072, 10~ 1),

usMepenu B mol /km? u rpaHuYHUTE YCIOBHs ca N30pAHU Mepuo I DYHKIIH: Y;

KOUTO UMaT BHIa
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Tabmuma 19: ['perka B paBHOMepHa HOpMa 3a IIpumep 1 3a CDS u CFDS B RE

110 IPOCTPAHCTBOTO U BPEMETO

CDS ¢ RE, O(h* + 14) CFDS ¢ RE, O(h8 4 74)

M, | M, | N erry ratio | CPU || My | M, N erry ratio | CPU

4 4 | 4 | 5.649 e-05 - 6.73 4 4 4 8.476 e-06 - 3.36
8 [9.722e-06 | 5.81 | 18.71 16 | 1.748 e-07 | 48.49 | 30.26

16 | 16 | 16 | 5.989 e-07 | 16.23 | 194.81 | 16 | 16 64 | 2.847¢-09 | 61.39 | 1276
32 | 32 | 32| 3.715e-08 | 16.12 | 4594 32 | 32 | 256 | 4.529 e-11 | 62.86 | 66991
64 | 64 | 64| 2.171 e-09 | 16.03 | 37101 | 64 | 64 | 1024 | 7.086 e-13 | 63.91 | 790800

5 R ‘
A i My

20

®urypa 9: I'pemkara B Makcumasina HopMma 3a [Tpumep 1: (a) CDS ¢ RE no npoct-
pamcrsoro u Bpemero 3a M, = M, = 16, N = 16; (b) CFDS ¢ RE no npocrpamct-
BOTO 1 Bpemero 3a M, = M, = 16, N = 64

kbiero C' e KOHCTaHTa U KOHcTantute const;, | = 1,...,L ca u3bpanu 10O TaKkbB
Ha4WH, Y€ Ja € OCUI'YPEHa CbIVIaCyBaHOCT Ha Ha4daJHUTE WU I'PAHUYIHUTE YCJIOBUA.
Koedunuenrsr na qudysusa e usbpan jga obae K = 1.8km?/min u koeduruen-
mbT 1 = 27/(60 % T'). B 1031 ciiydail HAMa aHAJIUTUYIHO pernenue. FjauH Bb3MO-
JKEH HA4YMH 3a [pecMsTaHe Ha pejla Ha CXOIUMOCT € MeTo[bT Ha PyHre ma Tpu
BJIOYKeHU Mpexku. TykK m3nossBame japyra uies. Karo ,;rouno” perrenuve B3ema-
Me PeIIeHNeTo, MOJIYIeHO ¢ Hafi-MaJKuTe pa3Mepn Ha MperKaTa 10 ITPOCTPAHCT-
Boro. B Tabsmmiata ToBa perrenne e o3HadeHo ¢ yjebesnen mpudt. Chaeaum peja
HA CXOJMMOCT O3HAYEH ¢ order W IpecMeTHAT C IOMoITa 1o dopmynara: order =
logs(ratio) KoraTo ynBosiBame 6posi Ha MPEKOBUTE TOUKY 1 B JAPYTHs CIIydail order =
log(erroryp  /errorym ) /log(M" /M), kbmero M' u M" ca nBa mocsemoBaTesH:

6pOH MPpPe2KOBU TOYKHU IIO IIPOCTPaHCTBOTO B aHaJMU3UTE Ha CI'bCTdBaHUATa Ha Mpe-
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Tabmuma 20: Yucjienure cTORHOCTH, OTHOCUTETHATA TPEIIKa U Pejia Ha CXOTUMOCT

3a IIpumep 2 3a CFDS 3a nenrtpanans sw3en (z,y) = (X/2,Y/2) cbe croese mo

BpeMeTo N = 256 3a uq u us

Uy Us

M, | M, YUCH. CT. OTH. Tp. | pex, || My | M, YUCJ. CT. OTH. TP. | pen
8 | 8 | 2000.6332968 |2.273 e-03| - 8 | 8 | 4580.1540334 |2.417 e-03| -
16 | 16 | 1996.1958272 |1.495 e-04|3.988| 16 | 16 | 4569.7951222 |1.495 e-04]|4.014
24124 | 1995.9567369 |2.972 e-05|3.984| 24 | 24 | 4569.2477794 (2.972 e-05|3.984
32132 1995.9162197 9.419 e-06|3.994 | 32 | 32 | 4569.1550256 |9.420 e-06|3.994
40| 40 | 1995.9051188 [3.858 e-06{4.000| 40 | 40 | 4569.1296128 |3.858 e-06{4.000
48 | 48 | 1995.9011265 [1.858 e-06(4.008| 48 | 48 | 4569.1204736 |1.858 e-06{4.008
96 | 56 | 1995.8994140 |9.997 e-07]4.019]| 56 | 56 | 4569.1165532 [9.997 e-07(4.019
64 | 64 | 1995.8985824 [5.831 e-07]4.037| 64 | 64 | 4569.1146497 |5.831 e-07]4.037
192|192]1995.8974186 192]192]4569.1121206

JKara.

B Ta6suna 20 ca npexacrasenn pesyiararure or CDFES 6poit ciioeBe 1o Bpemero
N = 256 3a 'bpPBOTO U IIETOTO BEIIECTBO U U U5 B IEHTPAJIHUS Bb3EJ C KOOPIUHATH
(a2, ymy2) = (X/2,Y/2) = (250,250). Cbe chbimTe napaMeTpy eKCIePUMEHTUTE
ca opTopenn ¢ u3nosssareTo Ha CDS ¢ RE. YeTrBbpruar pes Ha cXoauMOCT B IBaTa
cayvas (nenrpasen Bb3ea (x,y)=(X/2,Y/2) u Bbsen (x,y)=(X/6,Y/6) ) 3a asere
BEIECTBA U U Us € MTOTBBbP/eH. OTHOBO B IIEHTPAHIS Bbh3€JI OTHOCUTETHIUTE IPEITKI
ca ouTn eaHakBu. [[oTBBp/IEH € U TecTus pej Ha CXOJAUMOCT MPOCTPAHCTBOTO HA
CFDS ¢ RE.

Ha ®ur. 10 Jlorapurmuyna rpaduka Ha IPENIKUTE U ITPOCTPAHCTBEHUTE MPEIKO-
BU Bb3JM 3a [Ipumep 2 e npencrapena, noaydena c¢: CDS - yepsena jmmaus; CEFDS -
suaenodepsena jqunus; CDSRE - 3estena mmans; CFDSRE - cunsa nuauns. Hapacrtsa-
HETO Ha HAKJIOHA Ha JMHUUTE ChOTBETCTBA HAa HAPACTBAHETO Ha PeJia HA CXOIUMOCT.
Haii-naknonenara jmanst chorBeTcTBa Ha peauMcTBoTO HA CFDS B KOMOUHarms c
exkcTpanoJyanusg o Puuappacon. Ilposenenn ca u apyru ekcnepumentu. urepecno

€ Ja Ce BUIu IIOBCJACHUETO Ha pEHIeHrneTO, aKO KOG(l)I/H_U/IeHTI/ITe M Ha KOHBEKIHATa
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—k—CDS i

—8—CFDS

‘ CDSRE |
—8—CFDSRE

relative error

10'12 i H ‘;‘i;ii1 i i HER
10 10 10

mesh size h_=h
Xy

Qurypa 10: JlorapurmudHa rpaduka Ha TPEIIKUTE U ITPOCTPAHCTBEHUTE MPEKOBU

Bb3n 3a [Ipumep 2, nonyden c: CDS - uepsena junus, — x —; CFDS - Bunenouep-
sena jinnusi, —l—; CDSRE - , ; CEFDSRE - cuns jimans, — e —.
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/
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numerical solution u ,

iy Y
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numerical solution u,
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@urypa 11: Yucienoro pemenne noxydeno ¢ CDS 3a p = 27/(607") ¢ mpexoBu

napamerpu M, = M, = 32, N = 256 3a IIpumep 2: (a) 3a uy; (b) 3a us

ca u = 2r/(X), kakto e B [29], B7MecTO 1 = 27/(607"), kakTo € B [19]. Ha ®ur. 11
e MOKa3aHo 4HCIeHOTo pemienue moaydeno ¢ CDS za p = 27/(607) ¢ mMpexoBu
mapamerpu M, = M, = 32, na nociegans cioii mo spemero N = 256 (a) 3a us;
(b) 3a us. Ananornuno, Ha Pur. 12 e MOKA3aHO YUCIEHOTO PEIIEHUE, TOJYUIEHO C
CFDS. HapacrBanero Ha KOHBEKTUBHHATE UJIEHOBE BOIM JIO CHINECTBEHO U3MEHEHHE
Ha, YUCJIEHOTO pelieHue 6,130 j10 rpanunarta — BuxK Our. 13.

Bonpekn Becuaku npeanmvcrsa Ha CFDS o oraomenne va Toanoct u CPU Bpe-
Me, nma Hakou Hemoctarbiu. [Iladbmonsbr na CEFDS e 9 ToukoB u ycjioBHeTo Ha

3HalouTe Ha JUCKPETHUA IIPUHOUII Ha MaKCHUMyMa HE € U3ITI'bJIHEHO. B pe3yJjiTaT Ha
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®urypa 12: Yucnenoro pemenne noxyaeno ¢ CFDS za p = 27/(607) ¢ MpekoBu
mapamerpu M, = M, = 32, N = 256 3a [Ipumep 2: (a) 3a uy; (b) 3a us
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®urypa 13: Hucsenoro pemmenne 3a [Ipumep 2, monydueno ¢ CFDS 3a p = 27/(500)

u M, = M, =32, N = 256: (a) 3a up; (b) 3a us
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numerical solution u,,
numerical solution u,

®urypa 14: Yucnenoro pemenne 3a 3ambpeuresss NOq - ug 3a p = 27w /(607) ¢
napamerpu ma mpexara M, = M, =8, N = 256 [Ipumep 2, noryqeno c: (a) CDS;
(b) CFDS

TOBa TIOJIOXKUTETHOCTTa Ha YHCJIEHOTO PEeIleHne € HAPYIIeHa 3a HSIKOM CTOWHOCTH
Ha TlapaMeTpuTe Ha Mpexkara 10 BpemeTo u npocrpanctsoro. Ha @ur. 14 gucie-
HOTO perierne 3a 3ambpenrens NOs (ug) 3a Ilpumep 2 xorato p = 27/(607") u
M, = M, =8, N = 256, nosyieno cbc (a) CDS u ¢ (b) CFDS e npeacraseno. Cxe-
mata CDS 3amasBa 1mojoKuTe/THOCTTa Ha ducaeHoro pemterne, nokaro CFDS we ro
3arassa - 6JIM30 JI0 bIJIATE YUCIEHOTO PEIeHNe € OTPUIATETHO U HIMA TEOPETHIHO
obsicHeHue.

YuciaeHu ekcriepuMeHTH 3a arMocdepeH Mojiesl Ha 6a3aTa Ha IUKbJa
Ha Yanman

MsmnossBaMe OMPOCTEH, HO PEATMCTHYEH, MO/ HA TPU KOMIIOHEHTHA XUMUIHA
CUCTEMA, KOATO MOJE/IMpa XUMUYIHU MPOIECH, poTuyaliu B armocdepara. B Tazu
CeKIusl ce KomreHTpupame Ha cucremara (20)-(22) 3a L = 3 ¢ koedurmenTn, peax-
UM ¥ W3TOYHUIM, KOUTO OTTOBAPAT Ha MOJeT B arMocdepara, 6a3upaH Ha IUKbIIa
na Yanwman |30, 35|. lokaro B e/uH peajmcrudeH arMocdepeH MOJe] B eKOJIOTUs-
Ta MoOraT Jla y9IacTBaT KOHIEHTPAIMHA Ha MHOTO pearuwpariiu Bermiectsa |53, 19|, omn-
POCTEHUAT MOJEJI TYK IIpUuTe>KaBa OCHOBHUTE CBOIICTBaA Ha TI'OJIEMUTE IIpaKTUIC€CKN1

Mojesn. Pasriiexkaame cucremara:

0
% — KAU[ + bl-vul - Rl($7y7u) + €Z($7yvt>7 (Zlf,y,t) € x (O?T} (40)

KommonenTure Ha cucremara ca azoren okeni (NO), azoren quoken (NOs) 1 030H
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@urypa 15: Yucsenoro pemenue ¢ napamerpu Ha mpexkara M, = M, = 32, N = 256
3a [Ipumep 2: (a) 3a NO - uy; (b) 3a O3 - ug

(O3) o3HAYEHU C U, Uz, U3 CHOTBETHO:
Ri(u) = —r(u), 1 =1,3, Ry(u)=r(u), r(u) = kujug — kous,

Kb1eTo ki, ks ca CKOPOCTHTE Ha PeaKIINUTeE.
B wusciienpanusa npumep ce pokycupame BbPXY JOKAJHA U3TOYHUIN, KOUTO Ce
ormcsat or enra - dyukimn. Pasriexxnave 3anadara (40), Kbgero dyHknuure &

Ca TOYKOBU M3TOYHMUIIM OT BUIaA

gl('x?y?t) = fl(t)é(x — T,y _yl)a [ = 17273-

[MapamerpuTe ca, KakTo ciemsa: 2 = [0,500] x [0,500], T = 1440, b, = (—0.1,0),
sal =1,23 K =1, Ky = K3 =5, ky = 1000, ky = 2000, (71,7,) = (0.5,0.5),
(T2, 75) = (0.25,0.25), (T3,73) = (0.75,0.75), fi(t) = 7, fo(t) = 11, fs(t) = 13.
Ha ®ur. 15 e npeacraBeno uncienoro pertenne mnojiaydeno ¢ CFDS ¢ mapamerpu
M, = M, =32, N =256: (a) 3a NO - uy; (b) 3a O3 - u3. Bimsianero Ha TOUKOBUTE

N3TOYHHNIIM Ce BUXKJa ACHO.
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ABTOpCKa cripaBka

Ocnosrnume HAYUYHU NMPUHOCU Ha HaCTOdllaTa JUCEPpTallud Ca:

1. Uzcnensanu ca paziuaan metogun Monte Kapio n kBazu-Monrte Kapiio n os-
XO/IN 3a FeHepupaHe Ha CIyYallHU U3BaJIKU - ajantusen meros Monrte Kapiio,
clienuaJIHa pelreTka, bazupana Ha obobieHaTa peauiia Ha OudoHaun, N3BaIKa
JIATHHCKU XUIEePKyD. AANTUBHUAT AJITOPUTHM MMa HMPEJUMCTBO IIPEJ] Pasr-
JIEYKJIAHUTE aJITOPUTMU 38 (PYHKIIUU C U3YUCIUTETHI OCOOEHOCTU. 3a TJIa KU
dYHKIUN ¢ TO-HUCKa PA3MEPHOCT Hail-e(heKTHBHA € peleTKaTa ¢ 4Yucjia Ha

QuboHaum, a IPU BUCOKU PA3MEPHOCTH - U3BAJIKATA JIATUHCKH XUIIEPKYO.

2. Koncrpyupan e HoB nouTu ontumalsien ajaropurbm MonTe Kapiio 3a maTerpas-
HU ypaBHEHUs1, 6a3upaH Ha ODajlaHCUpaHe Ha CUCTEeMATHIHATA U CTOXaCTHIHATA
rpemika. 3Besienn ca oneHkn 3a n300p Ha Opos pean3aliuy Ha cydaiiHara
BeJIMIUHA 1 OPOsT UTEPAINU BbB Bepurata Ha MapKoB, KOUTO ¢a OT ChIECTBEHO

3Ha4YeHHue 3a HeroBaTa e(beKTI/IBHOCT 1 TOYHOCT.

3. Pazpaboten e nosB meros Monre KapJio 3a juHeiinn cuctemu, KOHTO € 1Moa00-
peHre Ha MeToJIa ,,c/IydaiiHo 6/1yKtaeHe 1o ypasuerusaTa na CJIAYY. Meromxbr

ycrenHo ce mpusara npu perrasare na CJIAY, mosyuenn cjes fucKpeTu3aust

ma TV,

4. Pazpaborenu ca u ca U3cjie/IBAHA HOBU KOMITAKTHU JTMMDEPEHIHN CXEMU C IeT-
BBbPTHU PEJI HA TOYHOCT II0 ITPOCTPAHCTBOTO 3a cucTeMu oT napadboauanu IV

C'bC CBbP3aHU HEJIMHEWHHN PEeaKIIni.
Ocrosrume HAYYHO-NPUAOHCHU NPUHOCU HA HACTOLAINIIATA JTUCEPTAIU Ca:

1. Ilpuioxkenu ca paznuunn epexktuBHu Monrte Kapsio n kBasu-Monrte Kapiio
AJITOPUTMH 32 FIPOTO Ha BuUraep, Kouto ca mo-eeKTUBHU OT JIOCETa MU3MOJI3-
BaHUTE JIETEPMUHUCTUYHU AJITOPUTMU 10 OTHOINIEHNE Ha TOYHOCTTA U U3UNC-

JINTEeJIHaTa CJIOZKHOCT.

2. Ilpunoxxenu ca paszaunanu edexkrtuau Monre Kapiao n kBazu-Monre Kapiio
AJITOPUTMU 3a TJIAJKN MOAUHTErpajnn (PyHKIUNA MIPH OleHKH Ha KEBpomeiic-
KM OIINMM C BaKHO 3Ha4YCHMNE BDLB CbI/IHaHCI/ITe 1 3a MHOT'OMEPHHU HMHTEr'paJin B

BeiicoBckara cTaTuCTUKA ¢ TIPUJIOKEHHUE ITPU MAITUHHOTO 00yYeHUe.
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3. Ilpunoxkena e cxema ¢ MIECTU pPeJi Ha TOYHOCT IO ITPOCTPAHCTBEHATA ITPOMEH-
JINBa 3a peajHa (pU3nIHA MapadoJIMIHa TPAHCIIOPTHA CHCTEMa, OIUCBAIA Jla-
JIEYEH TPEHOC Ha 3aMbPCUTEIH BbB Bb3jyxa, oT larckua OitsiepoB Momesnr u

3a aTMocdeper Mojes, ba3upaH Ha IUKbJIa Ha YamMmaHd.

baarogaprocTn

N3ka3zBaM cBOsATA NCKPEHA IIPU3HATE/THOCT U OJIar0IapHOCT Ha HAYIHUS CH PHKO-
BoguTes npod. arH VBan JIuMoB 3a HEroBuTe IEHHM HAII'BTCTBUsI, IIPOMECHOHATHA
KOMITETEHTHOCT U C'bJIEHCTBUE TIPU [TPOBEK/IAHE Ha HACTOSIIINTE U3CJICIBAHNUS U TIPU
IIOJITOTOBKaTa Ha jucepramnuara. V3koanrenno 6arogaps n 3a HeroBaTa Heolle-
HUMa MOPAaJIHa MOJIKPeNa U 3a IPOsiBEHOTO T'hbpIICHHE.

Braromapst u3k/toduTe/ iHO MHOTO Ha J1011. J-p Paitna ['eopruesa 3a HeitHuTE 1E€H-
HU HaII'bTCTBUs, TOTOBHOCTTA i 3a CbJEfCTBUE BbB BCEKU MOMEHT U HEOIIEHUMATA
ITOMOIT] TIPY TTO/INOTOBKATA HA JINCEPTAIAATA.

Braromaps na xoserute ot Pycenckus Yuupepcurer mpod. j-p Jlwoben Bbi-
koB u jiom. A-p FOpwmit Kananrapos 3a moje3HuTe JUCKYCHH U IIPEJIOCTABIHETO HA
UHTEPECHU 3a/1a9u.

ABTOpbT U3Ka3Ba n HG/IarogapHOCTU Ha ekuia or cekius "[lapasennn ajroput-
mu'"ipod. Credpra Pumanosa, jor. [leaao Mapunos, momn. Iperan Ocrpomcku u
gom. Muxant Hengikos 3a mpuobiiaBaHeTo Ha aBTOpa KbM KOJIEKTUBA U 38 [eHHU-
Te HAITBTCTBUS U OKA3aHOTO Ch/eficTBHe. BiaromapHocTu Ib/iKa U 38 [EIust eKUI
Ha HCTUTYTA 110 nHGOPMAITMOHHN 1 KOMYHUKAIIMOHHY TEXHOJIOTMH U K'bM HETOBUSI
JIupekTop 3a OCUT'YpEHHTEe KaueCTBEeHU YCI0BUA 3a paboTa u oOydeHue.

Birarogaps na moute kojieru Crosin Jumurpo or OMU-CY u n-p Hukonait
Nxonomos or UMUN-BAH 3a c¢bBmecTHaTa pabora.

Bharogaps crenmaJiso Ha Oalria MU 1 OpaT MU 3a TSIXHATa MOPaJIHa U (PUHAHCOBA,
MOJIKPeria, ThpPIIeHHe U CTUMYJIMPAINA HAIIBTCTBHS.

Birarosiaps 3a dpunancosara nojkpera 1o npoekrute: #OHU 1-02-20, #/1DOHII
91-A1, #/IMY 03/61.
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