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1 Outline of the thesis

A substantial part of the existing algorithms for the numerical simulation of processes,
modeled by differential equations, involve solutions of algebraic systems of equations. It
turns out that, when performing numerical simulations, the solution of such systems con-
stitutes the major share of the required computer resources. The development, analysis,
and implementation of efficient methods to solve linear systems with sparse matrices are
main research directions in the field of scientific computations and are the focus of this
thesis.

Due to their lesser demands for computer resources, iterative solution methods are the
choice to make, when very large scale simulations have to be performed. To improve
their efficiency, iterative methods are combined with proper techniques to accelerate the
convergence to an approximate solution with a desired accuracy. A general technique to
accelerate the convergence of iterative methods is to use a preconditioner. Constructing
and analyzing various preconditioning methods has been an active field of research al-
ready for decades. Special attention is devoted to the class of the so-called optimal order
preconditioners, that possess both optimal convergence rate and optimal computational
complexity. The preconditioning techniques, proposed and studied in this thesis, lead to
methods that are of optimal order.

We consider the so-called Algebraic MultiLevel Iteration (AMLI) methods. The developed
AMLI preconditioners are based on an approximated block factorization of the original
system matrix, where the partitioning is associated with a sequence of nested discretiza-
tion meshes. Two are the key ingredients for the efficiency of the AMLI preconditioners.
The first one is the quality of the utilized block two-by-two splitting, quantified by the
so-called Cauchy-Bunyakowski-Schwarz (CBS) constant, which measures the abstract an-
gle between the two related finite element subspaces. The second one is the construction
of a proper approximation of the pivot blocks in the multilevel factorization.

This thesis deals with solution methods for sparse systems, resulting from non-conforming
finite element (FE) discretizations of partial differential equations (PDEs). The linear
conforming finite elements are widely used in applications, however, in many cases the
non-conforming elements have their strong advantages. As an example, the use of non-
conforming FEs in a projection method for the incompressible Navier-Stokes (N-S) equa-
tions leads to stable locally conservative schemes, see e.g. [8, 14]. Some other examples
of applications of non-conforming FEM can be found in, e.g., [1, 15].

In this thesis, we develop AMLI preconditioners for parabolic equations, discretized by
linear non-conforming Crouzeix-Raviart finite elements. Optimal multilevel methods for
elliptic problems in mixed form are also constructed, for the case of non-conforming finite
element discretizations in two space dimensions. We perform theoretical analysis of the
splittings, proposed for the two considered problems, and derive robust estimates for
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6 Petia Todorova Boyanova

the associated CBS constants. We develop a preconditioner for the pivot blocks, based
on polynomial approximation of their inverses, and apply it within the solution method
for the considered elliptic problems in mixed form. The developed AMLI methods are
applied for the simulation of fluid flow, modeled by the incompressible Navier-Stokes (N-S)
equations. We propose a composite time-stepping solution method for the N-S problem,
based on optimal multilevel preconditioning of the systems, obtained by a stable, locally
conservative discretization with non-conforming finite elements. The theoretical analysis
of the solution methods presented in this thesis is combined with numerical studies that
confirm their efficiency.

2 Introduction

The finite element method (FEM) is a major tool for the numerical solution of differential
equations (see e.g. [3, 12, 13]). The usual FEM approach is to consider the problem
in a weak formulation, and then approximate the solution by a function in a properly
chosen finite-dimensional subspace V},. Most often V), is chosen to consist of piece-wise
polynomials, defined for a finite element triangulation (mesh) 7, of the domain. If V),
is not a subspace of the Sobolev space V, where the variational problem is defined, the
method is called non-conforming, i.e. a discretization with non-conforming FEs. An
example of non-conforming FE is the Crouzeix-Raviart FE, see e.g. [12].

In order to find an approximate solution u; € Vj, one has to solve a system of linear
algebraic equations in the form

Au = b, (1)
N

where u = {uz}f\il is an unknown vector, u;, = Z u;¢;. The FEM basis functions ¢; € V,
i=1

have local support, thus, A € R¥*" is a sparse matrix. The discrete systems, studied in
this thesis, have symmetric positive definite (s.p.d.) matrices.

We consider the solution of (1) via an iterative method. Iterative algorithms generate
a sequence, {x*}, k = 1,2,..., of approximate solutions with improving accuracy. The
convergence rate, i.e. the number of iterations, needed to obtain an approximation with a
desired accuracy, depends on the properties of the system matrix A. When the system (1)
has an s.p.d. matrix, the rate of convergence is often estimated using the so-called spectral
Amax (A4)
)\min(A)
minimum eigenvalues of A. When using methods, such as the conjugate gradient or the
Chebyshev method, a well-known upper bound of the number of iterations k(e), required
to ensure that ||x — x*( ||, < ¢|x — x°||4, ¥x* € R", is the following (see e.g. [3])

o) < Ve (2). @)

condition number k(A) = , where A\pax(A) and A\pin(A) are the maximum and

For various problems, due to the properties of the corresponding matrix A, applying an
iterative method to the original system (1) results in poor convergence and thus, high
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Optimal multilevel methods for non-conforming finite elements 7

overall computational complexity of the algorithm. For example, for systems arising in
discretizations of second-order elliptic problems on a mesh with characteristic size h, the
estimate

K(A) = O(h2)

holds true, see e.g. [3]. Thus, as (2) suggests, when the spatial step size h is decreased in
order to obtain better discrete approximation, the number of iterations increases as h=!.

The convergence of an iterative method can be speeded up by using preconditioning. The
general understanding of a preconditioner (see e.g. [2]) is that it acts as an accelerator of
the iterative solution method by formally replacing the solution of the system (1) by an
equivalent problem, for example in the form

C'Ax = C™'D, (3)

where C'is a properly chosen preconditioner. In order to obtain an efficient preconditioning
method, the combined action of C~'A should resemble as much as possible that of the
identity matrix of corresponding size. For s.p.d matrices A and C', as also seen from the
estimate (2) where r(A) is substituted by (C'~*A), this translates to a condition number
k(C7A) of order one (O(1)). At the same time, it should be possible to solve auxiliary
systems with the preconditioner C' at low computational cost.

A preconditioned iterative method is said to have an optimal rate of convergence when the
number of iterations, required to converge up to a chosen stopping criterion, is independent
of the number of degrees of freedom of the problem. It is said to have optimal compu-
tational complexity, when the number of arithmetic operations, performed per degree of
freedom per iteration is bounded from above independently of the number of degrees of
freedom. Preconditioning methods, which possess both optimal rate of convergence and
optimal computational complexity, are referred to as optimal order methods.

The Algebraic MultiLevel Iteration method is an optimal preconditioning technique, pro-
posed first in [5, 6] for the case of elliptic problems, discretized by conforming linear finite
elements. Later, the approach has been generalized also for non-conforming discretiza-
tions (e.g. in [9, 10, 11, 16, 17, 24]), discontinuous Galerkin methods (e.g. in [22, 21, 23]),
techniques were developed for the construction of variable-step, also known as nonlinear,
AMLI preconditioners, see e.g. [7, 4, 19]. The method is based on a recursive generaliza-
tion of so-called two-level preconditioners.

Consider a two-by-two block partitioning of a sparse s.p.d. matrix in the form

An A
A= .
[Am A22]

Then, provided that A;; is non-singular, the following exact block factorization

o Ay L Af11A12
A - |: A21 S:| |: 1'2 ’ (4)

holds true. It follows from (4), that systems with A can be solved by solving subsystems
with the pivot block A;; and the so-called Schur complement S = Ay, — Ay A7 Ao, In
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8 Petia Todorova Boyanova

general, S is a dense matrix. Different two-level preconditioners are based on substituting
some of the blocks in the exact factorization (4) by properly chosen sparse approximations.
One natural idea is to approximate S by Ajy, neglecting the term —Ag A7 Ay in a

preconditioner of the form
O — An I A1—11 Aqo
r Ay Ap I ’

The quality of the latter preconditioner can be measured via the so-called CBS constant
7, corresponding to the two-by-two block splitting, imposed on A. The CBS constant is
associated with the cosine of the abstract angle between the two subspaces, defined by
the two-by-two block splitting, and in general v < 1. The following condition number
estimate has been shown (see, for instance, [2]):

K(CHrA) <

s (5)
Clearly, the above estimate makes sense only if v < 1. Aiming at constructing optimal
methods, we also see that v should be ideally independent on h. One important aspect of
the techniques, discussed in this thesis, is the choice of a proper block two-by-two splitting,
for which those properties hold true. Here, we consider a framework for constructing
optimal multilevel preconditioners defined for a hierarchy of nested triangulations of the
domain.

Consider a sequence of nested meshes, 70 C --- C T, obtained via k,1 < k < /, regular
refinements of a given coarse mesh 7° |, where Ny < --- < N, are the corresponding
numbers of degrees of freedom. We denote by A®) the matrix that corresponds to a
standard FEM discretization on 7*. Let A®) be a hierarchical representation of A®)

A:ll %12

AW — gk g ) ( JONT —
( ) A21 A22

)

defined via a two-level sparse transformation matrix .J (%) such that A*~Y is reproduced
in Ayy. The AMLI preconditioner C*) of A®) on level of refinement k is defined as

~(k) ~(k)\—1 7k

Ch [h (Cfl)) 1A§2)] (J)-T (6)

(k) _ (J09)-1
CT=UTT Aw g

I

where él(lf) is a proper approximation of Eﬁ) and C(© = A©®) The direct use of Z*~1 =
A*=1) Jeads to a class of methods with condition number x((C®)~1A®)) that grows with
the increase of the number of levels ¢, see e.g. [20]. In order to obtain an optimal
preconditioner, this approach is combined with various types of stabilization techniques.
One such technique, applied for the construction of so-called linear AMLI methods, is to
use a specially constructed matrix polynomial at some or all levels of refinement, namely

206D = A0D(1 — Py, ((CFD) L AGD)) (7)

where Pg, is a polynomial of degree ), with the property Ps, (0) = 1. Another approach is
to define the action of Z*~b via some inner iterations with the preconditioned conjugate
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Optimal multilevel methods for non-conforming finite elements 9

gradient (PCG) method for systems with the matrix A®*~Y preconditioned by C*~1. This
results in AMLI algorithms, known as variable-step or nonlinear, see e.g. [7, 4, 19, 20].

Assume that:

(i) The CBS constants v*, corresponding to the two-level partitionings of g(k), 1<k</,
satisfy the bound v* < ~ independently on discretization parameters for some v < 1;
(ii) The pivot block approximations satisfy

VTAY;)V < VTCYf)V <(1+ f)nggli)V, Vv, (8)

Then the following condition

. Ny
— <p< min N 9)

for the optimality of the preconditioner (6) with 5, = 8 in (7) holds true (see e.g. [5, 6,
20]), with

R(COTAD) ~ (14 6)/(1 ).

3 Multilevel methods for linear parabolic problems
In Chapter 2 of the dissertation we consider the second-order parabolic equation:

2u(x,t) - V- (a(x)Vu(x,t)) = f(x,t) in Qx(0,T],

ot
U(Xv 0) = up In Qa (10)
u(x,t) = wup on I'p,
(a(x)Vu(x,t)) - n = uy on Iy,

where ) is a polygonal domain in R?, f(x,t) € L?(f2) is a given function, n is the outward
normal unit vector to the boundary 0 = I'p UT'y, a(x) = {aij(x)}i’je{m}_is a bounded
s.p.d. matrix with elements a;;(x) that are piecewise smooth functions in € = QU 0.

We use C-R finite elements to discretize (10) in space, and the f-method for the time

discretization. This leads to the following linear system to be solved at each time step
Au" = (M + At(1 — ) K)u" = g", (11)

where the right-hand side vector depends on the approximate solution at a previous time
step. Here, At is the time step, 6 is the method parameter, 0 < # < 1, and M and K
denote the FEM mass and stiffness matrices, correspondingly.

The degrees of freedom for the C-R finite element are associated with the midpoints of
element edges. The C-R FEM spaces corresponding to a series of regular refinements of
a coarse mesh 70 C --- C T¢, are not nested, and the definition of transformations J®*
to allow for the utilization of the presented framework of the AMLI method is neither
obvious nor unique.

Abstracts of Dissertations 2 (2012) 3-15



10 Petia Todorova Boyanova

Fig. 1: A Crouzeix-Raviart macroelement

In the thesis we consider the so-called differences and aggregates (DA) and first reduce
(FR) approaches, proposed for the first time in [10, 11] for the construction of hierarchical
two-level C-R transformations for discrete elliptic systems. The transformations J*) are
defined on a per-macroelement basis, where a macroelement consists of four congruent
fine elements, obtained by uniform refinement of a coarse element, see Figure 1. Under
these transformations, the hierarchical basis functions, associated with the coarse mesh,
are obtained as aggregates of nodal basis functions on the fine mesh.

We perform analysis of the CBS constant for the DA hierarchical splitting of a parabolic
discrete system matrix and derive the estimate

3
k<\ﬁ
"<V

that holds true for the all 1 < k < ¢ independent on mesh size and mesh anisotropies.

We prove the following spectral equivalence relations that link the Schur complements
Sk = Ag;) - Agi)(Agli) )_1A§’;) to the matrices on coarser meshes 7%~ 1:

i(M(k—l) + At(1 — 9)4K(k—1)) < (k) < (M(k—l) A1 — 9)4K(""_1)),

L1 2 50 < g1
: <8W <

The performed analysis suggests two possible ways to construct a multilevel AMLI pre-
conditioner C¥). The current Schur complement can be approximated by using the matrix
ME=D 4 48k 1AL (1 — ) K5~ or by using the system matrix A*®~ itself. In the numer-
ical study, presented in the thesis, we consider the latter approximation. The numerical
results confirm the optimal properties and the robustness of the proposed AMLI precon-
ditioner for parabolic problems.

A comparative study of AMLI methods for parabolic equations is also included in the
thesis. We consider estimates and numerical analysis for the CBS constants, corresponding
to C-R DA and FR splittings and a hierarchical partitioning of the parabolic system
matrix obtained by a conforming finite element discretization. We observe that the AMLI
methods for non-conforming FEM are advantageous in cases of strong mesh anisotropy.

Abstracts of Dissertations 2 (2012) 3-15
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4 Multilevel methods for weighted graph-Laplacians

A second order elliptic problem in a mixed formulation is considered in Chapter 3 . The
unknown functions are a vector, that we refer to as velocity, and a scalar, referred to
as pressure. We use C-R FEs for the velocity and piece-wise constants to discretize the
pressure. Since the C-R mass matrix is diagonal, the velocity can be eliminated exactly.
The reduced system for the pressure has a matrix A with a structure of a weighted graph-
Laplacian. In the case of a regular mesh of right-angled triangles, considered in this work,
this matrix corresponds to the T-shaped four point stencil, shown in Figure 2.

N

Fig. 2: Four point stencil for the pressure

We propose a family of two-level hierarchical splittings of the matrix A, based on its
representation as a sum of specially introduced local macroelements, associated with
edges of coarse mesh elements, see Figure 3. We show that the second diagonal block in
these partitionings coincides with the graph-Laplacian on a coarser mesh, which allows
for the multilevel generalization of the approach. The following estimate for the CBS

constant is derived
¥ < V0.58. (12)

As a second step in the construction of an AMLI method for weighted graph-Laplacians,
we present an approximation for the inverse of the pivot block Ay in the hierarchical
splitting. To precondition Ail, we use the best polynomial approximation of =% in L.
norm on the interval [Ayin, Amaz], Where Ay, and A4, are some proper estimates of the
minimum and maximum eigenvalues of A;;. When a polynomial of degree v is used, the
error of the approximation is

80_97” 1 )\max + )\min o
E = - = - — 2 1
(V) (0 - 9_1>2’ 7 )\max - >\min 4 )\max - )\min ’ 9 “ + ¢

We show the following equality
E=(14+EW)Amax)/(1 = E(V)Apax ) — 1

for the constant £ in (8). An important property of the proposed approach is that it leads
to a multilevel preconditioner for the weighted graph-Laplacian, that is a linear operator.

11
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T T

Fig. 3: Macroelement corresponding to a hypotenuse

5 Multilevel methods for the Navier-Stokes equations

The last chapter of the thesis is devoted to efficient algorithms for the numerical solution
of the time-dependent Navier-Stokes (N-S) equations for incompressible fluid flow in two
space dimensions. The results, presented here, demonstrate the application of the mul-
tilevel methods, proposed in previous chapters, in this important field of computational
science.

Fig. 4: Velocity streamlines, Re = 400

In this work, the so-called projection approach is considered for the numerical solution of
the N-S equations. The method is based on the decomposition of L? -vector fields into the
direct sum of divergence-free fields and curl-free fields (see e.g. [18]). We use the inf-sup
stable and locally conservative finite element discretization with C-R FE for the velocity
and piece-wise constants for the pressure, (see [14], or also [8]).

We apply a projection scheme, that splits the N-S problem into two linear systems that
have to be solved in turn at each discrete time instance. At the so-called prediction step
we need to solve two disjoint parabolic problems for the components of the velocity. At the
so-called projection step, an elliptic problem in mixed form arises, like the one, discussed
in Section 4. The composite multilevel method, developed in this thesis, is based on the
application of optimal AMLI preconditioners for the solution of all subproblems in the
time-stepping algorithm.

The properties of the proposed solution method for the N-S equations are illustrated with

Abstracts of Dissertations 2 (2012) 3-15
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Refinements ¢ IT(u) IT(u) IT(p)
Av. number of iterations, tol. 10~°
1 3 3 17
2 4 4 18
3 6 5 19
4 8 7 19

Table 1: Behavior of the composite time-stepping method, Re = 1000

a numerical study for the case of the so-called lid driven cavity flow problem, see Figure 4.
Some results for the case of a Reynolds number Re equal to 1000 are shown in Table 1. The
different columns contain average number of iterations, needed to solve the subproblems
for the velocities u and v, and the pressure p. Here, the slight growth of the number of
iterations for solving the two parabolic problems, is due to the use of less stabilization
steps in the AMLI algorithm, see (9). This leads to sub-optimal convergence rate but lower
computational complexity at each iteration. The average number of iterations needed to
solve the problem for the pressure is larger than the number of iterations, performed for
computing the velocities. Note, however, that the graph-Laplacian system is of smaller
size than the two parabolic systems.

6 Contributions

The main contributions of this thesis are the following.

1. Development of a multilevel preconditioner for parabolic problems, discretized by
Crouzeix-Raviart finite elements. Analysis of the CBS constant in a DA splitting of
the mass matrix and generalization of the result for the case of a discrete parabolic
system.

2. A comparative study of robust multilevel methods for parabolic problems, dis-
cretized by conforming Courant and non-conforming Crouzeix-Raviart finite ele-
ments. Numerical analysis of the influence of mesh anisotropy.

3. Development of a solution method for systems, obtained via a non-conforming dis-
cretization of second-order elliptic problems in mixed form. The solution of the
discrete problem is reduced to the solution of a system with a weighted graph-
Laplacian matrix. We propose a hierarchical splitting for such problems and derive
an estimate for the CBS constant in the case of a regular mesh of right-angled
triangles.

4. Development of polynomial approximation of the inverse of an s.p.d. matrix and
analysis of the corresponding preconditioned matrix. The proposed approach is
applied for the approximation of the pivot blocks in an AMLI method for weighted
graph-Laplacians.
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5. Development of a composite multilevel method for the solution of the time-dependent
incompressible Navier-Stokes equations, discretized via a stable, locally conserva-
tive, non-conforming finite element pair.

6. Software implementation of the proposed optimal multilevel methods and their nu-
merical analysis.
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HucepramusTta € o0OChAeHa U IOMyCHATa JI0 3alI1Ta Ha pa3lIMPEHO 3aceJaHue Ha CEKIIMs
,Hayunu npecmstanus* Ha MMKT-BAH, cbctosio ce Ha 8 cenremBpu 2011r.

3amurara Ha qucepranusaTa € npoeaeHa Ha 20 nexkemBpu 2011 1. ot 15:30 vaca B 3ama
218 na 6ok 25A, UMKT-BAH.

Jucepmayuonnusm mpyo cvovporca 135 cmpanuyu, 6 xoumo 18 ¢gueypu, 16 mabauyu u
9 ecmpanuyu rumepamypa, cvovpxcawa 79 3aenasusi.
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OO0m1a xapakTepucTuKa Ha ANCEPTAIIMOHHUS TPYI

O630p Ha U3cjaeaBaHaTa 00JIACT M AKTYAJHOCT HA TEMAaTa

Mmuoro or Haii-3HaYMMUTE JIOCTUXKEHUS B CbBpPEMEHHATA HayKa W TEXHOJIOTHUS
ce JIbJIKAT Ha HalpeabKa B 00JacTTa Ha KOMITIOTHLPHOTO Mojeaupane. Kdexkrtus-
HOCTTa Ha TO3H CJIOXKEH WHTEPUCITUIITHAPEH ITPOIeC TP HAMUPAHETO Ha, PENTeHue
Ha pa3JInYHU 33/1a9d B IPUJIOKHATA W HAYYHA OOJIACTH Ha, YOBEIIKOTO 3HAHUE, Ce
OCHOBaBa Ha paboTaTa M yCIIEXUTe B CbBKYITHOCT OT Hay4HM HampaBjeHus. Kowmio-
TBPHOTO MOJIeJIMPAHe BKJIIOUBA Ch3/aBaHe Ha: &) MATEeMATHIeCKN MOJIEN, aJIeKBATHO
OICBAIN CHOTBETHUST peasieH (heHOMEH; 0) UHCACHN METON 3a JUCKPEeTH3alus Ha
JbepeHInaTHITe U/ WM WHTErPATHA yPaBHEHUs; B) e(DEKTUBHU METOJIU U AJIro-
PUTMH 3a peraBaHe Ha IMOJYYEHHUTE CJIe) JUCKPETU3AUATA CUCTEMH OT JIUHEHHN
aJreOpPUYIHN yPABHEHUST; ') aJrOPUTMU 3a BU3YyaU3allisl U aHAIU3 HA PE3y/ITaThTe
OT IPOBEJIEHATE UYMCJICHU EKCIEPUMEHTH; J1) BHCOKOIPOU3BOJAUTETHN KOMIIOTbDHI
IIporpaMu, KOUTO B MaKCUMaJIHa CTENeH M3M0/I3BAT Bb3MOKHOCTUTE W apPXUTEKTY-
paTa Ha CbBPEMEHHHUTE W3YUCIUTETHUA CUCTEMU. KOMITIOTHLPHUAT MOJE JIaBa Bb3-
MOXKHOCT HE CaMO 38 UKOHOMWH IIPU CK'bIIO CTPYBAIIU JJADOPATOPHU U MTPAKTHIECKH
eKcIepuMeHTH. B pejuiia ciiydan oIe 1mo-BaxkKHO € MOJETUPAHeTO Ha XapaKTepuc-
TUKNATE Ha HOBU MaTePHUAJN U TEXHOJIOTHH, KAKTO W M3CJIE/IBAHETO HA IPOIECH, 34
KOUTO U3MEPBAHUATA U HADJIIOJIEHUATA Ca HEBBH3MOKHU.

OcHOBHE cpeJicTBa 3a JUCKpeTH3als Ha JudepeHnuaTnn ypaBHeHUsT ca METO-
JUbT Ha KpailHUTe eJIeMEeHTH U MEeTO/IbT Ha KpailHuTe pasjimku, BXK. Hanp. |26, 28, 3|.
Cie TIXHOTO IpUIaraHe, 3ajadara ce CBeXK/1a J0 CUCTeMa OT JIMHEHHN ajreOpuaHm
ypasHenus |1, 2|. ExHo o Hail-BaskHUTE CBONCTBA HA T€3H CUCTEMHU €, Y€ ChOTBETHU-
Te MaTpPHUIM ca pa3pejeHu. Topa o3HadaBa, Ue OpOAT HA HEHYJIEBUTE eJeMeHTH BbB
BCEKHU D€/l WIN CTHJO € OrpaHnydeH OT KOHCTAHTa, KOATO He 3aBUCU OT HapaMeTbpa
Ha, IMCKPETU3AaINs Ha ChbOTBETHUS METOJT U CJIEJIOBATETHO HE 3aBUCH OT pa3MepHOCT-
Ta Ha JUCKpeTHATa 3aJada, KOATO ce yBe/IndaBa ¢ HaMaJIIBaHETO Ha JUCKPETU3a-
IIMOHHKSA MapaMeTbp. M3BecTHO e, de pelraBaHETO Ha 33Jl[a9d Ha W3YHCIUTETHATA
JMHeliHa ajrebpa ¢ pa3peieHn MaTPHUIU e OIPeJIesAnio 3a epeKTUBHOCTTa Ha JI0-
MHUHHUPAIIATA 9acT OT ChIECTBYBAIIATE IIPOTPAMH 38 KOMITIOTHLPHO MOJEIUpaHe Ha
nporecu, KOuTo ce onucsar ¢ judepennuanan ypasuenus |9, 2|. Tosa e ocobeno
BasKHO IIPU pelliaBaHe Ha CJOYKHU 3a/a4u ¢ rojigma pazmeproct. [lonsaruero rossma
Pa3MEepHOCT ce TPOMEHSI C HapacTBaHe Ha IMPOU3BOJINTETHOCTTA HA M3YUCIUTETHATA
TeXHUKa, HO HE3aBUCHUMO OT OTPOMHUS IIPOTPEC B TOBA OTHOIIEHUE, OIPEISTISIIN 38
Pa3BUTHETO HA KOMIIOTHPHOTO MOJEIUPAHE Ca IMOCTHKEHUATa B 00JlacTTa Ha TUC-
JIEHUTE METO/IN M aJrOPUTMUTE 3a TAXHATa peajn3alys. Pe3ynirarure mpejacTaBeHn
B HACTOSINATA JUCEPTAIAS Ca B Ta3u 00JIACT.

Meroabr Ha Kpaiture esementu (MKE) u Meroxbr Ha Kpaiinure pasiuku ca
IIpeJICTABUTEIN HA TaKa HAPEYEHUTE MPEKOBU METOJU U IPHU OIPeeeHN TPeIIio-
JIOZKEHUsT MATPHUIUTE Ha MOJyJIaBaHUTE JTUHEHHU CUCTEMH ca ¢ OJIM3KU CBOWCTBA U
JIopu MoraT Ja chBlagar. HezaBucumo oT TOBa, METOIBT Ha KpailHUTE eJleMEeHTH UMa,
OTIpeJIe/IeHN TIPEJIMMCTBA, 110 OTHOIIEHNE Ha, OOIMHOCTTa W AJITOPUTMUTE 38 HEroBaTa
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peanuzanus. V3ciieBanusara B JUCEPTAAITA CUCTEMHO H3IIOI3BAT TEPMUHOIOIHUS-
Ta U CBOMCTBATA HA METOJIa HA KPAWHUTE €JICMEHTH.

Juckpernzanusara ¢ KOHGOPMHU JIMHEHHN KpalHu ejJeMeHTH € Hai-1ogapobHo
n3yvdennd ciaydait Ha npuiarame na MKE, Ho B peaniia BaskHu IPUIOKEHNT HEKOH-
dopMHUTE KpaiiH eJIEeMEHTH UMaT CEPUO3HU IpeauMcTBa. Hampumep, mpu qucieHo
MoJIeJTUpaHe Ha TeIeHUs B CUJIHO XeTEPOTEeHHHU TIOPECTU CPEJIN, METOIbT Ha KpaiiHuTe
00eMU U CMECEHUST METO/I Ha KpailHUTe eJIEeMEeHTH [IPUTeKaBaT JOKA3aHO J100pa TOU-
HOCT M JIOK&JIHa KOHCepBaTUBHOCT (Ha Macara). [Ipu npunaranero na cmecen MKE,
HEIPEK'bCHATOCTTA HA CKOPOCTTA IO HAIPaBJIEHHE HAa HOPMAaJaTa KbM TDAHHUIATA
MEZKJIy JIBa KpPailH! eJleMeHTa MOXKe JIa ce HAJIoXKM upes3 Jlarpan:kesu MHOKHUTEH. B
[4] Arnold u Brezzi nmokassar, de ciie]] eJIMMIHUPAHe HA HEM3BECTHATE Ha HaJlsraHe-
TO U CKOPOCTTa OT aJrebpuvHaTa CUCTEMA, 3aadara 3a JlarpaH:keBuTe MHOKUATEN
¢ porrbanennero Ha llyp e ekBuBajienTHa Ha JUCKpETU3AIAA HA €TUITAYHA 337298
upe3 Metos, Ha [anbopkun ¢ uHelnn nekondopMun Kpaitnu ejgementn. [lo-Touno, B
[4] e mokazano, e anpokcuManus ¢bC CMECEH MEeTO| ¢ KpaiiHu ejlemenTn Ha PaBuap-
Toma or Hail-HUCDHK pe/T € eKBUBaJIEHTHA Ha allPOKCUMAITUS ¢ HeKOH(OPMHU KpaitHu
enementn Ha Kpose-PaBuap, mpm KosaTo KpaitHO-eJIEeMEHTHOTO IMPOCTPAHCTBO € J10-
I'bJTHEHO ¢ KyOudHU Oa3ucHu (DYHKIINU, BCSIKA OT KOUTO MMa 38 HOCUTEJI €JINH KPAeH
€JIEMEHT.

pyro mnpuioxkenue Ha HEKOH(DOPMHHUTE €JIEMEHTH, B YACTHOCT, HA €JIEMEHTUTE
na Kpose-PaBuap, Ha Koero mckame jia oObpHEM BHHUMaHEE, € CBbP3aHO C UTepa-
IIMOHHN METOJIM 3a pelllaBaHe Ha 3aJa4H, JUCKPETU3UPAHU C MPEKbCHAT METOJ, Ha
lanpopkun (Discontinuous Galerkin — DG). B [5], Ayuso de Dios n 3ukaranos mpe/-
JlaraT paBHOMEPHO CXOJISIIN UTEPAIMOHHN METO/H, KOUTO Ce OCHOBABAT HA €CTEeCT-
BEHO pazJielisine Ha MpocTpancTBoTo Ha DG ejleMeHTHTE OT IMbPBU PEJl Ha JTUPEKTHA
cyMa OT KpailHO-eJIeMeHTHOTO ITpocTpancTBO Ha Kpose-Pasuap u mompocTpancTBo,
KOETO Ch/Ibp2Ka (PYHKIINH, HEIPEKbCHATH 110 BbTPEIIHN 3a 0objacTTa uHTepdeiicn
MEKJIy eJIeMEeHTHUTE.

ToBa ca HIKOU OT IPUIMHATE 3a CIIEIUAJHAS UHTEPEC K'bM IIpHUIaraHe Ha HEKOH-
dopmMHITE KpaiiHu ejleMeHTH 3a e(peKTUBHO YNCIEHO pelliaBaHe Ha JndepeHIua HI
ypPaBHEHHUsI, KOETO € TpeJIMeT Ha HACTOSAIIATa JTUCEPTAIIHA.

AKo pasriesaMe eJMITHYHA I'paHIYHa 3aja4a B obstacTTa ) C R? u 3a HeitnoTo
YUCJICHO peltaBaHe MPUJIOKAM MPEXKOB UNUCJEH METO/I, TO IPU MHOTO OOIIH ITPE/IITO0-
JoyKeHns1 nudpepeHInaHaTa 3a/1a49a ce CBEXK/Ia 10 CHCTeMa OT JIMHEHHN aJreOpuIHn
yPaBHEHHUsI CbC CHUMETPUIHA U MOJIOXKUTEJTHO OIpeIeieHa MaTpuiia A ¢ pasMepHOCT
N x N. OcHoBHHUTE METO/IN 3a pelllaBaHe HA TAK'bB KJIAC JIMHEHHU crucTeMu Hail-001110
ce pa3nendaT Ha JiBa BHUJA — NpEKW U ureparuoHHn. Meroabr Ha XOJENKHN e eInH
OT Hali-7100pe m3BecTHUTE TpeKu MeTou. [Ipesmnosnara ce, e Toit oTuuTa JEHTOBATA
CTPYKTypa WK Ipoduaa Ha MaTpHUIATa MPHU MOJXOSAIa HOMEpaIus Ha HEU3BEC-
THATE W NPH ONPEJIEJICHN MPE/IIOJIOKEHNs UMa u3aucamTena caoknoct O(N?).
Meroabr na Boxkenutre cedennst (Nested Dissection), Bxk. manp. [9], e Haii-6bp3usr
U3MEXKIy IpeKuTe MeTo/iu. B ocHOBaTa Ha TO3W METOJ[ € PEKYPCUBHOTO Pa3/IesisdHe
Ha rpada, IpeIcTaBdIl CTPYKTypaTa Ha HEHYJICBUTE eJIeMEeHTH Ha Marpurata A, a
w3uncTeHaTa My ciaoxmoct e O(N®/2). Eaun oT Hafl-TIOMy IapHATE UTePAIHOHHI
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MEeTO/IN € METO/IbT Ha CIpPerHaTus rpaJineHT. Toil nMa CJI0KHOCT, KOSITO aCUMIITO-
TUYHO CbBIAJA CbC CJIOXKHOCTTA Ha Hal-7100pud npsak Meroi. llo Tazm mpudwmna
e MPHUeTo, Ye MPEJIUMCTBATa HA UTEPAIMOHHUTE METOJN 3a pelllaBaHe Ha 3aJadu C
JIOCTATBIHO TOJISIMA PA3MEPHOCT ¢a OE3CIIOPH.

Wrepanuonunre MeToau B MOAIPOCTPaHCTBA Ha KpuioB ca B KjacalusTa Ha
JeceTTe Hali—3HAYMMU ITOCTIKEHHSI B 00JIaCcTTa Ha ajJropuTMuTe mpe3 XX Bek. Me-
TOJILT Ha CIIPErHATHUS TPAJIMEHT W HErOBOTO O0OOOINEHUE, METO/'bT Ha CIIPErHATH
IrPaJIeHT ¢ Ipeodyc/iaBsgHe, ca ChbBPEMEHHH METOJM OT BapHAIMOHEH THIl B IOJIII-
pocrpancTsa Ha Kpusios , Bk. Hanp. |7, 9, 26|. Edbexkrusnoctra Ha MeTo/1a Ha criper-
HATHUS TPAJUEHT ¢ TIPeodyCIaBsHe ce OpeIe/Ist OT KadecTBaTa Ha MIPeo0YCIOBUTEI.
Baxkua poJsisi B pasBUTHETO Ha METOJNTE 3a PeliaBaHe Ha JIMHEHHU CHCTEMU UTPa-
AT U3CTAeABAHUATA B 00J1aCTTa HA KOHCTPYUPAHETO Ha TaKa HAPEIEHUTE ONTUMAJIHU
IPEOOYCIOBUTEIN, 338 KOUTO M3UUCTUTETHATA CJIOXKHOCT HA METOJa Ha CIIPErHATH
rpajientT ¢ npeobyciasste e O(N).

B c¢bBpemennaTa TeOpus Ha ONTUMAJTHUTE UTEPAIHOHHU METO/IN, OCHOBHA POJIsT
UrpagT MEeTOMUTE MOCTPOEHN BbPXY MOC/IEJI0BATETHOCT OT MPEXKHU (TPUAHTYJIAIIUH).
Tesu meronu ce paszenar Ha MHOromperkosu (multigrid), [27, 38| u mHOroHHBOBH
(multilevel), [12, 16, 17, 41, 48, 55|. ITo Tpajurus rbpBaTa rpy1a ce cauTa, de u3IoJI-
3Ba [0BeYe CBoOMcTBaTa Ha JudepeHnuaanaTa 3a/1ada, JJOKaTo Ipu BTOpaTa rpyma
KOHCTPYKITMATA € B 3HAYUTE/IHA CTEIeH aJireOpUYHa U ¢e peajn3upa B TEPMUHUTE HA
MeTOJIa Ha KpailHWTe eJIEeMEHTH W ChOTBETHUTE MATPHUIM Ha KopasuHa. VcropusTa
Ha PEKYPCUBHUTE UTEPAIMOHHN METO/I!, U3IOJI3BAIH OCIEI0BATETHOCT OT BJIOYKE-
HU MPEKH, BOJM HaYasioro cu ot paborara na P. @enopenko [33], mybimkyBana mpes
1961 r. TIpes 1987 r. I1. Bacunescku, P. Jlazapos u C. Maprenos [48] koncrpyupar
[OYTH ONTUMAJIEH aJreOpUIeH MHOTOHUBOB MeTO/I. Perure/ina cieiBaliia CTblKa B
Tasu obJsiacT e HalpaBeHa B paborure Ha Axelsson n Bacmiescku |16, 17|, kbiero ca
BbBesieHn AMLI metoure. Tyk 3a bpBU II'bT Ca MOJIYYE€HH ONTUMAJIHEA OIEHKH, 38
KOUTO He ce TpeJIroara JOMbIHATETHA PErYIAPHOCT Ha PEIIEHNeTO Ha JugQepeHIir-
aJIHOTO ypaBHeHue. KakTo u B APYTH JIA/I0BE Ha MaTeMaTHKATA, HAIIbJTHO 3aC/TyKEHO
MOZKEM JIa, TOBOPHUM 3a ObJIrapcKa IMKoJa B 00JIaCTTa Ha ONTUMAJHUATE aJredpuanu
UTEPAIMOHHN MHOTOHUBOBU MeTo . OCHOBHU IIPUHOCH B TOBA HAIIPABJICHHUE Ca ITy0-
nukyBanu B paborute nHa 1. Bacunescku, P. Jlazapos, C. Maprenos.

MertomoJsiorust Ha M3CJIeIBAHETO

[TongaTusaTa U3YUCIUTEIIHA, CJIOKHOCT U CKOPOCT Ha, CXOJUMOCT Ca OCHOBHHU B Me-
TOJIOJIOTHSITA Ha, M3cjejBaHe B jucepranuaTa. [losydenuTe pe3yaTaTu UMaT KOHC-
TPYKTUBEH XapaKTeEpP, KaTO BCUYKHU IIPEIAJIO2KEHN U U3CJIEJBaHU METO/IU MMaT dACHa
AJTOPUTMUIHA CTPYKTYPA.

MerobT Ha cuperHaTus rpaJIieHT ¢ IpeoOyc/iaBsiHe € B OCHOBaTa Ha ChBPe-
MEHHUTE UTepaIMoHHN MeTou. Heropara epeKTHBHOCT ce OIpejieisi OT CKOPOCTTa
Ha CXOJUMOCT M W3YUCJIHUTETHATA CJIOXKHOCT Ha PEIIaBaHETO Ha CUCTEMAa C IIPEO-
oyciosuTens. CleKTpaaHoTo Yncio Ha obycaosenoct k(C~1A) na npeobyciosenara
MaTpHIla € MAPKa 3a CKOPOCTTa Ha CXOJIMMOCT Ha MeTojia. TakKa HaIpuMep, 3a OITH-
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masan Muoroansosr Metomn K£(C~1A) = O(1) u GpoaT Ha urepanuuTe, T0CTATHIHA
3a IIoJIydaBaHe Ha pellleHHe C IPEJBaPUTEIHO 3aJaJeHa TOYHOCT, ¢ OUPAHHYEH OT
KOHCTaHTa, KOATO He 3aBUCU OT Pa3MepPHOCTTa Ha JUCKPeTHATa 3aJa4a.

B ciy4ast Ha MHOTOHUBOBH TIPeOOYCIOBATENN, YNCJIOTO Ha OOYCIOBEHOCT 3aBUCH
OT KOHCTaHTaTa B ycmieHoTo HepaseHcTBO Ha Komm-Bymakoscku-1Isapr (KBII).
B nucepramuaTa ca IpeicTaBeHH HOBU ONTHMAJIHE MHOTOHUBOBH Meronu. V3mosr-
3BAHUAT allapaT Ha HU3cjie/iBaHe BK/IIOYBa KOHCTPYyHPaHe Ha CIEKTPAJHO eKBUBa-
JIEHTHU IPHUOJINIKEHNA 32 CIelnaJHi KJacoBe MaTPHUIU, Bb3HUKBAIIU B IIpolieca Ha
MHOI'OHMBOBa (baKTOpU3alsd U II0IydaBaHe Ha HOBM DABHOMEDHU OIEHKH Ha KOHC-
TaHTaTa B yeuienoto HepapencTBo Ha KBIII. Hampasena e mporpamna peaJjim3aliust
Ha IIpeJICTaBEeHUTEe B JUCEPTalidaTa METOIU U aJIFOPUTMH, IPOBEJIEHN ca YHCICHN
eKCIIEPIMEHTH U Ca aHAJIU3UPAHU IIOJIyIeHUTE IUCICHH Pe3yITaTH.

HeJII/I Ha JUuCepTainuOHHNA TPYJ

OcHOBHHUTE IIeJIM Ha W3CJIEIBAHUATA B IUCEPTAIAATA, Ca;

e PazpaborBane u mu3cie/BaHe Ha ONTUMAJHUA IIPEOOYCIOBUTEN OT Kjaca Ha
asrebpuaanTe MHOroHUBOBH Metoau (AMLI) 3a jBymepHu napaGosnaHu 3a-
JIavu, JTUCKPETU3NPAHN ¢ JuHeiinn nekondopMHun Kpaitnu ejiemenTn na Kpose-
Papuap.

e PaszpaborBane u nscje/iBane Ha ONTUMAJTHI MHOTOHMBOBU METOJIH 3a JIBYMeEp-
HU eJIUITHYHN 33Ja9¥ B CMeceHa (opMa, JUCKPETU3UPAHU ¢ HEKOH(MOPMHU
KpallH! eJIEeMEHTH.

e (Cb3aBaHe Ha CbhCTaBEH MeETOJ[ 3a HecTallmOHapHHUTEe ypaBHeHusi Ha Habue-
Crokc, OCHOBaH Ha ONTUMAJIHA MHOTOHHBOBH IIPEOOYCIOBUTEIIN 38 CUCTEMUTE,
MOJIyIeHN TPHU yCTONYINBA JIOKAJTHO KOHCEPBATHBHA JUCKPETH3AINA C HEKOH-
dopMHI KpaiiHN €JIEMEHTH.

Paborara mo JUucepTaldTa nMa 3a IeJI, KaKTO TEOPETUIHO U3CJI€/IBaHE Ha IIPe/I-
JIO2KEHUTEe MEeTOJH, TaKa N IIpOor'paMHa peaJid3aliud W aHaJInu3 Ha pe3yjlTaTuTe OT
qUCJIeH €KCIIEpUMEHTH.

CnucbK Ha HyGHHKaHHI/ITe II0 AucepTranuiaTa

Hay‘{HI/I HY6JII/IK8J_[I/II/I B CIIMCaHUdAd 1 IIepuoanidv U3JdaHuA:

e P. Boyanova, S. Margenov, Multilevel Splitting of Weighted Graph-Laplacians
Arising in Non-conforming Mized FEM Elliptic Problems, Numerical Analysis
and Its Applications, Springer LNCS 5434, 2009, 216-223.

e P. Boyanova, S. Margenov, Numerical Study of AMLI Methods for Weighted
Graph-Laplacians, Large-Scale Scientific Computing, Springer LNCS 5910,
2010, 84-91.
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e P. Boyanova, S. Margenov, On Optimal AMLI Solvers for Incompressible Navier-
Stokes Problems, ATP Conference Proceedings vol. 1301, 2010, 457-467.

e P. Boyanova, S. Margenov, M. Neytcheva, Robust AMLI Methods for Parabolic
Crouzeiz-Raviart FEM Systems, Journal of Computational and Applied
Mathematics, 235(2) (2010), 380-390.

e P. Boyanova, S. Margenov, On Multilevel Iterative Methods for Navier-Stokes
Problems, Journal of Theoretical and Applied Mechanics, Vol. 40, Number 1,
2010, 51-60.

I';maBu B KHUrm:

e P. Boyanova, S. Margenov, Robust Multilevel Methods for Elliptic and Parabolic
Problems, invited chapter in: O. Axelsson, J. Karatson, Efficient preconditioning

methods for elliptic partial differential equations, Bentham Science Publishers,
2011, 3-22.

B mporniec Ha perien3upane:

e P. Boyanova, [. Georgiev, S. Margenov, L. Zikatanov, Multilevel Precondi-
tioning of Graph-Laplacians: Polynomial Approximation of the Pivot Blocks
Inverses.

Eina ot npescraBenuTe myOIMKaIUK 110 JUCEPTAIATa € B crimcanuneTo “Journal
of Computational and Applied Mathematics” ¢ “nmmakt dakrop” 1.029 3a 2010
POJINHA.

Arnpobanus Ha pe3yJITaTUTE

CbINecTBEHN YaCTH OT JUCEPTAIUAATA Ca ITPEJICTABEHN Ha CJICIHUTE CIIeINA 31~
pann MexkIyHapoaau HayaHn kKongepenrmn: 4th Conference on “Numerical Analysis
and Applications”, Lozenetz, Bulgaria, 2008; 7th International Conference on “Large-
Scale Scientific Computations”, Sozopol, Bulgaria, 2009; 4th IMACS Conference
on “Mathematical Modelling and Computational Methods in Applied Sciences and
Engineering”, Roznov pod Radhostem, Czech Republic, 2009; 7th Conference on
Numerical Methods and Applications — NM&A’10, Borovets, Bulgaria, 2010; Emerging
Topics in Dynamical Systems and Partial Differential Equations — DSPDEs’10,
Barcelona, Spain, 2010.

Pesysiratu ot gucepranusTa ca JOK/IaJIBaHA U B paMKuTe Ha: VHMopMalmonuu
qaan 1o npoekta Bulgarian IST Center of Competence in 21 Century (BIS-21++),
Boposern, Boarapusi, 2007; 3rd Annual meeting of BGSIAM’08, Sofia, Bulgaria,
2008; Workshop on “Numerical Methods and High Performance Computations”,
IPP-BAS, Sofia, Bulgaria, 20009.
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YyacTue B Hay4dHU IIPOEKTHU

14 M)
e [lerTnbp 3a BbpXOBU HaydHU HOCTIKEeHHUA “CyHepKOMITIOTHPHE TPUIOYKEHUS

dboux “Hayuaan nzcaenpanns”, J1002-115/2008

e Metomu, anmropur™Mn u codTyepHI CPEJCTBA 3a 33/1a491 C TOJISMa Pa3MEPHOCT
u flepapxudHn KOMIIOTbpHU Mozenn, donx “Hayann uzcnensanus”’, J1O02-

147/2008

e Passurme Ha MeToauTe Ha MeXaHUKaTa Ha HENPEKbCHATH CPeJU Ype3 Yhce-
HY ¥ aHAJUTHYHYU IPUIOXKEeHNs Ha BapualnuoHHu npunnuny ,dong “Hayunn
uscsesBannsg’, J1002-338/2008

e AIanTMBHM U flepapXudHU aJrOPUTME B METO/Ia HA KpaifHITe eJieMeHTH, (DOH,T
“Hayunn uscieppanus’, VU-MI-202 /2006

e Finite element preconditioners for algebraic problems as arising in modelling
of multiphase microstructures, 2009/2011, Swedish Research Council (VR)

CbabprkaHne Ha AUCEPTAIAITA

Hacrosiimata aucepraiinsg ce ¢hCTOM OT YBOJI, YeTUPHU TUVIABHU, 3aKJIIOUEHNIE U CITU-
CbK Ha IuTHpaHaTa juteparypa. OCHOBHOTO ch/IbpKaHue e rmoMmectTeno Ha 108 crpa-
HUIM, & U3JI02KEHUETO € MPUIAPYKeHo ¢ durypu n tadauim. CliucbKbT HA IATHPa-
HaTa JIUTeparypa ChIbpxka 79 3aryiaBus.

I'naBa 1. BbBeaenue

IInpBaTa ritaBa nMa BbBEXKIAIL XapakTep. B Hest ca mpeacTaBenn n3BecTHN (hak-
TH, U3M0JI3BAHU HA PA3JUIHUA €TAIl OT U3CJIeBAHUATA B JIUCEPTAIUSITA.

B maua/jioro HakKpaTKO NpeJCcTaBsMe MEeTO/a Ha KpailHUTe eJIeMEHTH U HErOBU
ocuosuu cpoitictBa. MKE e cpes ocHOBHUTE cpejicTBa 3a UUCCHO peliaBane Ha JIH-
dbepennmannu ypasuenus |3, 9, 26, 29|, HAJIOKUIO ce MOPAIN eJeraHTHATA MaTe-
MaTuiecka (hOpMYIUPOBKA U IMUPOKaTa YIIoTpeda 3a UNC/IEHO peliaBaHe Ha BaXKHU
(kj1acoBe OT) 3aJaul C IPUJIOKEHHUs] B TEXHUYECKUTE, MEJUIUHCKU, eCTeCTBEHH U
npyru Haykn. MKE e Texanka 3a m300p Ha KpallHOMEDPHO MOJIIIPOCTPAHCTBO Vi, B
KOETO T'bPCUM IPHUOJIMKEHO pellieHne Ha jirudepeHImaHaTa 3a/1a9a BbB BapuaIioH-
Ha ¢popma. Haii-uecto usnonssanure 8 MKE nosmpoctpancTsa cbrbpkar OyHKINH,
KOUTO Ca Ha YaCTH MOJMHOMU BBPXY pasjesite (Tpuanrysarus) T, Ha 00JsacTTa,
HAPUYAHO OITe KpaiiHO-eJIEeMEHTHA MPEeIHCq.

Koraro npocrpancrsoro V, He npuna ek Ha CoOOJIEBOTO TPOCTPAHCTBO V), 3a
KoeTo e Jedunnpana Bapuannonnata 3aada, MKE ce napuaa nexongopmen meros,
T.e., JIMCKpeTH3alus ¢ HeKoHdopMmun Kpaitau enementu. [Ipumep 3a nekondopmun
esieMeHTH ca Kpaijinure esementn Ha Kpose-Pasuap, k. nanp., [26].
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Hamupanero na npubmkeno perenue uy, apes MKE ce cBexma 10 perraBane
Ha CHCTeMa JIMHeHHN aJreOpudIHu ypaBHEHHUS C IOJisiMa Pa3MEepPHOCT,

Au = Db,

N
kbaero u = {u;}Y | e HemsBecTHHAT BEKTOD, Uj = Zulqﬁl Basucunre dynkimm

i=1
¢; € V), UMAaT JOKaJIeH HOCUTE U 110 KOHCTPYKIINA BbB BCEKU peJl OT MaTpuIiaTa Ha
cucTeMaTa UMa caMo He TojigM Gpoif pasjudanHu oT HyJa egementu, T.e. A € RV*N
e paspedena marpuiia. B ciayaas na MKE nuckpernszaruu Ha eJIMIITUYHN 38/1a91 OT
BTOPH peji, A e cuMeTpuYHa U IOJI0XKUTETHO OIPeJIesIeHa.

Pazznen 1.2 e mocBeTeH Ha UTEPAIMOHHN METO/IN 32 PelllaBaHe Ha CUCTEMH JIMHeH-

HU ypaBHEHNs ¢ paspejieHn MaTpuii. [IbpBo e mpeictaBeH MeTOIbT Ha CIIpErHATHS
rpaJueHT. BayKHO HEroBo CBOWMCTBO e, Ye HAIPAaBJIEHHATa Ha ThPCEHE Ca B3aUMHO
OPTOT'OHAJIHU 10 OTHOIIIEHNE Ha €HEPIeTHYHOTO CKaslapHO 1pousse/ienne. OneHka 3a
CKOPOCTTa Ha CXOIMMOCT Ha TO3W METO/]I Ce JIaBa OT CJIeJHATa TeopeMa.

Teopema 1.2.2. B cuaa e nepasencmeomo

it(e) < %\/ﬁ;(A) In(2/e) + 1, (1)

ksdemo c it(€) e 03naueno Nati-MaNKOMO YAAO NOAOHCUMENHO YUCAO T, 30 KOEMO
N-MOMO NPUOAUNCENUE X(r), NPECMETMHAMO YPE3 MEMOIA HA CIPELHAMUA 2PAUECHTN
Y006.A€MBOPABA YCAOBUENO

Ix = xm)ll, < ellx —x@l,, Yx@©) € RY.

Crnopen Teopema 1.2.2, 6posiT utepaiuu B MeTO/Ia Ha CIIPErHATHAS I'PAJIMEHT, He-
00XOJIUMU 3a JIOCTUTaHe Ha YKeJIaHA OTHOCHTEIHA TOYHOCT, 3aBUCH OT CHEKTPAJHOTO
YUCI0 Ha 00YCJIOBEHOCT Ha MaTpHIlaTa Ha cucreMara. B 9acTHOCT, OposT uTepamnun
3a eJIMITUYHE 3a/[a40 OT BTOPU peji pacte mporopruonamno na O(vN).

C nes noyiobpsiBane Ha CXOJIMMOCTTA B CJIydasl Ha pelllaBaHe Ha JIOIIO 00yCJI0Be-
HU CHCTEMH, ce Mpujiara Taka HapedeHaTa TeXHUKa Ha mpeodyciaBsae. MeToabT Ha
CIIPErHaTusl IPaJIUeHT ¢ IPeodycIaBsiHe ce € HAJOKUI KATO IMPEANOInTaH UTepalli-
OHEH METOJI 3a pelllaBaHe Ha CUCTEMU JIMHEHHN aJareOpUIH YpaBHEHUS ¢ Pa3peIeHn
CUMETPUYHU U TOJIOXKUTEJIHO onpejie/ieHn Marpurid. Toit ce m3Bexkga, KaTo METO-
JUT Ha CIIPErHATUsI TPAIUEHT ce MPUJIOXKK 3a Tpancdopmupanara (npeobycioBena )
cucrema AX = E, Kbaero A = C2AC™2,X = C%x, ab=C":b. B AJITOPUTBMa
He e HeoOXO/IMMO fBHO Ja ce m3nossBa mpejcrapsHero ¢ = (C 207 na 1peodycJIo-
BuTess (BXK. Hamp., [37]), Taka We Ha NpaKTHKa ce pabOTH JMPEKTHO ChC CaMara
marpuria C. Teopema 1.2.2 MoKe a ce NPUIJIOXKH 3a OIpeJIesisiHe Ha CKOPOCTTa Ha
CXOJMMOCT 1 HA METOJIa HA CIPErHATHsI TPAJMEHT ¢ MPeodyCIaBsHe, KaTO TO3U II'bT
B oreHkaTa (1) ygacTBa CreKTpaJHOTO YUCIO0 Ha 0OYCJIOBEHOCT Ha IIpeobyc/ioBeHaTa,
marpuna, £ = k(C~1A). OT onenkaTa Ha CKOPOCTTa Ha CXOJAUMOCT U KOHCTDPYKI[H-
dTa Ha METOJIa CJIeJ[Ba CJieJHaTa O0INa cTpaTerus 3a KOHCTpyupaHe Ha eDeKTUBHU
npeobyciiopuresn (BxK. Hamp. |7, 52|). Ileara e marpunara C' na yJa0BIeTBOPsBA
CJICJTHATE JIBE YCJIOBUS:

25
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e /la cbmecTByBa edeKTUBEH aJropuThbM 3a perniaBaHe Ha CUCTeMHU ¢ Ipeolyc-
joButesig C, ¢ U3YUCTUTETHA CJIOXKHOCT MHOTO TIO-MaJIKa OT CJIOYKHOCTTa Ha
peliaBaHe Ha CUCTEMU ¢ OpUTMHAJIHATA MaTpulia, T.e.,

N(C'x) <« N(A1x).

e OTHOCHTETHOTO YUCJIO HA OOYCJIOBEHOCT Ha MPEoOyC/IOBEHATa MATPHIA Jia €
CBIECTBEHO MMO-MaJIKO OT TOBa Ha, U3XOHATA MaTpHUIA, T.e.,

K(CTA) < w(A).

Hedbunurusa 1.2.1. Kazsame, we npeobycrosumenam C' e onmumanen, ko2amo
N(C7x) = O(N) u k(C7tA) = O(1), xademo ¢ N e osnauena pasmeprocmma Ha
cucmemama.

Taka mapedeHusaT o0OOOIIEH METOJ Ha CIPErHaTHs TPaJUEHT C IIPeodyCJIaBsTHe
[O3BOJIsIBA M3IOJI3BAHETO HA PA3JIMIHU ([IPOMEHSIIN Cce) IPeoOyCIOBUTENN HA Pas3-
JIMYHU uTepanun, . Haup. |6, 10, 18, 19, 51|. OcHoBHaTa pasjinKa 1o OTHOIIEHUE Ha,
CTaHJAPTHUS METOJI Ha CIPErHaTHs IPAJAUEHT €, Ye Mopay HO-00IINs B Ha IIPeo-
OycJIoBUTE s, OPTOTOHATHOCTTA Ha HAIIPABJIEHUITA HA ThpPCEHe He e TapaHTHpaHa 1
TpsabBa Jla ce HAJIOXKM eKCIumiuTHO. KaTo pesysirar, 0000IIeHusiT MeToJ1 Ha CIIPer-
HATHUS TPAJUEHT ¢ IPeodyCIaBsite € MO-CK'bII OT CTAHIAPTHUS METOJ Ha CIIPErHATHS
rpajiieHT ¢ MpeodyCcIaBsIHe.

B Pazmen 1.3 e HanpaBeHO BbBeJIEHNE B TEOPHUATA Ha ONTUMAJHATE aJIreOpUIHI
MHOTOHMBOBH MeTO/H. AJIreOpUYHUAT MHOTOHMBOB MPeOOYCIOBUTEN (OT aHIJIMIiC-
ku: Algebraic MultiLevel Iteration method — AMLI) e ontumasien mpeobycaoBuTet,
IpeJUIoZKeH 3a IbpBu IbT B [16, 17| 3a ciaydas Ha equnTudHa 3a71a4a, JUCKPETH-
3upaHa ¢ KOH(OPMHHU JIMHEHHN KpaitHu ejieMeHTH. [1o-KbCHO MeToabT e 0600IeH
38 HEKOH(DOPMHM JIUCKPETU3AINN, MPEKbCHAT MeTOJ Ha [a/IbOPKWH, MpPEeIOKEeHN
ca u HequHeiHN ajroputmu (BxK. Hamp. [22, 23, 24, 34, 40, 42, 45, 46, 47, 50| u
[UTHPAHUSTA, TIPEJICTABEHN TaM).

MHOrOHUBOBUTE METO/IN IIPEJICTABIISIBAT PEKYPCUBHO 0000IIIEHNEe Ha ChOTBETHUTE
nByHUBOBU MeTo . Heka A e cuMmeTputvHa MOJIOXKUTETHO TOJIYOIIPe/ie/IeHa MaTPUILa
C'bC CJIETHOTO GJIOTHO JIBE Ha JIBE IPEJICTABIHE:

A Ap

A= 2
Aoy Az’ 2)

KbJeTO OJI0KBT A1y € HeocobeH. B cuia e cienpara TodHa (bakTOpU3aAIIUs:

| An I Al A
A_ A21 S .[2 Y (3)

KbJIeTo S = Agy — AglAilAlg e donsanenuemo Ha ITyp.

Pazimirann TexHukn Ha mpeoOycIaBsiHe ce OCHOBABAT Ha allPOKCHMupaie Ha (Hs-
kon or) 6s1okoBete B (3). Edexrusnocrra na npeodycoBuTeinTe, OCHOBANN Ha OJI0T-
Ha paKTOpU3aIys, CUIHO 3aBUCH OT CBOWCTBATA HA Pa3jessdHeTo (2), Koero ce Xa-

PaKTEPU3UPA C KOHCMANMAMA 6 YCUAEHOMO Hepasencmeo na Kowu- Bynakoscku-
Hlsapy (KBII).
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Heka W = V] X V5 e pasnenstHe Ha BEKTOPHOTO MPOCTPAHCTBO, ChIVIACYBAHO IO
pazmepHocT ¢ 6j10uH0TO TIpesicTapane (2), av; € Vi, i = 1,2uW; = {v = [vI 01]T},
Wy = {v =[0T, vi]T}.

Koncranrara B ycuaernoro nepasencTso Ha KBIII ce medunupa kaTo MuUHIMAJ-
HaTa IOJIOKUTETHA KOHCTAHTa 7y, VAOBJETBOpsBaIla 3a BCEKU HEHYJIEeBH V; € V;,
1 =1, 2, HepaBeHCTBOTO

1/2
|V{A12V2| S Y {V{Allvl V§A22V2} / . (4)
Cremnure Tpu jtemn (BK. Hanp. |7, 32]) ca ocHoBaTa 3a n3BeXKaHe HA TEOPETHY-

HI OIEHKM Ha KOHCTaHTaTa B yCUaeHOTO HepaBencTso Ha KBIII.

Jlema 1.3.2. Heka A e cumempuuna noiOHCUMENHO NOAYONPEICACHE MAMPUYA,
Ay1 e noaooicumenno onpedesena, a Y e Hal-MAAKAMA KOHCMAHMA, 3G KOAMO €
uanasaneno (4). Toeasa:

(a) v <1.

(6) v =1 akxo cowecmsysa w = [ zl } € ker(A) 3a xoemo vy & ker(Ag).
2

Vi

(8) v <1 axo 3a 6caxo w = [
Vo

] € ker(A) e usnsaneno vy € ker(Ass).

(2) IIpu npednorooscenusma 656 (8),

T
vyt Arave

V= Sup T T 1/2
v;€Vi\ker(A;;),i=1,2 (V1 A11V1 Vo A22V2)

Jlema 1.3.3. Heka A e cumempuuna nosoACUmMesto nosYonpeieseHa Mampuya,
usnsanasawa ycaosuemo (6) om Jlema . Tozasa

(a)

T -1

2 Vo A21A11 A1ava

vt = sup 1 .
voEVa\ker(Aaz) Vo© AgVo

(6) 3a ecaxo vo € Vs \ ker(Asgy)

VQTSVQ

1_’72§ <1a (6)

T
V2 A22V2

K60emo AABOMO HEPABEHCMBO € MOUHO, G OACHOMO € MouHo, ako Ker(Ap) #

{0}.

27

Aemopegepamu na ducepmavuu 2 (2012) 17-50



28 Ilers TonopoBa BosiHoBa

Hexka IPpeaIIoJIOZKUM, 9€ MaTpulaTa Ha CHCTeMaTa MOXKe Jda Ce IIpeacTaBu KaTo

A:ZAE, V:ZVE, (7)

Eeg Ee&

KbJeTO AR ca cHMeTpUYHN MOJIOKUTETHO MOJIYOIpeIeeH JOKAJTHI MaTpuid, £ e
MHOKECTBO OT WHJIEKCH, & CYMHUPAHETO € B CMUCHJ Ha acembyimpane. [lo ecrecTBen
HAYMH TJI0OAJTHOTO pas/iesissHe Ha BEKTOPHOTO MPOCTPAHCTBO ONPEIe/s JIBe Ha JIBE
OJI0YHO IIpeJicTaBsAHe Ha JIOKAJTHUTE MaTpuiid Ap U ¢bOTBEeTHUTE BEKTOPH Vi,

Apa AE:12:| Vi — |:VE:1 ]

Ap = = 8
P |:AE:21 Ap.2 VE:2 ( )

Jlema 1.3.4. Hexa aokasnume mampuyu Ag, E € &, ydosaemeopasam ycarosue
(6) na Jlema . Hexa cowo maka Vi, i = 1,2 e ecmecmesenama pecmpukyus na Vi,
nopodena om soxasnama mampuuae Ag. Tozasa

7 < maxyp <1 9)

Ksdemo ¢ Yp cMe 03HAYUAU AOKGAHAMG KOHCTNAHMA 68 YCUNEHOMO HEPABEHCNEO HA,
KBIII, omeosapauia va Ag, m.e.,
T ~1
2 Vo Ap2Ap 1 AB12VE

TE = sup T
VE€Via\ker(Ap.22) VioAE2VE

(10)

Kitacnueckara Teopuss Ha ONTUMAJHATE JIBYHUBOBU METOJIN 3a 3aJa4H, JTUCKpe-
rusupanu ¢ MKE, 3a rbpBu bt e nipejcrasena B [11, 20|, Bk. ¢bio [8]. OcHoBHaTa
3a/la9a B KOHCTPYUPAHETO Ha JIBYHUBOBU MPEOOYCIOBUTEIIH, € Ja ce n3bepe MOoJIX0-
JIAIO pa3jessHe Ha MaTpullaTa Ha KOpPaBHHA, Taka e KOHCTAHTaTa B YCHJIEHOTO
nepasercTso Ha KBII ma e mameu or exmnania. OOIUST OAXO0 3a OJIyJaBaHe Ha
0JI09HO IBe-Ha-IBE IIPEICTaBsIHe Ha MaTPHUIATa Ha cucTeMaTa ce ba3mpa Ha gednHn-
pPaHeTOo Ha JIBe BJIOYKEHN KpaiiHO-eJIeMeHTHH 1TpocTpancTBa Vg C Vj, CbOTBETCTBAINN
Ha I10CJIe/I0BATEIHI PABHOMEDHU CI'bCTABAHMS Ha MpPerKaTa.

Heka 7o C 71 C ... C T, ca TpuaHTyJIAIWH, TOJYyIeHN Ipe3 MOCIe0BATETHO PaB-
HOMEPHO CI'bCTsIBaHE Ha JIaJieHa HadajHa Mpexka To, ¢ Opoil HAa Bb3JIUTE CHOTBETHO
Ny < Ny < ... < Ny;. e msnomssame caenanre osnadenus: C'*) e mpeobyciosu-
Tes Ha Kpaitro-esiemenTtHa Marpuia AF) CHOTBETCTBaIA Ha MpezKaTa T, Io/TydeHa
cnen k padbunupanus na Ty, (0 < k < ¢). Marpumure A% ca fiepapxmanm mMarpurm
Ha HUBO k, TOJIyYeHU C IOMOIITa Ha JBYHUBOBHU HepapXWIHU TpaHChOpMAIUU Jie-
r_ |4 AR

Ay Ay
Ienra e na ce mocrpoun mpeobyciosuren C'O) 3a marpunara AY) = A, na maii-
duHaTa MpeKa.

Koncrpyknusra xa AMLI meToza e pexypensra, kato C©) := A©) Hexa AMLI
npeoGyciosuTessar Ha auBo k— 1 e C*~Y roraa C*) na nuso k ce nedunnpa Kato

k k k)\—1 A (k
le) 0 Y () ALY (J9)-T
AR Zz®01 | o Y ’

dbunupann ot paspejenn marpum J*F) | Te., Ak = J(k)A(k)(J(k))

C®) = (g1 (11)
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K'bJIETO pa3pejieHaTa MaTpHUIa Cf’f) € TIOJIXOJIAIIA allPOKCUMAIIUs Ha BOJIENTUS JTNa-
rouaJiet 0JI0K Ag’?. [Tpu muneitauar AMLI meron norbaaennero na [lyp ce ampok-
cUMUpa Ipe3

Zk=1) . g(k=1) (I _ Pﬂk(c(k—l)lA(k—l)D—l’ (12)

Kbjero Pg, e monumHOM OT cremeH [, ¢be coiicrBoto Pp, (0) = 1. Moxke na ce
nokaxke, e (12) e ekBuBaJIeHTHO Ha

-1 _1—1 _ _1—1
Z0=D7h o) T (ARDokmDTh (13)

KbJICTO MOJIMHOMBT (Jg, , € oT crenen k — 1.

Heka koncranTture v, B ycuiaeHoto HepaBeHcTBO Ha KBIII, choTrBercTBamm Ha
HUBaTa Ha Cr'bCTdBaHe Ha Mpexkara 1 < k < (, ca paBHOMEPHO OTpaHUYEHH OT
quciaoro ¥y < 1, Te. vy, < . CleJHOTO JOCTATBHIHO YCJIOBUE 38 ONTUMAJHOCT HA
qmuneitnnss AMLI meroq e B cuita 3a crerenTa (3, = [ Ha CTaOMIM3UPAIIIS TOJTXHOM
(k. mamp. [17, 18], xakTo u [42]):

< B < p, (14)

1
Nt

. Axo mepasencrtBara (14) ca H3IIBIHEHH, TO CHIIECTBYBA

KbJIETO p = min
ko Ng—1
nosmHoM Fjg, Taka 4e cvorseTHuAT guHeen AMLI meron mva onrumasna ckopoct

Ha CXOJIUMOCT U ONTHUMAJIHA U3IUCIUTETHA CJIOKHOCT.
Heka 3a CHMETPUUHHTE [OJIOKHTEIHO olpejesienn Matpumu C1Y) e nsmbineno
YCJIOBUETO
ViAWY <vTeWy < (1+ f)vTﬁg?v, 3a BCSKO V. (15)

Torasa, 3a ciyuast § = 2, kKoedurmenrure gy u ¢, Ha nojuaoma Q1(y) = qo+q1y ¢
ontuMaJsiHu crabumsuparu csoiicra B AMLI W-nmkbita, Mmorar j1a ce npecmerHar
o caegaure dbopmysn (Bx. Hanp. |17, 35]):

2 -1
AT s s

w=1+E+E2 -2 ¢ (16)

[Ipu xoucrpyupane na AMLI MeTo/in BazkHa poJist UTPAAT CJACTHUTE JIBA aCIeKTa:

(a) PaBHOMepHa oleHKa Ha KOHCTaHTaTa B ycmseHoTo Hepasencrso na KBIII v <
1, KosATO ompesiesist KadecTBOTO Ha JIBYHMBOBUTE pa3/e/IsHus 110 HUBA U € He-
00XOIMMa 38 KOHCTPYUPAHE Ha CTAOMIU3UPAIIUS TOJTIHHOM;

(6) M360p Ha 10aX0/SIIHN IPE0OYCTIOBUTE I Cf’f) 38 BOJIEIIUTE TUATrOHAIHNA OJI0KO-

~(k .
Be Agl), KOUTO BJINde KaKTO Ha OTHOCHUTE/JIHOTO YHCJIO Ha O6yCJ’IOB€HOCT, TaKa
u Ha o6maTa N3Y9UCJIUTEIHa CJIO2KHOCT.

29
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B [17] e nokaszaHo, 4e OTHOCHTETHOTO YHCIIO Ha obyciaoBeroct Ha AMLI meTona
YJIOBJIETBOPABa OIlEHKATa:

R(COTTAD) x (14 6)/(1 ). (17)

OcBen ¢ moMoIITa Ha MATPUYEH ITOJUHOM, CTAOWIN3AIlld MOXKe jia Oble Moc-
TUTHATA U Ype3 IpUjIarane Ha OlIpejeseH OPOil BHTPENTHU UTepAIUi. 3a Pas3jnKa
ot crangapruus juneed AMLI, mosydenugaT 1o To3u HAYMH METOJI, He BK/IIOUBA He-
00XOJIMMOCTTa, OT OIpeJe/isiie Ha ITapaMeTpu, HO BOJIU JI0 HEJIMHECH aJrOPUTDHM C
IIPOMEHJINBO TIpeodycaBsane. Pasriex tanudar B jgucepranusta Hejauaeen AMLI ag-
ropurbM (BxK. c¢biilo [19, 15, 54]), uzsecren karo NLAMLI, e npejicrasen, Hanpumep,
B [42, 40].

I'maBa 2. MHOroHNBOBU MeTOJAM 3a JIMHEITHU MapadoJIMIHU 3a-
Jaqn

Pasrnexgame mapaboamunara 3a1ada,
0
—ux 1) = V- (ax)Vu(x,t)) = flx1) (x1)eQx][0,T],

ot
u(x,0) = wup(x) x €,
u(x,t) =0 xelp, (a(x)Vu(x,t)) - n=0 xely,

(18)

kbero ) € R? e muorobrbina obstact, f € L*(12), a(x) e orpanudena, cuMeTpuvHa
TIOJIOZKUTEJTHO OlIpejiesieHa MaTPHUIla ¢ Ha 9acTu MIajku GyHKImu a;;(X) Bbpxy (1 =
QU 09.

Caren muckpernzanus upe3s MKE u -meros1, Ha Besgka cTbIKa 110 BpeMeTo t, €
[0,T],to = 0,t, = t,_1+At TbpcuM MpUOIUZKEHN pellieHnst U Ha JIUCKPeTU3upaHaTa
napabosmana 3a1a9a (18) KaTo pereHust Ha JMHEHN CHCTEMU BbB BUIA:

(M + At(1 — 9)K)u" = g", (19)

K'bJICTO JFCHATA YACT 3aBUCH OT MPUOJIMZKEHOTO PEIeHIe, TPECMETHATO Ha, TIPEJIX0/1-
Ha CT'BIIKA 10 BpeMeTo. B cTpyKTypaTa Ha MaTpHUIlaTa Ha CUCTEMATa Ha, JIMCKPETHATA,
mapaboIndHa 3a/1a9a yIacTBAT MaTPHUIla Ha KopaBuHa K 1 Marpuiia na macara M.
[Ipeanoxenure B aucepTalsTa MHOTOHHBOBH METO/M 3a pelllaBaHe Ha CHCTEMH OT
TO3W BWJI, IOJIy9eHN IIPU JUCKpPETHU3aliisl ¢ Kpaitnu ejgemenTrn Ha Kpose-Pasuap, ce
ocHoBaBaT Ha Taka Hapedenure “differences and aggregates” — DA (“pasyinku u arpe-
rarn”) u “first reduce” — FR (“rbpBoHavasno uskiiouBane’”) TeXHUKY 32 J[BYHIBOBU
flepapXudHu pas3Jie/ssHus 3a eJUINTUIHE 3a/a49u. Te3n TeXHUKHU ca MpejCcTaBeHn 3a
IbpBE 0BT B [23] 1 [24], a mo-kbeHO ca gopassuTh B [43].

B Pasnmen 2.4 obobmaBame itepapxudunoro DA pasiensiHe 3a ciydass Ha MHO-
TOHMBOBO IipeolyciiaBsdHe Ha mapabosndnu 3ajaqn. [Ipu HekondoOpMHUTE KpaitHu
enementu na Kpose-PaBumap cremenure Ha cBOOO/Ia ce acolUupar ¢bC CPEIUTE HA
cTpanuTe Ha Kpaitaute ejiemerTu. [lo mocrpoenne, KpaitHo-eJleMEHTHUTE TPOCTPAHC-
TBa, ChOTBETCTBAIIN Ha TOCIEI0BATETHOCT OT BJIOKeHU TpuaHryaamun T, 1 < k < £,
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Qurypa 1: Makpoenement F, kpaitau ejleMenTn Ha Kpoze-Pasuap

IIOJIyYeHN Ipe3 PABHOMEPHO CI'bCTSIBAHE, HE Ca BJIOYKeHN. Vlepapxuannre Tpancdop-
MaITMOHHU MaTPUIIU Jg?‘ JeduHupamMe Ha MaKpOeJIeMEeHTHO HUBO, KaTO MaKpoeJie-
MEHTHT ce JedpUHUPaA KATO ChbBKYIIHOCTTa OT TPUbI'b/IHUTE KPAHU €JIeMEeHTH, 110-
JIy9eHU TIPU paBHOMEPHO paduHUpaHe Ha eJleMeHT OT Ipydara MpexKa, Bxk. Ourypa
1.

Heka ¢ {M ](Sk)} per, 1 {K ](Ek)} EeT, O3HAYNM MaKpOeJIeMEeHTHUTE MaTPUIIU Ha Maca
U KOpaBUHA, ChOTBETCTBAIIN Ha JUCKPETU3aIls Ha 3ajiadaTa BbpXy Mpexkara T Ha
HUBO Ha CI'bCTdBaHEe k, a IJI00AJTHUTE MATPUIINA Ce aceMOJIMpaT KaTo

M® ="M, KO =3 KE AR = M® 4+ A1 - o)KW
EE€T; E€Ty

Ba majgen makpoenemenT F € T ¢ HOMepanus Ha Bb3JATe 0T paduHupaHara
Mpexka or 1 10 9, KakTo e nokazano Ha Purypa 1, jJjokajgHara TpaHchopMaImonna
k
marpuna J 1(321. g 3a DA merona ce nedunupa kato:

1
1
1
1 -1
k
Tone = e (20)
1 1 1
1 1 1
i 1 1 1]
I;IepapXI/IqHaTa MaTpulla Ha MacaTa UMa BUJQ
k) (k)
=7 k k k k k M M,
T = U = S e = | M e

KbJETO Mz(z ce acolmmpa C HEM3BECTHHUTE OT MO-Tpybara Mperka. C HOMOIITa Ha
Jlema 1.3.3 u Jlema 1.3.4, B qucepraliusiTa I1I0Ka3BaMe CJIeIHATa OlEHKA 33 KOHCTaH-
Tata B ycusaeHoto HepapeHncTBo Ha KBIII 3a DA pasnesnsine 3a riiobaJjiHaTa MaTpuiia
Ha MacarTa

7ir < (22)

[\DlH

Aemopegepamu na ducepmavuu 2 (2012) 17-50



32

Ilers TonopoBa BosiHoBa

B |23] e nokasama onenkara i < % 3a KOHCTaHTaTa B YCHJICHOTO HEPaBEHCTBO

na KBIII sa DA pasnensse 3a riobainata MaTpuiia Ha kKopapuHa. C IIOMOINTa Ha
TE3U OIEHKU TOJIydaBaMe CJACJHUTE pPe3yaTaTu 3a JBYHUBOBOTO DA paszmensue 3a

MaTpuIiaTa Ha JJUCKpeTHaTa apabondHa 3a/a49a,

NGOG
Ay AR

AB = Jggf)xA(k)(Jng)x)T B NCENG
AR A5

. (23)

Teopema 2.4.1. IIpu npusrazane na DA mpanchopmavyua, za pazdessmnemo (23) ca
8 CUAG HEePaBEHCMBAMA:

1 ~
TOIED 1+ Ab(1—6) 4K D) < SE < (MED L AL(1 — ) 4AKED),

Sk _ Rk Rk Rk Rk y
Ksdemo Sg) = A§2> — Agl)Aﬁl) A§2) e donsanenue wa Llyp wa tepapruvnama mam-
puua A®). Toszu pesyamam e pasromepern no ommowenue Ha cKOKOGE Ha KoehuiU-
EHMU U MPENHCOBA U KOCPUUUEHMHA GHUSOMPONUA.

CaencrBue 2.4.1. Caednomo cnekmpasno OmHOULEHUE € 8 CUAL, PABHOMEPHO OM-
HOCHO CKOKOBE HaA KOCPUUUEHMU, MPEAHCOBA U KOCPHUUUEHMHA AHUSOMPONUSA:

%A(’f—” < 8P < 44D,

HpeﬂCTaBeHI/IHT aHaJIn3 IIOKa3Ba J/JIBa Bb3MOXKHU Ha4YlMHa 3a KOHCTPYHUPaHE Ha
AMLI npeobycmoures. [lpn mbpBust M0aX01 TEKYIOTO JdomrbaHenne Ha Illyp S A
ce allpOKCUMUPa 4pe3 MojauduIupanaTa MaTpHIa AR — ey 4 4ERHIAL (1 —
0) K"~V B to3u ciryuaif, mpu H3H0/13BaHe HA HOIMHOMHUAJIHA CTAOUIN3AII, JTHHCT-
nuar AMLI npeoGyciosuren C*)| k. ( 11), ce necduHEpa TOCPEICTBOM CTAOUIH3H-
palll TOJTMHOM BbB BUJIA

_ —(k—1) i -1—(k=1)\ 1
200 = A (1 - ph (*0 T A))

[Ipr BTOpHsT BB3MOXKEH IOJXO0/I JUPEKTHO Ce M3II0JI3Ba MaTpullaTa Ha CHCTEMaTa
AF=Y g nomrbimennero wa Ilyp ce npubimkasa dpes

Z(k=1) — A(k=1) <] _ Pﬁk (C(k_l)—lA(k—l))>1.
k

Paszyienn 2.5 e mocBeTen Ha 00001eHNe 1 CpaBHEHNE HA POOACTHU NPeOOyCIOBH-
Te/n 3a NapaboIMIH 3a/Ia4, JIMCKPETU3UPAHU C MOMOINTA Ha KOH(MOPMHU U He-
KoHpopMHN Kpaiitau ejemenTu. Pasrimexxganure AMLI meroau ce xapakrepusupar
OT KOHCTaHTaTa B ycujaeHoTo HepaeHcTBO Ha KBIII 3a n3dbpanoTo ftepapxudno pas-
Jlesigne. 3a MeJIuTe Ha CPABHEHHETO DPa3IVIerK/IaMe CHCTEMHA MaTPHUIa B CJICJHUS
(crasmpan) Buj

A=(M+ K=Y Ap=> ((Mp+Kg) (24)

EeT EcT
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kbjaero ( > 0 e mapaMeTbp, ChOTBETCTBAIN Ha n3bopa Ha mapamerpure At u 6 npu
JUCKPEeTU3aIUSATa 10 BPEMETO.

(i) Hexongopmnu xpatiinu esemenmu na Kpose-Pasuap, DA pasdesame:

Ba siokasauTe (MakpoesementHr) kKoucranTu Ha KBIII 3a fiepapxudanure marpuna
Ha KOpaBUHA Kp= JpaeKg(Jpa.e)T n marpuna ma maca ]\/ZE = JpaeMg(Jpag)”
B Cc/Iydasi Ha HEeKOH(pOPMHU JTUCKPeTHU3aluu ¢ Kpaitau eqementn Ha Kpose-Pasuap
ca B CUJIa OIEHKHUTE

3 1

2 2

Vg <=, VYvp= =

K;FE 4 ? M;E 2

ITokazBame, 1ue npu pasrvieKjjanara fiepapxudna TpanchopMalus, € B CUIa Yao,p <

max{y.g, Vx.£}, Kbeto Ap = Jpa.pAp(Jpar)’ = (Mp+Kg e okanmaTa Makpo-

eleMeHTHa MaTpuiia. Torasa, ¢ momorniTa Ha Jlema 1.3.4, moyyaBaMe paBHOMEPHATA
OTHOCHO MPEKOBa U KOePUIINEHTHA aHN30TPOIHUS OIEHKa,

3
2

YA < 1 (25)
3a KoHCTaHTaTa B ycuaenoro nepasencTso Ha KBIII 3a DA pasnesnsne na Mmarpunara

(24) pn qucKperu3aiys ¢ HeKOH(MOPMHU KPAilHU eJIeMEeHTH.

(11) Hexongopmmru xpatinu esemenmu na Kpose-Pasuap, FR paszdessne:

B Tosm cay4ait ca B cua clieIHAITE PABHOMEPHH OIEHKU 38 JIOKAJHUTE KOHCTAHTH
na KBIII 3a makpoegeMeHTHUTE MATPUIN Ha Maca W Ha KOpaBUHA,

3
7]2\4;E = 07 7%(,E‘ < 1

(111) Kongopmmnu xpatinu eaemenmu wa Kypanm:

Cremaure oneHKN ca B cuiia 3a JokajaauTe KoHcranTu Ha KBII 3a cioygas ma
JIBYHHBOBO pasJessiHe Ha MaTPUIMTE Ha KOpaBUHA W Maca IPH JIUCKPETU3AINsd C
JMHeH KOHMOPMHU KPallHU eJIeMeHTH, BXK. Hanp. [49].

5 3 9

<= T :
Ti:E > 1’ YMmE 10
2 2 2 2
B cnna e onenkara 73 < 73 p < max {”YK;EWM;E} , OT K'bJIETO

9
2
vy < —. 26
<o (26)
Onenkara e paBHOMEpHa OTHOCHO MPEXKOBa U KOePUIMEHTHA aHU30TPOIIHA.
Hocrarbanoro yenosue 3a onrumasnoct Ha AMLI merona (14) He e usmbineHo,
axo v > %. Kaxkro ce Buxia ot ornenkara (26), pu JIByHUBOBO Pa3/ie/isgHe B CJIydasd
Ha KOH(MOPMHU KpaitHU eJIEeMEHTH, TOBa MOKE J1a Ce CJIYIH 3a OIPEe/Ie/IEHN CTOHHOCTH

Ha koedunuenta ¢ B (24), KoiiTo B 06Imus cydail e IpornopiuoHaieH Ha —.

At

B ciyuas va DA pasnensne, yeioBuero 3a ontuMaHocT (14) e yioBieTBopeHo 3a
cTereH Ha crabuimsupanius mognHoM [ = 3. Yucsennre ekcriepuMenTH, BKIIOUYEHN

33
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—o— Kond.
~ Hexond. DA
HexoHd. FR

<
e o reeece

Clel Clel
(a) (a1, a9,as) = (60°,60°,60°) 6) (1, a2, a3) = (6°,6°,168°)

Qurypa 2: Koucranrara na KBII 3a Ap = (Mg 4+ Kg kaTo ¢GyHKIUS Ha IPOU3Be-
JICHUeTO Ha TapaMeTbpa ( U JIMIEeTO Ha KpailHus eJleMeHT ||

B Pasznen 2.6, mokassar, de crabujin3aliusi MO¥Ke Jia ce IMOCTUrHe u 3a = 2, KaKTo
npu DA, taka u npu FR pazgensne. EqHo Bb3M0KHO 0OsiCHEHME 3a T€3U PE3yITaTh
e, Ue peasjiHaTa CTOMHOCT Ha Y4 3a ChCTaBHATA MaTPUIlA € TO-MaJjKa. T.e. OlleHKaTa
(25) me ce mocrura.

Qurypa 2 mpeJicTaBsg YHCICHO U3CJIE/IBAHE HA MOBEJICHUETO Ha KOHCTAHTATa B
ycmtenoro HepaBeHcTBo Ha KBII 3a marpunara Ap = (Mg + Kg karo GyHKIHI
Ha NPOM3BEJCHUETO Ha mapamMeTbpa ( ¥ JIMIETO Ha KpalHus eJIeMeHT |e| or exHa
cTpaHa, U MpeyKoBaTa aHU30TPOINs OT Jpyra crpana. O3HadaBamMe C Vgﬁ; B ygﬁ; E
u 7§ makpoenementaute Koncrantu Ha KBII, choTBeTcTBaIy Ha pasjiesHuATa B
cayqanre (i), (ii) n (iii).

Heka npumomunM, de MpeskoBaTa aHU30TPOIHS C€ OIMUCBA MOCPEJICTBOM bIVIH-
Te (ay, (g, (i3) HA TPUBI'bJIHATE KpaiiHu ejieMenTH. B jucepranugara ca pasrielaHu
HSKOJIKO cJiydast Ha m300p Ha Te3u brvin, a Ha Purypa 2 ca mzobpasenu rpacu-
kure na 72 = {(7§)% (v54.6)% (Vik.p)?} Karo bynxmun ma (le| 3a asa usbopa Ha
(al, g, Oég) .

Koncranrara fygﬁ g B ycusienoTo HepasencTso Ha KBIII 3a FR pasnensane e naii-
MaJIKaTa BbB BCUUKH PasIyerkJaHu B [ucepTanusaTa ciydan. [Ipu cpasHenue Ha v
u vgi g Ce BIzKIa, de KonctanTara Ha KBIII 3a kondopMHR eeMeHTH nMa 110-7100po
HOBE/ICHUE 33 MAJIKI CTOHOCTH Ha IapaMeTbpa (|e| U cirydan Ha o-MajIKa MPeXKoBa
ann3orponus. Q610 Hab/IIO/IeHNE €, Ye TTPEeIUMCTBaTa Ha HEKOHMOPMHUTE KpalHu
eJIeMEeHTH ca JI00pe U3pa3eHu B Cydas Ha Hali-CUJIHA MPEXKOBA aHU30TPOIUS.

B Paznen 2.6 necdbunupame jBe 3a/1a9u, Ipe3 KOUTO TUCIEHO U3CTIeIBAME TIOBeIe-
HUETO Ha PEJJIOKEHUTE MHOTOHHUBOBH ITPEOOYCIOBUTEN 38 MapabOIMIHN 38 1a4N.
[IbpBaTa 3aja49a 11€/1U J]a WIOCTPUPA BH3/IEHCTBUETO HA MPEXKOBATA AHU30TPOIINS
BbPXY CXOJMMOCTTa Ha UTEPAIMOHHUTE METOJ/IM 3a pelllaBaHe Ha pPas3riexKaHuTe
CHUCTEMH, a BTOpaTa JeMOHCTPHUPA ITOBEJIEHNETO HAa MHOTOHUBOBUTE METO/H IIPH pe-
IMaBaHe Ha HeCTAIlMOHAPHA 3aJ/iada ¢ MPEK'bCHATO HAYAJHO yCJIOBHE.

B uucnenunre ekcriepumentn pasriexigame AMLI npeobyciosuren 6e3 crabu-
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m3anus (V-mmksa) n mennneenr AMLI (NLAMLI) ¢ 6poit BoTpernin nrepanun ¢
00001IIeH METO/T Ha CIIPEerHaTHs T'PAJIUEHT ¢ MpeodyciaBane [ = 2 u 3 Ha BCAKO
u1Bo k (W-tukbit or crenen 2 u 3). Mznonssame nenmneitnng AMLI meros mopaiun
caenauTe chobpakenus. OT efHa cTpaHa He pas3loJiaraMe ¢ OleHKa Ha KOHCTAHTATa
B ycusteHoto HepaerncTBo Ha KBIII 3a cnyvasa va FR pasaensne Ha maTpurara Ha
cucreMaTa 3a napaboandHa 3ajada. M3sectro e obade (Bxk. Hap. [43]), de 3a ennmn-
tuaHu 3389 FR monxorst npurexkasa mo-1o06pa cxogumoct ot DA merosa, Koeto
HU JlaBa OCHOBaHUE Jia OYaKBaMe I0JIOOHO IOBEJ/IEHNE U 3a CIydad Ha [1apadOJImIHI
zasiaan. CbIno Taka, TpaOBa Jla ce B3eMe 1101 BunManue, 1e FR mpeobyciioBurenre
mo/1I00psiBaT CBOICTBaTa CU TPH yBeJndaBaHe Ha Opost Ha HuBata B AMLI mero-
na. Bb3 ocroBa Ha Teopema 2.4.1, DA npeobycioBuTe AT MpuTeKaBa rapaHTHpaHa
OTITUMAJIHA CKOPOCT Ha CXOIUMOCT IIPU M3IOJI3BaHe Ha CTAOUIN3UPAIIL [IOJIUHOM OT
Tpera CTeleH, HO B MPOBEJICHUTE €KCIIEPUMEHTH Pa3ryIezKiaMe ChIO TaKa U CTabu-
JIN3AIUs CaMO C JIBe BBLTPEIIHNA uTeparuu. KTo 3aImo, n3no/a3BaHeTo Ha caMOpery-
nuparus ce Hesmaeen AMLI meTon ¢ aganTuBHO IpeoOyICIaBsIHe 10 HUBA, KONTO
Jla TTO3BOJIN YCBOsIBAHETO HA II'bJIHHSA MOTEHIMA Ha fepapXuIHOTO pasjiesidHe, € 3a
npennounTane. CrucTeMHUTe ¢ BOIEIINTE AMATOHAJJIHU OJIOKOBE Ce pellaBaT IPUOJIH-
JKEHO Ype3 BBTPENIHU MTEepaIuil Ha MeTO/a Ha CIPErHaThs T'PajUeHT C aJNTUBEH
poeodycoBuTe1, pejictaBed B Pazmen 2.3.

MpezxoBara aHH30TpOINsA, TOpPOJieHA OT (popMaTa HA TPUBI'BJIHUTE €JICMEHTH,
BOJIH JIO JIOII'b/THUTE/THA JIOIA 00YCJIOBEHOCT Ha MATpHUIlATa Ha KOpaBUHA, KOETO BJIU-
sie BbPXY CXOIMMOCTTa Ha V-IIHKbJIa 3a cucremu ¢ K. B choTBeTcTBIE € TeopeTnd-
HUTe OIEHKW, IPW M3I0JI3BaHe Ha crabuimsalius B jBaTa BapuanTta Ha W-TIUKbI,
OpoaT Ha WTepallinTe HE Ce BJHMsSE CHIIECTBEHO OT ‘Jromara’ MpexKa. Marpumara
Ha Macara 3a Kpaitnu ejgemenTn na Kpose-Pasuap e jaumaronasina, mopaju KOeTO
MaTpuIlaTa Ha CHCTEMaTa 3a JUCKpPeTU3MpaHaTa HapadonydHa 3aj@ada € M0-CUJIHO
JIMaroOHAJHO JOMUHHUpAIAa OT MATpHUIaTa Ha CHCTeMaTa B CAydail Ha eJTUINTHIHA
zatada. CpaBHEeHHE Ha pPe3y/ITaTUTE siCHO MOKa3Ba BJIMSHUETO Ha To3u edekT. W-
[IUKJINTE 38 MapaboIndIHaATa CUCTEMA, ¢e CTAOMIN3UPAT 38 TO-MAaJIbK OPOil HTepaIlii.
V-1uKbJIbT 38 TO3M Caydail ¢bino uMma mo-mobpu ceoiictBa. Cpasaenunero Ha DA u
FR npeobyciioBurenure nokassa, e FR meToasbT mma cbinara mim 1mo-g1o00pa cKo-
pocT Ha cxouMocT crpsamo tasu Ha DA meToia 3a napabomanata 3aga4da. Cioydadr
Ha W-IIUK'BJI ¢ TPpU BBHTPEINTHU UTEPAIK, KAKTO U TO3U C J[BE, TIOKA3BAT OIMTUMAJIHO
MOBEJIEHNE U 32 JIBaTa Pas3IyIexkIaHd BapuaHTa Ha fepapxXuvHOo pasjessHe. Pesyra-
THTE MTOTBbPK/IaBaT IIPeJIIoIokeHneTo, 1e FR mpeodycioBuTe/ AT € onTuMaieH u
3a mapaboJInIHaTa 33/1a4a.

Pesynrature, nosiyuenn mnpu pelraBaHe Ha HecTallMOHApHA 3a/ada C IMPEKbCHA-
TO Ha4YaJHO YCJIOBHE, ChOTBETCTBAT Ha CBOWCTBATA Ha (PUBHIHOTO ABJIEHHE. FICHO
ce HADJII0/IaBa TUIINYHOTO 3a €BOJIIOIMOHHU ypaBHEHUS U3IJIaKJaHe Ha HAYaJIHOTO
yCJIOBUE.

35

Aemopegepamu na ducepmavuu 2 (2012) 17-50



36 Ilers TonopoBa BosiHoBa

A

Qurypa 3: Hernpuroukon mabd/ioH Ha jombinennero Ha [Ilyp 3a Hasmgranero

I'maBa 3. MHOroHNBOBH MeTOaM 3a Tpad-aaljilacuaH’ C Terja

B Paznen 3.1 e npejcraBena mocTaHOBKa Ha €JIMIITHIHA 3a/a9a B cMeceHa (op-
Ma 3a BeKTopHaTa (bYHKIMS Ha CKOPOCTTa U CKaJapHaTa (DYHKINs Ha HaJISITaHETO.
CwmeceHUAT MeTOJT Ha KpailHUTe eJIEMEHTH BOJIM JI0 3a/1a4a CbC CeJ/IoBa TouKa. Mar-
puriata Ha JUCKpeTHaTa CUCTeMa OT JIMHEWHU ajreOpUIHN ypaBHEHHUS € ocoOeHa U
JINPEKTHOTO MPUJIOYKEHNE HA METO/I Ha CIIPErHATHA I'PAJIMEHT HE € Bb3MOKHO. Pas-
[JIeKJIaMe JINCKPEeTU3alus ¢ KOMOMHAIUS OT HEKOHMOPMHM KpailHu eJIeMEeHTH Ha
Kpoze-Pasuap u na gacru koucrantu. B To3u ciydail Hem3BeCcTHUTE Ha CKOPOCTUTE
Morar Jia ObJIaT U3KJII0UEHN TOYHO U 3ajadaTa ce CBEXKJa JI0 3ajada 3a pelraBaHe
Ha CHCTEeMa 3a HAJIATAHEeTO.

Bunbt Ha MaTpuiiaTa Ha CHUCTeMaTa 3a HaJsiraHeTo e u3BeleH B Pasnen 3.2, Kato
Td UMa CTPYKTypa Ha rpad-jaiiacuaH ¢ Terja. B cieapaiure pas3jienn pasriexk-
JlaMe cirydas Ha BJIoxKeHu Mpexu Tr, k = 0,...,¢ or paBHOOEIPEHN TPABOBI'bJIHH
TPUBHI'LJIHUIN, KAaTO BCsKa MO-(pUHA MpexKa € IOoJIydeHa upe3 PaBHOMEPHO CI'bCTsi-
BaHe Ha IPeJIXOJHATA. 3a BCAKa TakaBa TPUAHTY/IAIMs, MATPUIATa HA CACTEMAaTa
A®) k. =1,... ¢ corBercTBa Ha T-06pasHms 4eTHPUTOYKOB m1abIoH oT Purypa 3.

B Paznen 3.3 npejiarame cemMeificTBO HepapXudHU Pas3/iesiHusl 3a MaTpuiiaTa
A®) | ocHOBAHU Ha IIPEJACTABIHETO i KATO CyMa OT CIIEIHATHO BbBEJICHH JOKATHI
MaKpoeJIeMEeTHI MaTPHUIT Aék), € € £, aconuupanu CbC CTPAHU Ha €JIEMEHTH OT I'PY-
H6arta mpexka. CrenBaiiku nHomeparusaTa or Ourypa 4, BbBeK1aMe JTOKAJIHA MaKpPOe-
JIEMEHTHa MaTpHUIa Aék), CbOTBETCTBAINA Ha XUIIOTEHY3a, M0 CJIETHUS HAINH

B t—1 t—1 n
t+1 -2t 5oL
ot 9
t—1 5—t
= T —2
t—1 5—t )
2 2
AP =A%) . (27)
) t—1 t—1
t+1 —2t 5Ll
9t 2
t—1 5—t
—2 = T
t—1 5—t
L 2| 5 5

JlokasHuTe MaTpPHUIM, CHOTBETCTBAIN Ha KaTeT, jJedUHUpaMe II0 IOJ00eH HAYNH.
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T T

Qurypa 4: MakpoejaeMeHT OT JiBa TPU'bI'bJIHUKA C 00Ia XUIIOTEHY3a

OCHOBHa Hesl B Ta3W KOHCTPYKIHS € KOMIOHEHTHTe Ha riobasHara Marpuia A®)
CBHOTBETCTBAIIM Ha JIaJieH eJleMeHT e € i, ma Obaar "pasmpenenenn'mexiay Tpu
JIOKAJIHI MaTpPHUIIA, CbOTBETCTBAIIM Ha TPUTE CTpaHU Ha eneMeHTa F € T i or
rpybara Mpexka, 3a Koiito e C F. Toa pasmnpejesenne crtaBa MOCPEICTBOM TErJIOBHs
napaversp t € (0,1). edunupame jokannara TpancdopMaIrmoHHa MaTPUIia Jg(k)
0 CJIe/IHUST HAYUH

1 s q ¢

I g s ¢

1 q q s
1

0 = P (28)

1 q S

r o r r r

i roror |

KBJETO § U ¢ ca TapaMeTpH Ha pa3/e/IdAHeTO, a 7 € CKaJmpall napaMmerbp. [o-
baJHATA filepapXmdHa MaTpPHUIA IPHeMa OJOYHOTO JBe-Ha-iBe pasmensme AR =

Ak) (k)
S A\ T
A21 A22

ee€

JIema 3.3.1. 3a tepapruywnus 6azuc, dedpurupar wpes mpanchopmavyuama (28), e
UBNBAHEHO PAGEHCTMEOMO

(& _
A;; = A*Y moeasa u camo mozasa, xocamo 1 =/2/2.

Jlema 3.3.1 nmokasBa, 1e BbB BTOpHUs JUaroHa/ieH OJI0K Ha MPEJIOKEHOTO fiepap-
XUYHOTO pas3jie/isiHe ce Bb3CTaHOBsBa rpad-jamiacuanbT Ha rpydaTa MpexKa, KOeTo
MO3BOJIABA PEKYPCUBHO MHOTOHUBOBO 0DODIIEHIE 3a TIOCIEI0BATETHOCT OT BJIOYKEHU
TPUAHTYJIAINAN.

Bapupaiiku napamerpure (S, ¢q,t) nojgydaBame ceMeiicTBO HepapXudHu pas3/ieisi-
uus. [lo anasorus c¢ ananusa B [47|, wbpBo pasmiexkjiame KoMOuHaImsTa s = 1,
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q = —0.5, t = 0.5. Karo uznonzsame Jlema 1.3.4 B To31 caydail moydaBame OIeH-
KaTa
7 <0.73 (29)

3a KOHCTaHTaTa B yCIJIeHOTO HepapeHcTBO Ha KBIII.

Kato cienpaiia crbiika MoandunupaMe mapaMeTpuTe Ha fiepapXxudHaTa TPaHC-
dopmarus ¢ 1es1 mo00psABaHe Ha OIEHKATa 3a JIOKAJHUTE KOHCTAHTHA B YCUJIEHOTO
vepapencTBo Ha KBIII. Bapupame croitHocture Ha ¢ u t 3a s = 1. HanpaBenusr
aHaJIM3 MokasBa, de 3a ¢ = —0.1 u t = 0.75 ce jocTura JJOKajaeH MUHUMYM U

7 < 0.58. (30)

U B aBara pasriefanu cirydasi Ha m300p Ha mapaMeTpuTe Ha pasfieisHeTo (s, q),
JIOCTATBIHOTO yCIoBHe 3a onTuMastHocT (14) na AMLI metosia e usmrb/iHeHo 3a cra-
OUIM3aIMs ¢ MOJIMHOM OT BTOPa CTEIeH.

B Pasznen 3.4 e npe/uioxkeH U U3CAEABAH TPeoOyCJIOBUTE 38 BOJEIINA TUATO-
HaJieH OJI0K B JiepbuHUpAHOTO fepapxXuvHO paszjeisHe Ha rpad-itamiacuann. Kon-
CTPYKIIAATA M3I0/I3Ba IOJUHOMUAIHA allPOKCUMAaIldsl Ha oDpaTHa MaTpHUIa, KaTo
3alra3Ba JIMTHEHHOCTTa B METO/a Ha CIPErHaTHs TPaJUEHT ¢ IPeodycIaBsHe.

Heka pasriemame cuMmerpudHaTa IMOJOXKHUTEIHO OlpeieeHa Marpuia H ¢ pas-
MepHOCT 1. X n. MHOKeCcTBOTO OT JBOWKHTE U COOCTBEHO UMCIIO - COOCTBEH BEKTOP
osHauaBame ¢ {\;, V;}", 0 < A <--- < \,. Lenra e 1a mocTpouM moJmHOMHUAJIHA,
anpokcumanus (mpeobycaosuren) C 1 wa H—! (T.e. npeobycnosuren C na H), Taka
qe C~' = P,(H), kbyero P, € P, e NOJMHOM OT CTeNeH v/, & OTHOCUTEJTHOTO IHUCIIO
na obyciosenoct k(C~1H) na e 6130 j10 equHMIA.

Teopema 3.4.1. Hekxa P,(x) € P, u nepasencmseama 0 < m < P,(x)r <™ ca 6
cuna 3a 6caxo T 6 daden unmepsan S, 3a xKotimo (A, \,| C S. Tozasa

mviv <v'P,(H)Hv <mv’'v,¥v € R™.

[leaTa e ma mosydnM Marpuia, KoaTo e 6imska jio obparnara na H, P,(H)H
~ I, e P,(r)xr ~13aBcako x € S. Heka npemnonoxum, de |P,(x) —1/x| < € 3a
BCAKO T € 8 = [Amin s Amax s KBAETO Amin < Aj < Apax, @ = 1,...,n. Torasa

1 — edpax < Po(x)r < 1+ eApax - (31)

B o6mus ciaydail, ako € e JOCTAThIHO MAJKO, WM €KBUBAJEHTHO, AKO CTEIeHTa U
Ha I[OJIMHOMA € JIOCTaThIHO ToJisima, To P,(r)r > 0 3a Begko x € S, P,(H)H e
CUMETPUYHA W MOJIOXKHUTETHO ONPEJIeSIeHa 1

1+ €Amax

(P (H)H) <

[TosxorbT, KONTO pasriex/jame B JucepraiusTa, e ja usdepem P, () na Obie
HOJIMHOMa Ha Hali-106po mpubimkenne Ha £~ ' B Lo, HOpMa B KpailHUA HHTEPBAJ
[)\miny Amax]a T.€.
1

—
x

1
= min ||— — P = E(v).
PEPU X Ooy[AmirH)\max}

o0, P‘min ;Amax ]
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[permkara Ha Hail-T06POTO MOIMHOMEAIHO Tpub/IKeHne F(v) e

80—9_1/ 1 )\max + )\min
E = = — — Va2 =1
(V) (9 - 071)2’ 7 )‘max - >\min 4 Amax - )\min ’ 0 ot ¢ ’

a 3a nosmHoMa P, (x) chiecTByBa TputiieHHa peKypenTHa dopmyna (BxK. [44]), ko-
STO M3M0JI3BaMe 3a npecMsTanero na P,(H).

Tk Tk
Bonemuar nuaronaseH 670K Agl) = g Aél)l € CUMeTPUYHa ¥ IOJIOZKUTETHO Ol

pejiesieHa MaTPHIIA U ONHCAHATA, no—ropeE%éXHHKa 3a [OJIMHOMHUAJHA AlTPOKCHMAIIS
Ha obpaTHaTa i MaTpHIla € JUPEKTHO NpuaoKuMa. MuHIMaIHATA U MaKCHMAaJHa
cOOGCTBEHU CTOMHOCTH HE 3aBHCAT OT Pa3MEPHOCTTa Ha 3aj@adara, €To 3allo € JI0C-
TaTBHIHO & HAMEPUM OIEHKU Apin U Apmax 38 COOCTBEHHTE CTOMHOCTH HA BOJIEIIHS
JaroHaJsieH OJI0K 3a CPABHUTEIHO IpyGa Mpexka U Jia M3M0JI3BaMe €/IMH U CbIIl WH-
TepBaJs S, & OT TaM ¥ €JIUH U cbir nojuaoM P, (z), 3a Besiko k= 1,..., (.

Heka m3bepem Cf’f) = (1 + E()Amax ) (P,(A%)))=1 3a npeoGyciouren na ose-
st auaronasen 6ok ALY . Torasa, o Hepasencrsata (31) 1 Teopema 3.4.1 criessa,
ve 3a KoHcTaHTaTa £ B (15) e U3IIbJIHEHO PaBEHCTBOTO

=14 EW)Amax)/(1 — E(V)Amax ) — 1. (32)

B Pasnen 3.5 e npoBejieH cucTeMeH YHCIEH aHAJN3 Ha MPEJIOKEHNTE TEeXHUKU
3a MHOIOHHMBOBO ITpeo0yc/IaBsaHe Ha rpad-amiacuann ¢ terya. [lociemoBarento ca
U3CJIe/IBAaHU CBOMCTBAaTA Ha HepapXUIHOTO Pasjeisdie U MOJUHOMUAIHATA allPOKCH-
MaIys Ha BOJIEIIUTE JIMaroHaJHu OJIOKOBE.

Koncrpyupanusr AMLI mpeobycioBures € peKypCcuBHO 00OOIIEHe Ha JIBYHH-
BOB METO/I 3a JIBYHUBOBO pa3jie/isHe, KOeTO UMa €JIHAKBHU CBONCTBa HA BCIKO HUBO.
Ero 3amo B Paznen 3.5.1 naif-namnpe s pasriexkjjamMe MOBeJIeHIETO Ha JIBYHUBOB MYJI-
TUILUTUKATUBEH 1IpeolycoBuTesl. Pasriiexiame JiBa ciiydasi Ha CTOMHOCTH Ha Mapa-
MeTpHuTe Ha fiepapXuvaHoTO pasmensse, (s =1, ¢ = —-05)u(s=1, ¢ = —0.1). 1
3a JIBeTe MapaMeTPpUYHN KOMOMHAIMH OpOsT HA WTEpaIiuTe B METOJa Ha CIIPerHa-
THs TPAJIMEHT C IIPeo0yCIaBaHe He 3aBUCH OT Pa3MEePHOCTTa Ha 3a/ladaTa, & caMo OT
JKeJlaHaTa OTHOCUTETHA TPEIKa €, KATO 3aBUCUMOCTTa € B ¢hoTBeTcTBHE ¢ Teopema
1.2.2.

Karo crenpamia crbnka pasriexgame AMLI nmpeobycioBuTes ¢be cTaOUIH3N-
palll OJIMHOM OT BTOpa CTereH. 3a ciaydas [ = 2, KoedumeHTuTe Ha MOJTHOMA
MOXKeM Jia npecMeTHeM upe3 dopmysmre (16), B KOUTO y4acTBAT OIEHKA Yes HA
KoHCTaHnTaTa vy B ycuieHoto nepasencTBo uHa KBII, v < 4.4, 1 KoHCTaHTaTa £ OT
uepasercTBata (15). Pasrinexpame AMLI meTon, npu KoiiTo cucremuTe ¢ BOJEIIUTE
JIMaroHaHu OJIOKOBE Ce PeliaBaT TOYHO, U TaK'bB, IPH KOWTO BOJEIIUTE OJIOKOBE
ca mpeo0yCIOBEHN Upe3 TeXHH CKaJIupaHu JuaroHaJHu Jactu. VI B aBara cirydas ce
HAOJTIO/IaBa cTabWIM3aIs Ha Opos UTepaliy 1o OTHOIIEHWe Ha pa3MEepHOCTTa Ha
zasiadata. Ornocuresnnoro vucyio na obyciaosenoct na AMLI npeobycioBuresis ce
yBeJmdaBa, KOraTo CUCTEMUTE C BOJCIHIUS JUArOHAJIEH OJIOK He ce pelaBaT TOYHO,
KOETO BOJIH JIO0 MOBEYE UTEPAINU B METOJIa HA CIIPETHATHS I'PAJIUEHT.
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AHanmm3bT Ha YHC/IEHUTE eKCIEPUMEHTH JIaBaT OCHOBAHWE Ja Ce IMPEeIIOJIOXKH,
Ye GuxMe MOIJIM Jia Mojo0puM MeToja 3a ciaydad (p = 1,q = —0.5), Karo u3mnoJ-
3BaMe mH(pOpMAaIdsd OT HallpaBeHuUTe TecToBe. [loBejeHMeTO Ha JBYHUBOBHUS IIpe-
obycaoBuTeN € J00bp MPAKTUYECKH WHINKATOP 3a CBOHCTBaTa Ha AedUHUPAHOTO
flepapxXuvHO pasjielisiHe, a IUCJIEHNTE TeCTOBE MOKA3BAaT, € MEeTObT Ha CIPerHaTHs
IPaJIMEHT C Ipeolyc/iaBsiHe ce JIbPKU 110 MHOTO IOJ00€H HAYWH 3a JiBaTa CJIydas
Ha IapaMeTrpu Ha pasjesidHero. ToBa mpejmoJara, 9e U CbOTBETHUTE pa3/Ie/ITHIS
nMaT OJM3KHM cBoiicTBa. KadecrBata Ha cTabWIM3MpAIUs MOJHUHOM Ce BJIMSAT OT
TOYHOCTTA Ha OIEHKaTa 72, ¢ KoATO ce npecMsarar koeduimentute (16) u uma
OCHOBaHHE JIa ce JIONYCHe, 1€ M3BeJeHara oneHka 2, = 0.73 e mecummcrndna 3a
caydasg (p = 1,¢ = —0.5) u BMecTo Hest MOXKEM Jla M3IIOJ3BaMe IOJydeHaTa 3a,
caydas (p = 1,q = —0.1), Te. v2, = 0.58. MeroxbT Ha CHperHaTHs IPaJUEHT C
MHOT'OHUBOB ITPe00yCJIOBUTEN ¢ KOSDUIIMEHTH Ha, CTaOMIM3UPAIIUST [IOJTUHOM, KOUTO
pecMsiTaMe KaTo H3I0J13BaMe Tas| I10-100pa oreHka, ce cxoxaa 1 AMLI meroabr
ce cTabm/im3npa 3a Mo-MaJIKO UTEPAINH, KATO OPOAT UM ChOTBETCTBa Ha OIEHKATa B
Teopema 1.2.2.

Yucnenure ekciepuMeHnTH, pejicTaBenn B Pazen 3.5.2, uMat 3a IeJ1 jJa WIroc-
TpUpPaAT CBOWCTBATA Ha MPEJJIOKEHUsT TOJMHOMUAJIEH IIPE0DYCIOBUTET 38 BOJIEIINTE
JraronajiHu O6JIOKOBE B fiepapXuIHOTO pasjielisHe 3a rpad-namiacuanu. Pasriex ia-
Me ctydast s = 1,q = —0.1,~7%, = 0.58. [Ipeyioxkenara B Ta3u rjiaBa KOHCTPYKIIUsE
3a Pas3VIeXkKAHUTEe CUCTEMH rapaHTHUpa, e MATPUIIATE Cﬁﬁ) ca CUMETPUYHH I10JI0-
JKUTEJTHO OIpeJIe/IeHH MPH CTelleHr Ha HoJimHOMa v > 2. CxoauMocTTa 1Ipu V = 3 U
v = 4 e fgocra 1mo-106pa 0T Ta3u 3a V = 2 U MEeTObT ce cTabuiIm3nupa 1mo-pano. Tosa
e OYaKkBaH pe3y/aTar, Thil Karo F(v) m cboTBeTHAaTAa CTONHOCT 3a & Cca 3HAYUTETHO
mo-rojiemu pu v = 2. Baxk#o e jma orbenexxum, de £ € MApPKa 38 TOBa KOJIKO J00pe
C’{]f) pubINKaBa Eg’;) U CbINO TaKa BJHsie B 3HAYUTEIHA CTEIleH Ha CTabWIM3Upa-
muTe cBolicTBa Ha moimHoMa ()s_1. [IpeobyciaBuresn ¢ nuaroHa Ha allpOKCHMAIAA
Ha Z(ﬁ), 3a KoiTo & = 6.2, BOJIM JI0 TIO-MaJIbK OPOil UTeparuu oT mpeobyCJIOBUTEN C
IIOJTMHOMHUAJIHA, aIPOKCUMAIINSA OT CTeleH v = 2, Kbjero § = 9.166. Ot apyra crpa-
Ha, KOTaTo OJIOKBT Aﬁ) e MpeobyC/IOBEH ¢ MATPUYEH TOJIMHOM OT CTeleH vV = 3 WJIn
v =4, £ e 3BHAYUTETHO MO-MAJIKO, CbOTBETHO U UTEPAIUUTE HAMAJIABAT, KATO OPOSIT
UM HE € MHOT'O ITIO-TOJIsIM OT TO3M 3a CJIydasl Ha TOYHO pelllaBaHe Ha CUCTEeMUTE C
BOJICIIUA JIMaroHaJIeH OJIOK.

[HosmaOMBT P, B ampoKCHUMAIIUITa 38 BOJEIIUTE ANArOHAJHE OJIOKOBE B IIPel-
noxkeraust AMLI npeoGycyioBuTEN € MOCTOSIHEH, KATO 110 TO3U HAYUH Ce OCHUIYPSIBa
JINHETHOCTTa Ha IPOIeca U OPTOTOHAJIHOCTTA Ha HAIPaBJICHUATA Ha ThpPCEHE B Me-
TOJla Ha CIIPerHaTusl rpajUeHT ¢ HpeodyciaBsiHe ce 3amasBa. [[paBuM CbIo Taka
CpaBHEHUE C MHOTOHUBOB IIPEOOYCIOBUTE/I, IIPU KOMTO BMECTO OJMHOMUATHATA all-
pPOKCHUMAIIUsl 38 HAMUpaHe Ha MPUOJIMKEHO PelleHrne Ha CUCTEMHUTE ¢ BOJEIIUTE -
aroHaJIHi OJIOKOBE, M3II0JI3BaMe HSKOJIKO BBLTPEITHU UTEpPAIuu ¢ METOJIa Ha CIIper-
HaTus rpaguedT. [Jogo0Hn eKcriepuMeHTH UMaT HIKOJIKO CIenuMUIHT 0COOEHOCTH.
MerombT Ha cupersHarTus IpajJleHT ce aJallTupa aBTOMATUYIHO, 3a Jla HaMepu Haii-
JI0OpOTO MPUOJIMZKEHO pelleHne 3a JajieHa JAsCHa JacT, HO TOBa O3HadaBa, de Jieiic-
TBHETO Ha MATPUIHUS ITOJIMHOM, KOMTO CbOTBETCTBA Ha OIPeJie/IeH OPOil BbTPEITHI
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UTEpAINN, ce IPOMEHs Ha BCAKA BBLHIMHA UTEPAIid HA METOJa Ha CHPErHaThs rpa-
JmeHT ¢ npeodyciapsane. [lo To3u mauwnn juaelinocrta na AMLI merosa ce passasis.
B rakbB ciyuail BMECTO MeTOJ Ha CHpErHATHS T'PAJUEHT ¢ Mpeobyc/IaBgHe ce Ha-
Jlara Jia ce M3IO0JI3Ba ODOOIMEH MEeTOJ Ha CIPErHaTHs TPaJneHT ¢ IpeobycaaBsHe,
[IPU KONTO JOI'bJIHUTETHO HAJIOZKEHATa OPTOTOHATHOCT C€ TIOCTUTA HA IEHATa, Ha I10-
BeUe U3IM0JI3BAHN KOMITIOTHPHU pecypcu. AHAIM3IBT HA MIPOBEIEHUTE €KCIEePUMEHTH
CbC CTAHJAPTEH METOJ| Ha CIIPErHaThHs I'DAJIMEHT C IPEOOYCTOBUTENIHN C ONUCAHATA
[I0-TOpe KOHCTPYKIMS C BBTPENTHN UTEPAINN Ype3 MeTO/Ia Ha CIIPErHATUs I'PaJINEHT
He BOJIAT JI0 JI0OpU pe3y/ITaTh, He ce HaOJI0aBa CTAONIN3AINS, a B HAKOU CJIydan
IIPOIIECHT HE Ce CXOXK/IA.

I'maBa 4. MuHoronuBoBu MeTo/in 3a ypaBHeHusaATa Ha HaBue-
Croxkc

[aBa 4 e mocseTena Ha KOHCTpyHUpaHe Ha €(DEKTHBHU aJrOPUTMU 34 HAMHUPAHE
Ha YUCJIEHO PEIIeHrEe Ha HecTallMOHApHATa cucreMa oT ypasHenus Ha Hasue-Crokc,
OIMCBAINU TeYeHUe Ha HecBuBaeM (uyua. Pesynrarure, npegcTaBeHn TYK, JEMOHC-
TpUpaT NPUJIOXKEHHE Ha Npeiozkennte B [aBa 2 u I'laBa 3 MHOrOHMBOBH METO/IH B
eJlHa OT BaxKHUTE NPUJIOKHN 00JIACTH Ha U3UNUCIUTETHATA MATEMATHKA U MEXaHUKa,
a UMEHHO, YMCJICEHOTO U3C/IeBate Ha JUHAMUKA Ha (QJIynIuTe.

B mucepramusaTa pasriaexkgaMe TeXHUKA 33 IACICHO pellaBaHe Ha HeCTAIMOHAD-
HaTa cucreMa OT ypasHeHus Ha Hapme-CTOKe, KOATO M3IOJI3BA TaKa HAPEUCHUS
IPOEKIMOHEH IOJIXOJ, TP KOWTO BMECTO CBbp3aHa CHCTEMA, Ha BCAKA CTBIKA 110
BPEMETO Ce pasIVIesKIaT OTIEeJHHU 3aJa9d 34 CKOPOCTUTE U HaJAraHero. IIpoexiy-
OHHUTE METOJH 3a I'bPBU I'bT ca npeyiozkern or Temam u Chorin, Bk [53| u [30].
[ToaxorbT ce ocHOBaBa Ha IIpeJcTaBaHneTo Ha L2 - BeKTOPHH 110J1eTa KaTo JTUpPeKTHa
cyma Ha 6e3/MBEPreHTHH I0JIeTa U T10JIeTa ¢ HyJeBa porarus (BxkK. Hatp. |36]).

B nmcepramuara 3a anpoKCHMAalys Ha HEM3BECTHUTE HA CKOPOCTHTE U M3IHOJI-
3BaMe HEKOH(pOPMHHU JIMHEHHN Kpaitnu ejeMenTn Ha Kpose-Pasuap. Emano BaxknHO
IPEJIUMCTBOTO Ha TE3M €JEMEHTH €, e JMBEPreHIusATa Ha MOJIeTO Ha CKOPOCTHUTE
e HyJla BbB BBTPEINIHOCTTa Ha BCEKU eeMeHT. Hem3BecTHOTO Hajsrane p ThPCUM B
IIPOCTPAHCTBOTO OT Ha YaCTH KOHCTaHTHH (byHKIWMK. 1031 n360p BOAM JI0 yCTONYMBA,
JIOKAJIHO KOHCEPBATHBHA JMCKpeTH3amus, BK. Hamp. [31] u [21].

[TpoekmmonnaTta cxema, mipejictaBeHa B Pazjes 4.1, pazjienss HeJluHeHATA, CUCTe-
Ma Ha Hasme-Croxc Ha naBe jubelinn momsanadu. B Pazmen 4.2 pasriexngame mon-
POGHO CTPYKTypaTa Ha CUCTEMUTE, Bb3HUKBAIIN HA KOHBEKTUBHO-I(y3UOHHATA, 1
IIPOEKIIMOHHATA CT'BIIKK B IPOCKIMOHHUSA MeTo1,. [Ipe/rarame ¢bcTaBeH MHOTOHUBOB
METOJI, IPU KONTO 3a BCAKa OT TAX Ce IpUjara ONTHMAJIHO MHOTOHUBOBO MPEOOyC-
JaBsHEe, KOeTO BOJIM JI0 00IIa onTuMasiHa e(eKTUBHOCT Ha METOJIA.

KonsexmusHo-dugpyauornna cmasnka:
Ha kouBekTuBHO-/ M y3nOHHATA CTHIIKA B IPOEKIIMOHHUS METOJI TPsAOBa Jia ce pe-
AT JIBe HE3aBUCUMU 33/1a9U OT 1MapaboJIMIeH TUI 33 KOMIIOHEHTUTE Ha CKOPOCTTA.
Crpykrypara Ha MaTPUIIUTE HA CUCTEMUTE Ha JIBETe 3aJIa4i € eJ[Ha ¥ CbIIa (¢ TOY-

41

Aemopegepamu na ducepmavuu 2 (2012) 17-50



Ilers TonopoBa BosiHoBa

Qurypa 5: BekTopno nosie Ha ckopocTute npu dncio Ha Peitnonac Re = 400
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Exkcnepumenture B Paznen 2.6 (Bx. omie [25]) mokassar, ue FR meTombr 3a ma-

ITpoexuyuonrna cmasnka

npeacraenuTe B [1aBa 2 pobacran AMLI mpeobycmoBurenn 3a napabomaHn 3a-
MpexKaTa, T.e. He 3aBUCH OT MPEXKOBUs IapaMeTbp, I MPEKOBATA aHU30TPOIIHS

Ha IIbPBOHAYMAJIHATA MPEXKA.
obycnosutesn. Onrumasnnoct va AMLI meroma 3a DA npeobyciiaBste ce rapanTupa

TEOPETUIHO TPU CTAOWIM3AIA ¢ ITOJUHOM OT cTeleH [ = 3
Ha npoeknmonnaTa cTbiKa TPAOBaA Jla Ce PEIIN CUCTEMa ChC CEJJIOBA TOYKA, MTOJIY-

paboIMYIHI 381891 UMa I10-100pa CXOAMMOCT OT Ta3u Ipu m3no3Bane Ha DA mpe-

B AJucepTranudTa HIpedjgaraMe 3a pellaBaHeTO Ha Te3M CUCTeMHU Ja Ce M3II0JI3BaT
pa3jgeiiddae € paBHOMEPHO OI'PaHUY€Ha M HE 3aBHCU OT HHMBOTO Ha CI'bCTsdABaHE Ha

HOCT OO AOOII'bJIHHUTEJIHO HaJIOZKECHU I'PaHUYIHU yCJIOBI/IH) 1 MMa CJICeJHUA BU
TO3U CJIy4dau OlleHKaTa 3a KOHCTaHTaTa B YyCUJIECHOTO HEPaBEHCTBO Ha
IIOKa3BaMe, 9€ Ha IIPpaKTHUKa OIITUMaJIeH (I/I.TII/I II04YTHU OIITHUMaJIEH

ce Habmomasar u 3a NLAMLI meton ¢ 5 = 2, kakto 3a DA,

JlaBAHEe.
YEeHa 4Ype3 JUCKpeTu3dalud Ha CMeCeHa 3a/lavda KaTO Ta3u

Ja9n, JUCKPETUSUPAHU C KpalMHU €JIEMEHTHU Ha
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Qurypa 6: [lone ma Buxbpa, Re = 400, ¢t = 20

Marpurniata Ha MacaTa 3a Kpaitau ejeMenTrn Ha Kpose-PaBuap e jimaronaina n m3-
KJIFOUYBAHETO Ha HEM3BECTHUTE HA CKOPOCTHUTE MOXKE JIa Ce M3BDLPIINU TOYHO, KATO II0
TO3W HAYMH JIOKAJHATA KOHCEPBATUBHOCT HA JIUCKPETU3AIMATA ce 3amna3Ba. Pemyrm-
paHara 3ajiada 3a HEM3BECTHUTE Ha HAJISITAHETO MMa CUMETPUYHA U TIOJIOXKHTETHO
MOJIyOTIpe ie/ieHa MaTPHUIla ¢bC CTPYKTypa Ha rpad-jaliacualn ¢ Tersa. B cberas-
HUs aJIrOpUTHM 3a ypaBHeHusTa Ha Hasue-Crokc nsnossBame 1npeoOycIOBUTENS 3a
cHUCTeMHU OT TO3U BUJI, onucaH B [UtaBa 3. VI3Bejienara TaM OleHKa 3a KOHCTAHTATA
B ycuieHoTo HepaBeHcTBO Ha, KBIII 3a mpeioxKeHOTO HepapXuvdHO pasjessdHe Ha
rpad-jamiacual ¢ Terjia € B CUJla 3a paBHOMEpPHA MpexKa OT NPaBObI'bJIHUA TPUb-
["bJTHUIH.

Yucren anan3 Ha CBOIiCTBaTa Ha IIPEJJIOKEHNS CbCTABEH aJrOPUTHM € IIPEJICTa-
BeH B Pasnen 4.3. Pazriexiame 3a/1adara 3a TedeHne, MPeU3BUKAHO OT JIBUKEHHe
Ha Oe3KpaeH Kallak I10 MOBbPXHOCTTa Ha KOHTeHep bjeH ¢ duyng. B aureparypa
Ha aHTJINHCKYU €3WK B 00J1aCTTa Ha JUHAMUKA Ha (DJIyUUTE, Ta3’ 3a/ia49a € U3BeCTHA
karo lid-driven cavity flow. B qucepramusra pasriexxame Tpu ciiydasi Ha 9UCJIO HA
Peitnonyic, Re = 100, Re = 400 u Re = 1000.

[Hesra HA TTpOBEICHUTE €KCIIEPUMEHTH € J1a Ce aHAJIM3UPa, CXOAUMOCTTA Ha MHO-
TOHMBOBUTE METO/IN, IPUJIOYKEHN IIPH PelllaBaHe Ha CUCTEMUTE 3a JIBETe€ KOMIIOHEHTH
Ha CKOPOCTTa U CUCTeMaTa 3a HAJIATaHeTO B pAMKUTE Ha ChCTaBHUs aJropuTbM. [Ipu
pelapanero Ha napabosmaauTe 3aa4n usnoassame NLAMLI aaropurbm cbe cra-
owmusanus ¢ [ = 2 sbrpertau urepaiuu 1 FR mpeobyciosuren. B To3u ciyuait 3a
pUOJINKEHO pelllaBaHe Ha CHCTEMUTE C BOJICIIUTE JIUATOHAHE OJIOKOBE U3II0/I3BAMe
TPHU BBTPENIHA UTEPAIMN C METOJI Ha CIIPEerHaThsi TpaJIueHT ¢ onumcaHusi B Paszen
2.3 npeobycoBuTe1. 3a 3a/adaTa 3a HaJIsIraHeTo MpuaraMe MeTOJ Ha CIPerHaTHs
PAJINEHT ¢ MHOTOHUBOB MPEOOYCIOBUTEI 3a Ipad-/aliaciaii, OCHOBaH Ha pasJie-
JISTHETO, TIpeyiokeno B Pazsen 3.3, u crabuyimsarus ¢ MOJUHOM OT BTOPA CTEIeH.
[MomuaOMBT P,, ¢ KOfTO ampokcuMupamMe oOpaTHUTE MATPHUIIA Ha BOMEIIUTE IMAro-
HaJTHU OJIOKOBE B HEpapxXuvIHOTO pa3jessHe Ha Ta3u CTbIKA, € OT TpeTa CTeleH.

B cworBercTBUHE C TEeOpeTUIHUTEe OIEHKH, IIpU pellaBaHETO Ha Hapa6OJH/ILIHI/ITe
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Bp. padunupanug ¢ 1T (wy)  IT(uy) IT(p)
Cp. 6p. urepanumu, orn. rpemxa 107

1 4 3.96 16.52

2 5 4.95 17.97

3 7 6.93 18.07

4 8.96 7.92 18.25

Tabmuma 1: IloBenerne Ha ¢cbhbcTaBHUS MHOTOHUBOB MeTon, Re = 400

Qurypa 7: Hopma Ha BekTOpuTe OT 10J1eTO Ha ckopocTute, Re = 400, t = 20

0.4 05 0.6 0.7 . 1

Bp. pabunupanua ¢ [T (u;) IT(uy) IT(p)
Cp. 6p. urepanuu, orn. rpemka 1077

1 3 2.97 16.52

2 4 3.96 17.93

3 5.97 4.95 18.02

4 7.07 6.93 18.26

Tabnauna 2: IloBenenne Ha ¢bcTaBHUS MHOIOHHBOB MeTo, Re = 1000

3atagnTe npuiaragero Ha = 2 pbrpemsn ureparun B NLAMLI asropurbMma He
OCHTYpsiBa I'bJIHA cTabHIM3anus Ha oOumst Opoit nrepanuu, BXK. Kojaoun I7T(U;) u
IT(uy) B Tabsumu 1-2. Beupexkn ToBa, pasjimkaTa B CXOIUMOCTTA 38 PA3JIUYHH Pas3-
MEpPHOCTHU Ha 3ajadaTa € He3HadYWTeJTHA, KaTo Opos Ha UTEPAIUATE Ce yBe/InvaBa
¢ He IoBeYe OT JBe 3a IOCJe0BaTeTHI HUBa Ha padunupane. ETo 3ammo usmnos-
sarero Ha 3 = 2 B NLAMLI merosa, BMECTO M3YUCTUTETHO TO-CKBIUS CJIydaii
£ = 3, e onpaBiano. Bpodar urepanun npu perraBaHe Ha MapabOJMIHUTE 3a/1a491
e Mo-MaJIbK IpH mo-rojiemu uncjia Ha Peitrosac. ObsicheHne Ha To3u (HakT € Io-
CUJTHATA JIMArOHAJHA JOMUHAIMA Ha ChOTBeTHUTE Marpuim. CpemaHuar Opoil ure-
parmuu [T (p), HEOOXOAMME 3a MOCTHTAHE Ha JKeJaHaTa TOYHOCT IPHU PENIaBaHeTO
HA CHUCTEMaTa Ha IPOEKITHOHHATA CT'BIIKA B ChCTABHUS AJIOPUTHM, Ca MOBEYE OT
uTepalunTe Ha KOHBEKTUBHO-IU(]pYy3UOHHATA CThIKa. T psaoBa jga orbeme:kum, oba-

Aemopegepamu wa ducepmavyuu 2 (2012) 17-50



OnruMajHM MHOTOHUBOBU METOIM 32 HEKOH(OPMHU KPailHU eJIeMeHTH!

e, 9e pasMepHOCTTa Ha CHCTEMUTE 3a HAJIATAHETO € MO-MaJIKa OT Pa3MepPHOCTTa Ha
CUCTEMHUTE 33 CKOPOCTUTE. BpodAT Ha WTepalunTe PN PEIaBaHeTO Ha 3ajadaTa 3a
HaJIATaHeTo, KaKTO W HAOJII0JaBaHaTa B TO3W CAydail crabuimsarius, ChbOTBETCTBAT
Ha TEOPETUYHHUTE U YUCJIeHN pe3ysrtaTu B [iasa 3.

[Tonydenure pesyaratu 3a TpUOJIMAKEHOTO peleHne Ha ypaBHeHusTa Ha Hapue-
Croxkc B ciaydas Ha Re = 400 ca wiroctpupanu upe3 Purypu b — 7. Ha @urypa 5 e
MMOKA3aHO CKAJMPAHOTO BEKTOPHO TOJIE 3a PA3JUYHU CT'BIKH 110 BPEMETO, C IIeJT Jia
ce JeMOHCTPHUpa N3MeHeHneTo Ha npoduiia Ha Tedenuero. Ilpu t = b ce mabiomgaBa
3aBUXPsIHE B JIEBUS JIOJEH bI'bjl Ha KoHTeiHepa. Ilpu t = 10 B jlecHus g0JIeH bIbJI
ce ohopMs oI1Ie euH BUXBD , KO#TO ce jopa3suBa npu t = 15 u t = 20. Ha @urypa
6 e IpejicTaBeHa JIpyra BU3yaausalus Ha Tedennero npu t = 20, To31 I'bT Upe3 To-
jero Ha Buxbpa. CTOWHOCTUTE Ha HOpMAaTa Ha BEKTOPUTE OT ITOJIETO Ha CKOPOCTUTE
Ha TIOCJIeTHATa CT'bIIKA 10 BpeMeTo ca mnokazanu Ha Purypa 7. KakrTo ce BMKIA,
CKOPOCTTa € Hail-rojigMa 01130 70 Kalaka.

ABTOpCKa cIrpaBKa

OcHoBHUTE Hay49HU IIPUHOCKU Ha HaCTOdAIllaTa JucCepTalud ca:

1. Wsciienpan € MHOTOHIBOB METO/I 38, JIByMEPHH JIMHEHHN TapabOJMIHN 33,1891,
JIMCKpeTu3upann ¢ HekondopMmHun Kpaitau enementn Ha Kpoze-Pasuap. Ilosry-
YeHa € HOBa paBHOMEDHA OIEHKA 3a KOHCTAaHTaTa B YCUJIEHOTO HEPABEHCTBO
Ha Kommu-Byrsakoscku-11IBapiy 3a itepapxuano paspensae upe3 DA meron 3a
MaTpuiiaTa Ha Macara. HampaBeno e o600iienne Ha TOJIydeHUs Pe3Y/ITaT U
ca TPEeJJIOYKEHN JIBa T0JIX0JIa 38 KOHCTPYUpaHe Ha OINTUMAJHU MHOTOHUBOBU
mpeobycioBUTE/ N OCHOBaHU Ha DA pasjesnsHe Ha MaTpunaTa Ha JUCKPETU3H-
paHara rapadoJimdIHa 3a/1aja.

2. Ilonydena e xapakTepusarus Ha poOAaCTHU MHOTOHUBOBH METO/IM 3a Mapado-
JIMYHY 33/1a491, JTUCKPETU3UPAHU ¢ KOHMOPMHHN ejleMenTH Ha KypanTt u HeKoH-
dopmun enrementu Ha Kpoze-Pasuap. 3cieasano e BinsgHreTo Ha MpezKoBaTa
aHU30TPONNA BbPXY KadecTBaTa Ha ChOTBETHUTE MepaApXUYIHU Pa3e/TAHUS.

3. Paarnenan e mojxo)1 3a pelnaBaHe Ha CUCTEMU, TIOJYIEHU MTPU JTUCKPETUIAIUS
¢ HeKOH(OPMHU KpailH! eJIeMEeHTHU Ha eJUINTHYHU 33/1a9U B cMeceHa (opma.
[ToxombT cBeXK/1a 3ajladaTa JI0 CUCTeMa ¢ MAaTPHUIla ChC CTPYKTypa Ha rpad-
JlaniacuaH ¢ tervia. [lpeyioxkeno e itepapXuvHo pasjielisiHe 3a TaK'bB THI 3a-
Jladu, OCHOBAHO Ha CIIENUAJIHO JeUHUPAHU MaKpPOEJIEeMEeHTH, aCOIUUPAHU ChC
CTpaHU Ha TPUBI'bLJIHUIM OT Tpyba Mpexa. [lomydyena e paBHOMepHa OIEHKA
3a koucrantata Ha KBIII B cydas Ha paBHOMepHa TpPUAHTYIAINSA C TTPABOb-
I'bJIHU €JIEMEHTH.

4. PazpaboreHa e MOIMHOMEAJIHA AIIPOKCAMAIMS 38 CUMETPUYHU IIOJOKATETIHO
OIIpeJieJIeHN MaTPUIM ¢ ITOMOINTa Ha MMOJUHOMA Ha Haii-100po IpubJImKeHne
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na ¥ ' B Lo, HOpMa B KpaeH naTepsas. V3BeaeHa e oIeHKa 3a OTHOCHTEIHO-
TO YHCJIO Ha 00YCJOBEHOCT Ha TaKa MoJyueHus mpeodyciaosutes. [logxonsT e
HMPUJIOZKEH 3a AllPOKCUMUpaHe Ha BOJENINTe JUaroHaHu 0JJOKOBE B MHOT'OHH-
BoBa pakTOpU3AIUs Ha rpad-Jalacuann ¢ Teria. Vsciaeasann ca cBoiicTBaTa
Ha TOJIyYIeHUsT MHOTOHUBOB METOJ B CJIydas Ha paBHOMEpPHA TPUAHTYJIAIMAA C
PABOBI'bJIHU €JIEMEHTH.

5. Ilpemyioxken e onTuMaJjieH ChCTaBEH MHOIOHMBOB METO/I 3a pelllaBaHe Ha HeC-
taronapunTe ypasuenus na Haue-CtToke 3a ciydas Ha yCTORYINBa, JTIOKAJIHO
KOHCEpPBaTHBHA JIMCKPETU3aliisd ¢ HeKOH(MOPMHU Kpaitau ejieMenTu. MeToabr
ce OCHOBaBa Ha MHOI'OHMBOBO IIPeoOycJ/iaBdHe Ha CUCTEMUTE, BL3HUKBAIIU HA
KOHBEKTUBHO-IN(Y3NOHHATA U IPOEKIINOHHA CTHIKN B MIPOEKITMOHEH METOJI.

6. [Iporpamuo ca peanu3upaHu U3CjaeIBAHUTE MeTou U ajaropurmu. [Iposegenn-
Te YNCIeHU eKCIIEPUMEHTHU IOTBbPKIABAT TAXHATA U3UUCIUTE/THA e(DeKTUB-
HOCT 33 BayKHU KJIACOBE 3aJ[a9M C TOJIIMa Pa3MEPHOCT.

baaromapnocTtn

[Togracsam Hali-cbpaedna 6JIaroJapHOCT Ha HAYIHUS CH PbKOBOIUTE IIPOd. IMH
Crerosap MapreHoB 3a IOCTOSTHHOTO BHUMAaHUE, ChIEHCTBUETO, KAKTO U TOJI30TBOP-
HaTa CbBMECTHa paboTa 10 pa3pabOTBaHUTE TEMH.

JIbaboko cbM Oitarojgapua Ha jor. Mast Heftuesa, j1-p Uan ['eoprues,
11i-p Johannes Kraus, npod. JIroamun 3ukaranos u mpod. Ilerbp Munes 3a okasana-
Ta MMOMOII U TIOJIE3HUTE JIMCKYCHN Ha PA3JIUIHU eTaly OT paboTarTa 110 JIUCEPTAIUSITA.
Cwimo taka 6aromapst u Ha kosterute ot UMKT-BAH 3a nojkpenara u ctumysim-
paImaTa TBoOpUYecka armocdepa.

Braromapaa ¢bMm 3a OKaszaHaTa IOJKpeNa B paMKHUTe Ha IUTUPAHUTE HAYIHU
npoektu /1002-115/2008, J1002-147,/2008, /1002-338/2008 u VU-MI-202 /2006 xbMm
don "Hayaru nscneasanus"u Finite element preconditioners for algebraic problems
as arising in modelling of multiphase microstructures kbm Swedish Research Council.

VzkazBam crenpaaau 6J1aroJapHOCTH Ha CEMENHCTBOTO CH 3a MOCTOTHHATA, ITOJIK-
pema. Paborara 1o amcepraingTa mocBeniaBaM Ha Oalra CH.
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